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ABSTRACT

Let G be a finite group and let ¢cd(G) be the set of irreducible ordinary character
degrees of G. The degree graph of G is the graph A(G) whose set of vertices is
the set of primes dividing degrees in cd(G), with an edge between primes p and ¢
if pq divides some degree in cd(G). We determine the graph A(G) for the finite
simple groups of types By, C¢, D, and 2Dy; that is, for the simple orthogonal and
symplectic groups.

1. INTRODUCTION

A problem of interest in the character theory of finite groups is to
determine information that can be deduced about the structure of a finite
group G from its set of irreducible ordinary character degrees. One tool
that has been used to study the relationship between the structure of G
and its set of character degrees is the character degree graph A(G).

Let G be a finite group and let Irr(G) be the set of ordinary irreducible
characters of G. Denote the set of irreducible character degrees of G by
cd(G) = {x(1)|x € Irr(G)} and let p(G) denote the set of primes dividing
degrees in c¢d(G). The character degree graph of G is the graph A(G)
whose set of vertices is p(G), with primes p, ¢ in p(G) joined by an edge if
pq divides a for some character degree a € cd(G).

The structure of this graph was first studied in the case where G is a
solvable group (see [15], [16], and [10], for example). Recently, Lewis and
the author have obtained some results on the structure of A(G) for arbi-
trary finite groups, essentially by using known results for solvable groups
to reduce the problem to the structure of A(G) for a finite simple group G



(see [11] and [12]). Tt is therefore very useful to have as much information
about the graphs for the finite simple groups as possible. For example, we
obtained a bound on the diameter of A(G) in [12] using the fact proved
there that the only simple group whose graph is of diameter three is the
sporadic simple Janko group J;. We hope to improve on that bound, and
for this it will be necessary to know precisely which simple groups have
graphs of diameter two.

The character tables of the sporadic simple groups are known (see the
Atlas [4]) and the graphs for these groups are easily determined. These
graphs are described briefly in [12]. The graphs for the alternating groups
can be found using the Atlas character tables and the results of [1]. The
graphs for the simple groups of exceptional Lie type and for the simple
linear and unitary groups were determined by the author in [20] and [21],
respectively.

By the Classification of Finite Simple Groups, this leaves the graphs
for the simple groups of Lie type of the types By, Cs, D, and 2Dy, that
is, the simple orthogonal and symplectic groups, to be determined. The
purpose of this paper is to complete the description of the degree graphs
of the finite simple groups by proving the following theorem.

THEOREM 1.1. If G is a finite simple group of Lie type of one of the
types By with € > 2, Cy with £ > 3, D,y with £ > 4, or 2D, with £ > 4, then
A(G) is a complete graph.

The restrictions on £ are due to isomorphisms of these groups with other
groups of Lie type already considered when /¢ is smaller. The groups con-
sidered in the theorem are the orthogonal group 2s41(q), the symplectic
group PSp,,(g), and the orthogonal groups P2, (q), P2, (q), respectively.
(In Atlas [4] notation, these are the groups O2r41(q), S2¢(q), O3,(g), and
05,(q), respectively.)

Theorem 1.1 and the results of [11], [12], [20], and [21] imply the fol-
lowing corollary.

COROLLARY 1.2. Let G be a finite simple group. The graph A(G) is
disconnected if and only if G = PSLa(q) for some prime power q. If A(G)
is connected, then the diameter of A(G) is at most 3, and we have the
following.

1. The diameter of A(G) is 3 if and only if G = J;.
2. The diameter of A(G) is 2 if and only if G is isomorphic to one of

(a) the sporadic Mathieu group My1 or Mas,
(b) the alternating group As,
(c) the Suzuki group *Bo(q?), where ¢* = 22! and m > 1,

(d) the linear group PSLs(q), where ¢ > 2 is even or q is odd and
q — 1 is divistble by a prime other than 2 or 3, or



(e) the unitary group PSUs(q), where ¢ > 2 and g+ 1 is divisible by
a prime other than 2 or 3.

Otherwise, A(G) is a complete graph.

2. CHARACTER DEGREES

In this section, we describe the character degrees used in the proof of
Theorem 1.1. We denote by ¢ a power of a prime p, Fga is the field of ¢*
elements, and Fy. its multiplicative group. An algebraic closure of the field
F, of p elements will be denoted by F,. We will denote by ®; the value of
the jth cyclotomic polynomial evaluated at gq.

For notation, definitions, and basic properties of groups of Lie type, we
refer to [2] or [5]. We will denote by G a simple linear algebraic group of
adjoint type defined over F,, and by F a Frobenius endomorphism of G so
that the set G = G of fixed points is finite and the derived group L of
G" is a finite simple group. Let (G*, F*) denote the dual of (G, F), and
let G* = G,

Many of the character degrees will be determined using the following
lemma, which is a direct result of [5, Theorem 13.23, Remark 13.24] or |2,
§12.9] and is also stated in [21, Lemma 2.1].

LEMMA 2.1. There is a bijection between the set of comjugacy classes
(s) of semisimple elements s of G and the set of geometric conjugacy
classes E(GY, (s)) of irreducible characters of GF'. For a semisimple el-
ement s of G*F*, there is a bijection s between the set of irreducible
characters in (G, (s)) and the set of unipotent characters of Ca-(s)F .
Moreover, for x € E(GY,(s)), the degree of x is

|GF|p’
1 - F

p

Ps(x)(1).

The semisimple character corresponding to the conjugacy class of s is
the character y, such that t,(xs) is the principal character of Cg=(s)"" .
The lemma says that the irreducible characters of G = G are in bijection
with the set of pairs (xs, pts), where y; is the semisimple character corre-
sponding to (s) and s is a unipotent character of Cg+(s)¥ . The degree
of the character corresponding to (s, pts) is xs(1)us(1).

The semisimple elements of G* " and their centralizers are found us-
ing the results of [3]. The corresponding semisimple character degrees are
then computed using the results in [3, §8] or Lemma 2.1. The degrees of
the unipotent characters of the classical groups are computed using for-
mulas found in [2, §13.8]. The degree of a general irreducible character
corresponding to the pair (s, ps) is then found using Lemma 2.1.



LEMMA 2.2. If G = By(q) is of adjoint type with £ > 3, then G has
irreducible characters x®, x., and x1 with degrees

L @2 -D"" =D+ D+

A (¢ —1)?
(@D - (P = D(¢* - 1)
= ¢“+1
= ((]2 - 1)(q4_1)-~-(q2(5_1) _1)(q€_ 1)
xi(l) = SO (2D —1)(g2 — 1)

¢t +1

Proof. In this case, G = SO241(q) and the dual group is G* = Spy,(q).
The character x® is the unipotent character of G corresponding to the

symbol
. < 12 ¢ )
0 1 '
The degree x*(1) can be computed using the formula in [2, §13.8].

The character x. of G is the semisimple character corresponding to the
conjugacy class of a regular element s in the Coxeter torus of G*, as in [11].
Such an element exists by [19, Theorem 1]. Explicitly, let 7 be a generator
of FZ“ and let 7 = 77‘12’1 be of order ¢° + 1. The semisimple element s is

conjugate in G* to the matrix

. 1 _ 2 2

s =diag[r, 7,74, 4 v LT

In the notation of [3], this conjugacy class corresponds to the pair of par-

titions A = (1), p = @ with ™ = (¢) and ¢V = @. By [3, §8], the
centralizer in G* is of order ¢* + 1 and the degree of x.. is as claimed.

The character x; is obtained as follows. Let 6 be a generator of IE‘;Q(Z,I)

and let v = 09 =1 be of order ¢~ + 1. Let s; € G* be conjugate in G*
to

s1=diagll,1,7,77,7%, 77047 Ty T
Thus s1 corresponds to a regular element in the Coxeter torus of Spy,_1)().-
Such a regular element exists for all ¢ by [19], [7], or direct computation
since £ > 3. Let x5, be the semisimple character of G corresponding to the
class of sy.

In the notation of [3], the conjugacy class of s; corresponds to the pair of
partitions A = (1°71), p = (1') withn® = (¢~1), ¢V = @, and ¢V = (1).
The semisimple part of the centralizer in G* is of type C1(q) = A1(q) and
the p’-part of the order of the centralizer is (¢> — 1)(¢°~! + 1). In this
case, the centralizer has a unipotent character St of degree ¢, the Steinberg



character. Let x1 be the character of G corresponding to the pair (xs, , St).
The degree of x; then follows from Lemma 2.1. 1

LEMMA 2.3. If G = Cy(q) is of adjoint type with ¢ > 4 and q is a
power of an odd prime, then G has irreducible characters x%, X, and x1
with degrees

(7Y —1)(¢* — 1)

A (¢* —1)?
_ (@=D@ =D (@Y - 1) - 1)
= ¢ +1
= (@-D -1 (@Y — 1) - 1)
w) = ALV D@ - @Y )@ 1)

¢2+1

Proof. In this case, G = PCSp,,(q), the projective conformal symplectic
group, and the dual group is the spin group G* =2 Spiny,, ,(q), the simply
connected group of type By. As Cy(q) = By(q) when ¢ is even, we will
assume ¢ is odd.

The character x is the unipotent character of G corresponding to the

symbol
(1 (-1
a= 1 .

The degree x*(1) can be computed using the formula in [2, §13.8].

The character x. of G is the semisimple character corresponding to
the conjugacy class of a regular element s in the Coxeter torus of G*, as
n [11]. Such an element exists by [19, Theorem 1]. In the notation of [3],
this conjugacy class corresponds to the pair of partitions A = (1‘7), w=g
with nM) = (¢) and ¢ = @. By [3, §8], the centralizer in G* is of order
¢* + 1 and the degree x.(1) is as claimed.

The character x; is obtained as follows. Let s; be an element of the
semisimple conjugacy class of G* corresponding to the pair of partitions
A= (1772), p = (2) with nW = —-2), M =g, ¢ = (1), and
w® = @, in the notation of [3]. Thus s; corresponds to a regular element
of the Coxeter torus of B;_s(g). Such a regular element exists for all
odd ¢ by [19] or [7] since £ > 4. Let x5, be the semisimple character of G
corresponding to the class of s;.

By [3, §8], the semisimple part of the centralizer in G* is of type D2(q)
and the p’-part of the order of the centralizer is (¢*> — 1)2(¢* =2 +1). In this
case, the Steinberg character St of the centralizer has degree ¢? and we let
X1 be the character of G corresponding to the pair (xs,,St). The degree
of x1 then follows from Lemma 2.1.



LEMMA 2.4. Let G = Dy(q) be of adjoint type.
1. If ¢t =4 and q > 3, then G has irreducible characters of degrees

1
1) = S0 (1) = B0, and (1) = 250,030,
2. If £ =5, then G has an irreducible character of degree
X1(1) = ¢? 070,85, P PPy

3. If¢ > 6, then G has irreducible characters x*, x., and x1 with degrees
6(a + 1)@ —1)(?“T ~1)(¢" - 1)

XO‘(]-) = q (q2 _ 1)2((]4 — 1)

(@ - D = 1) (@D 1) (@Y —1)(¢f — 1)
Xe(l) = e
W) = p@HDE =D @ D@D -1 = 1)

(¢+1)(¢*3+1)

Proof. In this case, G = P(CO,,(g)°) in the notation of [2, §1.19]. The
dual group is the spin group G* 2 Spin,,(q), the simply connected group
of type Dy.

The character x. is the semisimple character corresponding to the con-
jugacy class of a regular element of the Coxeter torus of G*, as in [11]. Such
an element exists for all ¢ when £ > 4 by [19, Theorem 1]. In the notation
of [3], this conjugacy class corresponds to the pair of partitions A = (1¢),
p =2 with n = (£ —1,1) and ¢V = @. By [3, §8], the centralizer in G*
is of order (¢*~! +1)(¢+ 1) and the degree x.(1) is as claimed in all cases.

The character x; is constructed as follows. Let s; be an element of the
semisimple conjugacy class of G* corresponding to the pair of partitions
A= (1%, p = (2) with n® = (£ -3,1), €O = g, (@ = (1), and
w® = @, in the notation of [3]. Thus s; corresponds to a regular element
of the Coxeter torus of Dy_5(q). For £ > 6, such a regular element exists for
all ¢ by [19] or [7]. Let x5, be the semisimple character of G corresponding
to the class of s;.

By [3, §8], the semisimple part of the centralizer in G* is of type D2(q)
and the p’-part of the order of the centralizer is (¢> — 1)%(¢ 3 +1)(¢ +1).
In this case, the Steinberg character St of the centralizer has degree ¢ and
we let x1 be the character of G corresponding to the pair (xs,,St). The
degree of x1 then follows from Lemma 2.1. By [14], the degree x1(1) also
exists for ¢ > 3 if £ = 4 and for all ¢ if £ = 5.

For ¢ = 4, the character x” is the unipotent character of G correspond-

ing to the symbol
1 3
=(a3)



For ¢ > 6, the character x® is the unipotent character of G corresponding
to the symbol
(1 £-2
a={ 4 9 .
The degrees of these unipotent characters can be computed using the for-
mula in [2, §13.8]. 1
LEMMA 2.5. Let G 22 2Dy(q?) be of adjoint type.

1. If £ =4, then G has irreducible characters of degrees

Xc(l) = ‘535@3@3‘1)4@67
xi1(1) = @FO1P2P3P6Ps,
x2(1) = ¢F003P,Ds.

2. If¢ > 5, then G has irreducible characters x®, ., and x1 with degrees

o L (@ =D (@ P+ D (¢ - (gf + 1)
)= g CESPESE

2
Xe() = (@ -1D¢" =1 @@ - -1

24 1) (g% =1)--- 2(Z72)_1 2(871)_1 t41
w() = qz(q +1(" 1) (quJrl)(q )@ +1)

Proof. In this case, G = P(CO,,(¢)°) in the notation of [2, §1.19]. The
dual group is the spin group G* = Spin;,(q), the simply connected group
of type 2Dy.

The character x is the unipotent character of G corresponding to the

symbol
(0 2 /-1
a= 1 .

The degree x*(1) can be computed using the formula in [2, §13.8]. (This
character also exists when ¢ = 4, but is not useful in determining the degree
graph in that case.)

As in the previous cases, Y. is the semisimple character corresponding
to the conjugacy class of a regular element of the Coxeter torus of G* used
n [11]. Such an element exists for all ¢ when ¢ > 4 by [19, Theorem 1]. In
the notation of [3], this conjugacy class corresponds to the pair of partitions
A= (19, p = @ with n© = (£) and €& = @. By [3, §8], the centralizer
in G* is of order ¢ + 1 and the degree x.(1) is as claimed in all cases.

The character x; is obtained as follows. Let s; be an element of the

semisimple conjugacy class of G* corresponding to the pair of partitions
A= (1772), p = (2) with M = (£ -2), M =g (@ = (1), and



w® = @, in the notation of [3]. Thus s; corresponds to a regular element
of the Coxeter torus of 2Dy _5(q?). For ¢ > 6, such a regular element
exists for all ¢ by [19] or [7]. Let x5, be the semisimple character of G
corresponding to the class of s;. By [14], the degree xs, (1) also exists for
allgif =4 or £ =05.

By [3, §8], the semisimple part of the centralizer in G* is of type D2(q)
and the p’-part of the order of the centralizer is (¢* — 1)2(¢* =2 +1). In this
case, the Steinberg character St of the centralizer has degree ¢? and we let
X1 be the character of G corresponding to the pair (xs,,St). The degree
of x1 then follows from Lemma 2.1. Again the results of [14] show that
the character y; also exists for all ¢ if £ =4 or £ = 5, and the degree is as
claimed in these cases as well.

Finally, the character ys is constructed as follows when ¢ = 4. Let sq
be an element of the semisimple conjugacy class of G* corresponding to the
pair of partitions A = (11,31), p =@ with n(M =g, €0 = (1), n® = (1),
and £) = @, in the notation of [3]. Let x,, be the semisimple character
of G corresponding to the class of ss.

By [3, §8], the semisimple part of the centralizer in G* is of type 245(q?)
and the p’-part of the order of the centralizer is (¢> — 1)?(¢® + 1). In this
case, the Steinberg character St of the centralizer has degree ¢> and we let
X2 be the character of G corresponding to the pair (xs,,St). The degree
of x2 then follows from Lemma 2.1. The results of [14] show that G has
(g — 1)?/2 characters of this type, so this is a degree of G for all .

3. PROOF OF THEOREM 1.1

In this section we use the character degrees found in §2 to prove The-
orem 1.1. If n is a positive integer, we denote by m(n) the set of prime
divisors of n. As above, G will denote a finite group G = G¥ of ad-
joint type and L will denote the derived group of G, a finite simple group.
Since L is a nonabelian simple group, p(L) = m(|L]), by the It6-Michler
theorem (see [17, Remarks 13.13]).

The degrees given in §2 are for the group G. If d = [G : L], x is
an irreducible character of G, and p is an irreducible constituent of the
restriction of x to L, then by [9, Corollary 11.29], x(1)/u(1) divides d.
Moreover, by [2, §12.1], the degrees of the unipotent characters of G and L
are the same.

3.1. Groups of Type By

Let G be of type By, with £ > 2, so that G = SOg¢11(q), L = Qar11(q),
and [G: L] = (2,¢ — 1) = d. The order of L is

1 2 _
L= ~d" (@® = )(¢" - 1) (Y = 1)(¢* - 1),



and it follows that p(L) consists of p and the primes dividing ®; or ®4; for
G=1,....0.

First, let £ = 2 so that G = Ba(q) = C2(q) and L = PSp,(q). The
character table of Sp,(¢) is computed in [18] for odd ¢ and in [6] for even gq.

If ¢ = 2, then L =2 PSp,(2) is not simple. If ¢ = 3, then |L| =2%-3%.5
and, by the Atlas [4] character table, L has the character degree x11(1) =
30=2-3-5,s0 A(L) is complete. Hence we may assume ¢ > 3.

Since ¢ = 2, p(L) consists of the primes dividing one of ¢, ®;, o, or
®4. The tables in [18] and [6] show that for ¢ > 3, L has the character
degrees

P02 PPy, and ¢PoDy.

These are the degrees of x1(j), x7(k), and xo(k), respectively, if ¢ is odd,
and x5, X13, and x11, respectively, if ¢ is even. It follows easily that A(L)
is a complete graph in this case.

Now let £ > 3, so that G has the character degrees listed in Lemma 2.2.
Since x® is a unipotent character, the simple group L also has an irreducible
character of degree x*(1).

If ¢ is even, then d = 1 and G = L. If ¢ is odd, then d = 2. Note that
since £ > 3, x.(1) is divisible by ¢ — 1 and x; (1) is divisible by ¢** — 1, so
also by ¢ — 1. Thus both x.(1)/2 and x1(1)/2 are divisible by 2. Hence
the degrees of the irreducible constituents of the restrictions of x. and xi
to L are divisible by the same primes as x. and x;.

As noted above,

(¢ —1)(® = 1) (Y —1)(¢* - 1)
¢t +1

xi1(1) =¢

is divisible by ¢> — 1 and so by p and all ®;, &5, for j = 1,...,¢, other
than ®5(y_1). Therefore all primes in p(L) other than those dividing only
®yp—1) are adjacent in A(L).

The degree

Xe(D) = (@ =1)(¢* = 1) (@ =1)(¢" - 1)

is divisible by ®5(,_1) and all primes in p(L) except p and primes dividing
only ®5,. Hence the primes dividing ®5(,_1) are adjacent in A(L) to all
primes except p and primes dividing ®op.

Finally, since ¢ > 3, the unipotent degree

1@ 2 =D =D+ D" +1)
21 (¢ —1)2

x*(1) =

is divisible by %q‘*@z(g,l)q)%. Hence x“(1) is divisible by p and all primes
dividing ®o(y_1) or o, except possibly 2 (when ¢ is odd). But when ¢ is
odd, both y1(1) and x.(1) are divisible by 2, and therefore 2 is adjacent
in A(L) to all primes. Hence all primes dividing ®5(,_1) are adjacent to p
and the primes dividing ®5¢, and so A(L) is complete.



3.2. Groups of Type C,

Let G be of type Cp, with £ > 2, so that G =2 PCSp,,(q), L = PSps,(q),
and [G: L] = (2, — 1) = d. If q is even, then Cy(q) = By(q) and we have
shown that the degree graph of a simple group of type By is complete. We
may therefore assume here that ¢ is odd. Moreover, we have C3(q) = B2(q)
for any ¢, hence we may assume ¢ > 3.

First, let ¢ = 3 so that G = PCSpg(q),

Gl =’ —1)(¢* —1)(¢° — 1) = "D} D30,D, Dy,

and [G : L] = d = 2. The character table of CSpg(q) was computed by
Liibeck in [13] and is available in the CHEVIE system [8].

Since ¢ > 2, the CHEVIE character table shows that CSpg(g) has an
irreducible character y = xs2(1,1,¢ — 2) whose kernel contains the center
of CSpg(q). Hence we may view x as a character of G. The degree of x
is x(1) = ¢P1D2P5P, P4, and the degree of a constituent of the restriction
xr of x to Lis x(1) or x(1)/2. Since ¢ is odd, x(1) is divisible by 4, so x(1)
and x(1)/2 are divisible by the same primes. It follows that a constituent
of x, is divisible by every prime in p(L) and A(L) is complete in this case.

We may now assume that ¢ is odd and ¢ > 4, so that G = PCSp,,(q)
and [G : L] = d = 2. The order of L is

1 2 _
L= 54" (@ = 1)(g" = 1) @Y —1)(* - 1),

and it follows that p(L) consists of p and the primes dividing ®; or ®,; for
j=1,...,¢

Since ¢ > 4, G has the character degrees listed in Lemma 2.3. As
X® is unipotent, L also has a unipotent character of degree x“(1). Also,
[G : L] = 2 implies that irreducible constituents of (x1)r and (x.)r have
degrees divisible by x1(1)/2 and x.(1)/2, respectively. We have that x1(1)
is divisible by ¢* —1 and x.(1) is divisible by ¢? — 1, hence both degrees are
divisible by 4. It follows that L has irreducible characters whose degrees
are divisible by the same primes as x*(1), x1(1), and x.(1).

As noted above,

2 (@ + 1) (¢ = 1)(® —1)--- (2D —1)(¢* — 1)
qé—Q +1

«

x1(1) =¢

is divisible by ¢2¢ — 1, hence by ®; and ®,. It follows that (1) is divisible

by p and all ®;, ®3; for j =1,...,¢, other than ®5,_5). Hence all primes

in p(L) except those dividing only ®5(,_s) are adjacent in the graph A(L).
The degree

Xe(D) = (@ —=1)(¢* = 1) (@Y =1)(¢" - 1)

10



is divisible by ®; for j = 1,...,¢ and by ®3; for j = 1,...,/ — 1. Hence
primes dividing ®9(,_s) are adjacent to all primes in p(L) except p and
primes dividing ®q,.

Finally, since £ > 4, the degree

3 (@Y —1)(¢* - 1)
(¢* —1)?
is divisible by p, ®3(,_2), and ®z,. Hence primes dividing ®9,_o) are

adjacent to p and primes dividing ®9, and it follows that A(L) is a complete
graph in this case.

x*(1) =g¢q

3.3. Groups of Type Dy

Let G be of type D, with ¢ > 4, so that G = P(CO,,(q)°) (in the
notation of [2, §1.19]), L = PQJ,(g), and [G: L] = (4,¢" — 1) = d.

First, let £ = 4 so that L = PQJ (¢), or L = Of () in Atlas [4] notation.
If ¢ = 2, then |L| = 2'2 .35 .52 .7 and by the character table of L in [4],
L has an irreducible character xi; of degree x11(1) =210 =2-3-5-7.
Similarly, if ¢ = 3, then |L| = 2'2.3!2.52.7.13 and L has the degree
x17(1) = 5460 = 22-3-5.7-13. Hence A(L) is a complete graph if ¢ = 2
or g =3.

We now assume ¢ = 4 and ¢ > 3. In this case,

G| =q"%(q*> — 1)(¢"* — 1)(¢° — 1)(¢" — 1) = ¢ D103, D3P

and by Lemma 2.4, G has character degrees
1
x1(1) = ?@1,5D, x.(1) = ¢1030,®7, and ¥ (1) = 5(f‘<1>;%<1>6.

Note that when d # 1, ¢ is odd and each of these degrees is divisible
by 8. Thus, since [G : L] = (4,¢* — 1) = 4 when ¢ is odd, the degrees of
the irreducible constituents of the restrictions of these characters to L are
divisible by the same primes as the degrees of G.

Now x1(1) is divisible by all primes in p(L) except those dividing ®s.
Each of x.(1) and x?(1) is divisible by ®5, and every prime in p(L) divides
at least one of these degrees. Hence A(L) is a complete graph when ¢ = 4.

We next assume ¢ = 5. In this case,

G| = (¢ — 1)(¢" — 1)(¢° = 1)(¢® = 1)(¢° — 1) = ¢*° D} D3, D3P, D, g

and by Lemma 2.4, G has character degree x1(1) = ¢?®3®,0,0, P, P Ds.
Again, when d # 1, this degree is divisible by 8 and so L has an irreducible
character whose degree is divisible by the same primes as x;(1). All primes
in p(L) divide this degree, hence A(L) is complete when ¢ = 5.

11



We may now assume that £ > 6. The order of L is

1, _
L] = Eqm V(@ -1(g" = 1) (D =1)(¢" - 1),

and it follows that p(L) consists of p, the primes dividing ®; or ®,; for
j=1,...,£—1, and the primes dividing ®,.

Since £ > 6, G has the character degrees listed in Lemma 2.4, part (3).
The character x“ is unipotent and therefore L also has an irreducible unipo-
tent character of degree x*(1). Moreover, x1(1) and x.(1) are both divisible
by ¢*“=2) — 1, hence both are divisible by 8 when ¢ is odd. We have d = 1
when ¢ is even and d = 2 or d = 4 when ¢ is odd. Thus, in any case, L
has irreducible characters whose degrees are divisible by the same primes
as x1(1), x¢(1), and x*(1).

The degree

(D=1 (P =P =D 1)
(@+1)(¢3+1)

is divisible by all primes in p(L) except those dividing only ®5(,_3y. The
degree

x1(1) =gq

(®—1)(¢* = 1) (P2 =)D —1)(¢ — 1)
(¢+ )¢ 1 +1)

is divisible by ®;,_3) and all other primes in p(L) except p and those
primes dividing only ®5(,_1). Therefore it remains to show primes dividing
Dy o3y are adjacent to p and primes dividing ®5,_1). Finally, since £ > 6,
the degree

Xe(1) =

@+ (@Y - D@D -1 - 1)

(¢ =1)*(¢* = 1)
is divisible by p, ®3(,_3), and ®5(y_1y. Therefore A(L) is a complete graph
in this case as well.

X*(1) =¢°

3.4. Groups of Type D,
Let G be of type 2D, with £ > 4, so that G = P(CO,4,(¢)°) (in the
notation of [2, §1.19]), L & PQ,,(q), and [G: L] = (4,¢" +1) = d.
First, let £ = 4 so that L = PQg (q), or L = Og (q) in Atlas [4] notation.
In this case,
Gl =q"(¢* = 1)(¢" = D(@° = 1)(¢" + 1) = ¢ ?PIP;D;P, P Dy

and [G : L] = (4,¢*+1) = d is 1 if ¢ is even and 2 if ¢ is odd. By Lemma 2.5,
G has character degrees

xi(1) = ¢?010,0306Ps,
Xc(l) = <I>?1’<I>§<I’3<I>4<I>6,
x2(1) = ¢P01030,Ps.
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If ¢ is odd, each of these degrees is divisible by 8, hence L has irreducible
characters whose degrees are divisible by the same primes as x1(1), x.(1),
and x2(1).

The degree x1(1) is divisible by all primes in p(L) except those dividing
only ®4, while x.(1) is divisible by ®4 and all other primes except p and
the primes dividing ®g. It remains only to show that primes dividing &4
are adjacent to p and the primes dividing ®g. Since x2(1) is divisible by p,
®,, and Pg, A(L) is a complete graph in this case.

We now assume ¢ > 5. The order of L is

1, ~
L] = ng Vg -1)(g" = 1) (*“ P = 1)(¢" +1),

and it follows that p(L) consists of p, the primes dividing ®; or ®,; for
j=1,...,¢—1, and the primes dividing ®y,.

Since £ > 5, G has the character degrees listed in Lemma 2.5, part (2).
The character x® is unipotent. Hence L also has an irreducible unipotent
character of degree x*(1). Moreover, x1(1) and x.(1) are both divisible by
=1 — 1, hence both are divisible by 8 when ¢ is odd. We have d = 1
when ¢ is even and d = 2 or d = 4 when ¢ is odd. Thus, in any case, L
has irreducible characters whose degrees are divisible by the same primes
as Xl(]-)v Xc(l)a and Xa(]-)'

The degree

S @+ 1)@= 1) (2D —1)(? Y —1)(¢" + 1)
2 +1

xi(1) =¢q

is divisible by all primes in p(L) except those dividing only ®5¢,_2y. The
degree
Xe(1) = (¢ = 1)(g* = 1) - (@2 = 1)@ - 1)

is divisible by ®5(,_3) and all other primes in p(L) except p and the primes
dividing ®2¢. Hence it remains only to prove that primes dividing ®5(,_2)
are adjacent to p and the primes dividing ®5,. Finally, since £ > 5, the
degree
(1) = L¢8 (@ -2+ D" -1 +1)

2 (> +1)(g—1)?

is divisible by %qsq)g(g_g)q)gg. Hence x“(1) is divisible by p and all primes
dividing ®5(_9) or @y, except possibly 2 (when ¢ is odd). But when ¢ is
odd, both x3(1) and x.(1) are divisible by 2, and therefore 2 is adjacent
in A(L) to all primes. Hence all primes dividing ®5(,_2) are adjacent to p
and the primes dividing ®o,, and A(L) is a complete graph in this case as
well.

This completes the proof of Theorem 1.1.
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