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LINEAR ALGEBRA

General Matrix Theory

1.

. Let T : R? — R* be given by T(v) = Av, where A =

Let m > n be positive integers. Show that there do not exist matrices A € R™*" and
B € R™"™ guch that AB = I,;,, where I, is the m x m identity matrix.

Let A and B be nonsingular n x n matrices over C.
(a) Show that if A1 B™1AB = ¢I, ¢ € C, then ¢" = 1.
(b) Show that if AB— BA =c¢I, ¢ € C, then ¢ = 0.

. Let A be a strictly upper triangular n x n matrix with real entries, and let I be the n x n

identity matrix. Show that I — A is invertible and express the inverse of I — A as a function
of A.
(a) Give an example of a complex 2 x 2 matrix which does not have a square root.

(b) Show that every complex non-singular n x n matrix has a square root. [Hint: Show first
that a Jordan block with non-zero eigenvalue has a square root.]

w o N =
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(a) Find the dimension of the null space of T
(b) Find a basis for the range space of T'.

Canonical Forms, Diagonalization, and Characteristic and Minimal Polynomials

6.

7.

10.

11.

12.

State and prove the Cayley-Hamilton Theorem.

Show that if A is an n X n matrix, then A™ can be written as a linear combination of the
matrices I, A, A%, ..., A"~ (that is, A" = agl +a1A+asA?+---+a,_1 A" ! for some scalars
QQy - ey Op—1).

Let A be an n xn Jordan block. Show that any matrix that commutes with A is a polynomial
in A.

Let A be a square matrix whose minimal polynomial is equal to its characteristic polynomial.
Show that if B is any matrix that commutes with A, then B is a polynomial in A.

Prove that an n x n complex matrix A is diagonalizable if and only if the minimal polynomial
of A has distinct roots.

Let G = GL,,(C) be the multiplicative group of invertible n x n matrices with complex entries
and let g be an element of G of finite order. Show that g is diagonalizable.

Let V be a vector space and let T': V' — V be a linear transformation.

(a) Show that T is invertible if and only if the minimal polynomial of T" has non-zero constant
term.

(b) Show that if T is invertible then T~! can be expressed as a polynomial in 7.



13. Let A and B be 5 x5 complex matrices and suppose that A and B have the same eigenvectors.
Show that if the minimal polynomial of A is (z + 1)? and the characteristic polynomial of B
is 2%, then B3 = 0.

14. A square matrix A over C is Hermitian if A' = A. Prove that the eigenvalues of a Hermitian
matrix are all real.

15. (a) Prove that a 2 x 2 scalar matrix A over a field F' has a square root (i.e., a matrix B
satisfying B? = A).
(b) Prove that a real symmetric matrix having the property that every negative eigenvalue

occurs with even multiplicity has a square root. [Hint: Use (a).]

16. Let A and B be complex n x n matrices. Prove that if AB = BA, then A and B share a
common eigenvector.

17. Let A be a 5 x 5 matrix with complex entries such that A3 = 0. Find all possible Jordan
Canonical Forms for A.

18. (a) Show that two 3 x 3 complex matrices are similar if and only if they have the same
characteristic and minimal polynomials.
(b) Is the conclusion of part (a) true for larger matrices? Prove or give a counter-example.
19. (a) Find all possible Jordan canonical forms of a 5 x 5 complex matrix with minimal poly-
nomial (z — 2)%(z — 1).
(b) Find all possible Jordan canonical forms of a complex matrix with characteristic poly-

nomial (z — 3)3(x — 5)2.

20. Find all possible Jordan canonical forms for the following. EXPLAIN your answers.
(a) A linear operator T with characteristic polynomial A(z) = (z —2)*(z — 3)? and minimal
polynomial m(z) = (x — 2)%(z — 3)2.
(b) A linear operator T with characteristic polynomial A(x) = (x — 4)% and such that
dimker(7T — 4I) = 3.
21. A matrix A has characteristic polynomial A(z) = (z — 3)° and minimal polynomial m(z) =
(z — 3)3.
(a) List all possible Jordan canonical forms for A.

(b) Determine the Jordan canonical form of the matrix

3 -1 2 00
2 3 0 -20
A=|1 0 3 -1 0
0o -1 2 30
0o 2 -3 0 3

which has the given characteristic and minimal polynomials.

22. Let T : V — V be a linear transformation defined on the finite dimensional vector space V.
Let A be an eigenvalue of T, and set W; = {v € V | (T —XI)*(v) = 0}. If m is the multiplicity
of A as a root of the characteristic polynomial of T', prove that W, = Wp,11.



1 2 3
23. Let A= | 0 —1 4 | be a matrix over the field F', where F' is either the field of rational
0 0 3
numbers or the field of p elements for some prime p.

(a) Find a basis of eigenvectors for A over those fields for which such a basis exists.

(b) What is the Jordan canonical form of A over the fields not included in part (a)?

2 0 00 11 00 2 -1 1 -1
01 00 -13 00 0 1 1 -1
24. Let A = 50 1 1 let B = 1 L1 and let C' = 0 -1 3 -1
0 001 -1 1 -1 3 0 00 2

Find the

Q

(a) haracteristic polynomial of A, B, and C.

(b) Find the minimal polynomial of A, B, and C.

(c) Find the eigenvalues of A, B, and C.

(d) Find the dimensions of all eigenspaces of A, B, and C.
)

(e) Find the Jordan canonical form of A, B, and C.

1 0 «a b
01 0 0
25. Let A = 0 ¢ 3 -9
0 d 2 -1

(a) Determine conditions on a, b, ¢, and d so that there is only one Jordan block for each
eigenvalue of A in the Jordan canonical form of A.

(b) Suppose now a =c¢=d =2 and b = —2. Find the Jordan canonical form of A.

26. Let A be a square complex matrix with a single eigenvalue A. Show that the number of blocks
in the Jordan form of A is the dimension of the A-eigenspace.

27. Let A be an n x n nilpotent matrix such that A”~! # 0. Show that A has exactly one Jordan
block.

-1 4 -2
28. Let A= | —2 5 —2 | with characteristic polynomial A(z) = (z — 1)%(z — 2).
-1 2 0

(a) For each eigenvalue A of A, find a basis for the eigenspace E).

(b) Determine if A is diagonalizable. If so, give matrices P, B such that P~'AP = B and B
is diagonal. If not, explain carefully why A is not diagonalizable.

2 -1 -1
29. Let A= 1 0 -1
1 -1 0

(a) Verify that the characteristic polynomial of A is A(z) = z(z — 1)2.
(b) For each eigenvalue X of A, find a basis for the eigenspace E).

(c) Determine if A is diagonalizable. If so, give matrices P, B such that P"*AP = B and
B is diagonal. If not, explain carefully why A is not diagonalizable.



30.

31.

50 6
Let A = 2 2 4
-2 0 -2
(a) Verify that the characteristic polynomial of A is A(z) = (z — 1)(z — 2)%
(b) For each eigenvalue A of A, find a basis for the eigenspace FE).
(c) Determine if A is diagonalizable. If so, give matrices P, B such that P"'AP = B and
B is diagonal. If not, explain carefully why A is not diagonalizable.
0 1 0 - 0]
0o 01 --- 0
Let A be a matrix of the form A= | : = :
o 0o o0 - 1
€1 Ca €3 - Cp

Show that the minimal polynomial and characteristic polynomial of A are equal.

Linear Transformations

32.

33.

34.

35.

36.

37.

38.

39.

(Fitting’s Lemma for vector spaces) Let ¢ : V' — V be a linear transformation of a finite
dimensional vector space to itself. Prove that there exists a decomposition of V asV =U&W
where each summand is -invariant, ¢|¢7 is nilpotent, and |y is nonsingular.

Let V' be a vector space over a field F. A linear transformation 7' : V — V is said to be
idempotent if T?> = T. Prove that if T is idempotent then V = Vj @ V4, where T'(vg) = 0 for
all vg € Vp and T'(v1) = vy for all v1 € V3.

Let U, V and W be finite dimensional vector spaces with U a subspace of V. Show that if
T :V — W is a linear transformation having the same rank as T|y : U — W, then U is
complemented in V' by a subspace K satisfying T'(z) = 0 for all z € K.

Let V and W be finite dimensional vector spaces and let T': V' — W be a linear transforma-
tion. Show that dim(ker T") + dim(Im 7") = dim(V').

Let V be a finite dimensional vector space and T : V — V a mon-zero linear operator. Show
that if kerT = Im T, then dimV is an even integer and the minimal polynomial of T is
m(z) = 22

Let V be a finite dimensional vector space over a field F' and let T : V' — V be a nilpotent
linear transformation. Show that the trace of T is 0.

Let T: V — W be a surjective linear transformation of finite dimensional vector spaces over
a field F' (acting on the left). Show that there is a linear transformation S : W — V such
that T o S is the identity map on W.

A linear transformation 7' : V' — W is said to be independence preserving if T'(I) C W is lin-
early independent whenever I C V is a linearly independent set. Show that T is independence
preserving if and only if T" is one-to-one.



40.

41.

42.

43.

Let T : V — W be a linear transformation of vector spaces over a field F.
(a) Show that T is injective if and only if {T'(v1),...,T(v,)} is linearly independent in W
whenever {v1,...,v,} is linearly independent in V.

(b) Show that T is surjective if and only if {T'(z) |z € X} is a spanning set for W whenever X
is a spanning set for V.

Let A be a complex n X n matrix, and let L : C"*" — C™*" be the linear transformation
given by L(M) = AM for M € C"*". Express det L in terms of det A and prove your
formula is correct.

Let A be a complex n X n matrix, and let L : C"*™ — C"*" be the linear transformation
given by L(X) = AX + XA for X € C"*"™. Prove that if A is a nilpotent matrix, then L is a
nilpotent operator.

Let T': V — V be a linear transformation. Let X =ker 7" 2, Y = ker 7" !, and Z = ker T".
Observe that X CY C Z (you need not prove this). Suppose

{ur, ... up b, {ur, oo up, 01,0 vt {U, o U, UL U W, W

are bases for X, Y, Z, respectively. Show that S = {u1,...,up, T'(wy),...,T(ws)} is contained
in Y and is linearly independent.

Vector Spaces

44.

45.

46.

47.

48.

49.

50.

o1.

Let {v1,v9,...,v,} be a basis for a vector space V' over R. Show that if w is any vector
in V, then for some choice of sign +, {v; + w,vs,...,v,} is a basis for V.

Let V be a finite dimensional vector space over the field F'. Let V* be the dual space of V/
(that is, V* is the vector space of linear transformations 7' : V' — F'). Show that V = V*.

Let V be a vector space over the field F. Let V* be the dual space of V and let V** be the
dual space of V*. Show that there is an injective linear transformation ¢ : V. — V**,

Let V be a finite dimensional vector space and let W be a subspace. Show that dim V/W =
dimV —dim W.

Let V be a vector space and let U and W be finite dimensional subspaces of V. Show that
dim(U + W) =dimU + dim W —dimU N W.

Let V' be a finite-dimensional vector space over a field F' and let U be a subspace. Show that
there is a subspace W of V such that V =U & W.

Let V be the vector space of n X n matrices over the field R of real numbers. Let U be
the subspace of V' consisting of symmetric matrices and W the subspace of V' consisting of
skew-symmetric matrices. Show that V =U ¢ W.

Let V be the vector space over the field R of real numbers consisting of all functions from R
into R. Let U be the subspace of even functions and W the subspace of odd functions. Show
that V=U ¢ W.



52.

53.

54.

55.

Let U, V, and W be vector spaces over a field F andlet S: U — V and T : V — W be linear
transformations such that T o S = 0, the zero map. Show that

dim(W/Im T') — dim(ker 7'/Im S) + dimker S = dim W — dim V' + dim U.

Let A, B, and C be subspaces of the nonzero vector space V satisfying
V=ApB=BaC=AaC.

Show that there exists a 2-dimensional subspace W C V such that each of W N A, W N B,
and W N C has dimension 1.

Let
V_1=0Lf>ovoﬂ>vl A---L"—?VnL"—:PVnH:O
be a sequence of finite dimensional vector spaces and linear transformations with L;41 0 L; =0
for alli = 0,...,n. Therefore, the quotients H; = ker(L;)/im(L;_;) are defined for 0 < ¢ < n.
Prove that Z(—l)i dimV; = Z(—l)i dim H;.
i

7

If V is a finite dimensional vector space, let V* denote the dual of V.. If (-, -) is a non-degenerate
bilinear form on V', and W is a subspace of V, define W+ = {v € V|(v,w) = 0 for all w € W}.
Show that if X and Y are subspaces of V with Y C X, then X+ C Yt and Y+/X1 = (X/Y)*.

Inner Product Spaces

56.

o7.

58.

Let ( , ) be a positive definite inner product on the finite dimensional real vector space V.
Let S = {vi,v2,...,v} be a set of vectors satisfying (v;,v;) < 0 for all i # j. Prove that
dim(span S) > k — 1.

Let {vy,va,...,v;} be a linearly independent set of vectors in the real inner product space V.
Show that there exists a unique set {u,ug, ..., ux} of vectors with the property that (u;, v;) >
0 for all 4, and {u1,us,...,u;} is an orthonormal basis for Span{vy, ve,...,v;} for every i.

Let (, ) be a Hermitian inner product defined on the complex vector space V. If o : V — V
is a normal operator (¢ o p* = p* o ¢, where ¢* is the adjoint of ¢), prove that V' contains
an orthonormal basis of eigenvectors for .

Modules

99.

60.

61.

Let M be a nonzero R-module with the property that every R-submodule N is complemented
(that is, there exists another R-submodule C' such that M = N +C and NNC = {0}). Give
a direct proof that M contains simple submodules.

Let R = F™ " be the ring of n x n matrices over a field F. Prove that the (right) R-module
F1X7_ consisting of the row space of 1 x n matrices, is the unique simple R-module (up to
isomorphism).

Let R C S be an inclusion of rings (sharing the same identity element). Let Si be the right
R-module where the module action is right multiplication. Assume Sg is isomorphic to a
direct sum of n copies of R. Prove that S is isomorphic to a subring of M, (R), the ring of
n X n matrices over R.



62.

63.

64.

65.

66.

67.

68.

Let M be a module over a ring R with identity, and assume that M has finite composition
length. If ¢ : M — M is an R-endomorphism of M, prove that M decomposes as a direct
sum of R-submodules M = U & W where each summand is p-invariant, |y is nilpotent, and
©|w is an automorphism.

Let R be a ring with identity, and let I be a right ideal of R which is a direct summand of R
(i.e., R =1 @ J for some right ideal J). Prove that if M is any R-module, and ¢ : M — I is
any surjective R-homomorphism, then there exists an R-homomorphism v : I — M satisfying

o =1].

Let M be an R-module and let N be an R-submodule of M. Prove that M is Noetherian if
and only if both N and M /N are Noetherian.

Let M be an R-module and let N be an R-submodule of M. Prove that M is Artinian if and
only if both N and M/N are Artinian.

Let M be an R-module, where R is a ring. Prove that the following statements about M are
equivalent.

(i) M is a sum (not necessarily direct) of simple submodules.
(ii) M is a direct sum of certain simple submodules.

(iii) For every submodule N of M, there exists a complement (i.e., a submodule C such that
M=N+Cand NNC =0).

Let R be a ring and let M be a simple R-module. Let D = Endr(M) be the ring of R-
endomorphisms of M (under composition and pointwise addition). Prove that D is a division
ring.

Let M be an R-module that is generated by finitely many simple submodules. Prove that M
is a direct sum of finitely many simple R-modules.



GROUP THEORY

General Group Theory

1.

10.

11.

12.

Prove or give a counter-example:

(a) If H; and Hs are groups and G = H; x Hy, then any subgroup of G is of the form
K1 x Ky, where K; is a subgroup of H; for i =1, 2.

) If HI N and N <G then H <G.

) If G1 2 Hy and Gy & Hy, then G1 x Gy & Hy X Hs.

(d) If Ny <G and Ny < Gy with Ny = Ny and Gl/Nl = GQ/NQ, then G1 & Go.
) If Nl < Gl and N2 < G2 with Gl = G2 and Nl = NQ, then Gl/Nl = GQ/NQ.
) If N1 < Gl and N2 < G2 with Gl = G2 and Gl/Nl = GQ/NQ, then Nl = NQ.

. Let G be a group and let N be a normal subgroup of index n. Show that ¢g" € N for all

g€ q.

. Let G be a group. A subgroup H of G is called a characteristic subgroup of G if o(H) = H

for every automorphism ¢ of G. Show that if H is a characteristic subgroup of N and N is
a normal subgroup of GG, then H is a normal subgroup of G.

Show that if H is a characteristic subgroup of N and N is a characteristic subgroup of G,
then H is a characteristic subgroup of G.

. Let G be a finite group, H a subgroup of G and N a normal subgroup of G. Show that if the

order of H is relatively prime to the index of N in GG, then H C N.

. Let G be a group and let Z(G) be its center. Show that if G/Z(G) is cyclic, then G is abelian.

Let G be a group and let Z(G) be the center of G. Prove or disprove the following.
(a) If G/Z(G) is cyclic, then G is abelian.
(b) If G/Z(G) is abelian, then G is abelian.

(c) If G is of order p?, where p is a prime, then G is abelian.

. Show that if G is a nonabelian finite group, then |Z(G)| < 1|G|.

. Let G be a finite group and let M be a maximal subgroup of G. Show that if M is a normal

subgroup of G, then |G : M| is prime.

Show that if I and £ are conjugacy classes of groups G and H, respectively, then K x L is a
conjugacy class of G x H.

(a) State a formula relating orders of centralizers and cardinalities of conjugacy classes in a
finite group G.

(b) Let G be a finite group with a proper normal subgroup N that is not contained in the
center of G. Prove that G has a proper subgroup H with |H| > |G|/2. [Hint: (a)
applied to a noncentral element of G inside N is useful.]

Let H be a subgroup of G of index 2 and let g be an element of H. Show that if C(g) C H
then the conjugacy class of g in G splits into 2 conjugacy classes in H, and if C(g) € H,
then the class of g in G remains the class of g in H.



13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

Let G be a finite group, H a subgroup of G of index 2, and = € H. Denote by clg(z) the
conjugacy class of z in G and by ¢l (z) the conjugacy class of z in H.

(a) Show that if Cg(x) < H, then |clg(z)] = %|cla(z)).

(b) Show that if C(x) is not contained in H, then |cfg(x)| = |clg(x)].

[Hint: Consider centralizer orders.]

Let N be a normal subgroup of GG and let C be a conjugacy class of G that is contained in N.
Prove that if |G : N| = p is prime, then either C is a conjugacy class of N or C is a union of p
distinct conjugacy classes of V.

Let G be a group, g € G an element of order greater than 2 (possibly infinite) such that the

conjugacy class of g has an odd number of elements. Prove that g is not conjugate to g~'.

Let H be a subgroup of the group G. Show that the following are equivalent:
(i) o7y loy € H for all 2,y € G
(i) H <G and G/H is abelian.

Let H and K be subgroups of a group G, with K <G and K < H. Show that H/K is contained
in the center of G/K if and only if [H,G] < K (where [H,G] = (h"'g 'hg|h € H, g € G)).

Let G be any group for which G'/G” and G”/G"" are cyclic. Prove that G" = G"".

Let GL,,(C) be the group of invertible n x n matrices with complex entries. Give a complete
list of conjugacy class representatives for GLo(C) and for GL3(C).

Let H be a subgroup of the group G and let T be a set of representatives for the distinct
right cosets of H in G. In particular, if £ € T and g € G then tg belongs to a unique coset of
the form Ht' for some t' € T. Write t' =t - g. Prove that if S C G generates G, then the set
{ts(t-s)"lt € T,s € S} generates H.

Suggestion: If K denotes the subgroup generated by this set, prove the stronger assertion
that KT = (. Start by showing that KT is stable under right multiplication by elements
of G.

Let G be a group, H a subgroup of finite index n, G/H the set of left cosets of H in G, and
S(G/H) the group of permutations of G/H (with composition from right to left). Define
f:G— S(G/H) by f(g9)(xH) = (gz)H for g,x € G.

(a) Show that f is a group homomorphism.

(b) Show that if H is a normal subgroup of G, then H is the kernel of f.

Let G be an abelian group. Let K = {a € G : a®> = 1} and let H = {22 : * € G}. Show
that G/K = H.

Let N <G such that every subgroup of N is normal in G and Cg(N) C N. Prove that G/N
is abelian.

Let H be a subgroup of G' having a normal complement (i.e., a normal subgroup N of G
satisfying HN = G and H N N = (1)). Prove that if two elements of H are conjugate in G,
then they are conjugate in H.



25.

26.

27.

28.

29.

30.

31.

32.

33.

Let H be a subgroup of the group G with the property that whenever two elements of G are
conjugate, then the conjugating element can be chosen within H. Prove that the commutator
subgroup G’ of G is contained in H.

Let a € G be fixed, where G is a group. Prove that a commutes with each of its conjugates
in G if and only if a belongs to an abelian normal subgroup of G.

Show that if H and K are subgroups of a finite group G satisfying (|G : H|,|G : K|) = 1,
then G = HK.

Let G = A x B be a direct product of the subgroups A and B. Suppose H is a subgroup of G
that satisfies HA = G = HB and H N A = (1) = H N B. Prove that A is isomorphic to B.

Let Ny, Ny, and N3 be normal subgroups of a group G and assume that for i # j, N;NN; = (1)
and N;N; = G. Show that G is isomorphic to N1 x Ni and G is abelian.

Show that if the size of each conjugacy class of a group G is at most 2, then G’ < Z(G).

Let N be a normal subgroup of G. Show that if N NG’ = (1), then N is contained in the
center of G.

Let G be a finite group.
(a) Show that every proper subgroup of G is contained in a maximal subgroup.

(b) Show that the intersection of all maximal subgroups of G is a normal subgroup.

Let G be a group. Show that G has a composition series if and only if G satisfies the following
two conditions:
(i) If G = Hy> H; > Hy &> --- is any subnormal series, then there is an n such that
H,=H,.1=

(ii) If H is any subgroup of GG in a subnormal series and K7 < Ky < K3 < --- is an ascending

chain of normal subgroups of H, then there is an m such that K, Kpiyp=---

Cyclic Groups

34.

35.

36.

Let ¢ be the Euler p-function — that is, ¢(n) is the number of positive integers less than
the integer n and relatively prime to n. Let G be a finite group of order n with at most d
elements x satisfying 2% = 1 for each divisor d of n.

(a) Show that in a cyclic group of order n, the number of elements of order d is p(d) for
each divisor d of n. Deduce that Z o(d) =n.
djn
(b) Let ¢ (d) be the number of elements of G of order d. Show that for any d, either ¢)(d) =0
or ¢(d) = ¢(d).
(¢) Show that G is cyclic.
(d) Show that any finite subgroup of the multiplicative group of a field must be cyclic.

Show that if GG is a cyclic group then every subgroup of G is cyclic.
Show that if G is a finite cyclic group, then G has exactly one subgroup of order m for each

positive integer m dividing |G/|.

10



37.

38.

Show that if H is a cyclic normal subgroup of a finite group G, then every subgroup of H is
a normal subgroup of G.

Let G be a cyclic group of order 12 with generator a. Find b in G such that G//(b) is isomorphic
to (a'®). (Here (z) denotes the subgroup of G generated by {z}, for x € G.)

Homomorphisms

39.
40.

41.

42.

43.

44.

45.

46.

47.

48.

State and prove the three “isomorphism theorems” (for groups).

Let G be a group and let K be a subgroup of G. Give necessary and sufficient conditions
for K to be the kernel of a homomorphism from G to G. Prove your answer. (N.B.: The
homomorphism must be from G to G.)

Let G be a group with a normal subgroup N of order 5, such that G/N = S3. Show that
|G| = 30, G has a normal subgroup of order 15, and G has 3 subgroups of order 10 that are
not normal.

Let G be a group with a normal subgroup N of order 7, such that G/N = Dy, the dihedral
group of order 10. Show that |G| = 70, G has a normal subgroup of order 35, and G has 5
subgroups of order 14 that are not normal.

Let f : G — H be a homomorphism of groups with kernel K and image I.
(a) Show that if N is a subgroup of G then f~1(f(N)) = KN.
(b) Show that if L is a subgroup of H then f(f~1(L)) =1 L.

Let G and H be finite groups with (|G|, |H|) = 1. Show that if ¢ : G — H is a homomorphism,
then ¢(g) = 1y for all g in G (where 1 is the identity element of H).

Let G = GL,(R) be the (multiplicative) group of nonsingular n x n matrices with real entries
and let S = SLy,(R) be the subgroup of G consisting of matrices of determinant 1. Show that
S <G and G/S = R*, the multiplicative group of real numbers.

(a) Suppose H and K are normal subgroups of a group G.
Show that there exists a one-to-one homomorphism

v:G/HNK — G/H x G/K.
(b) Use part (a) to show that if (m,n) = 1 then Zy,,, = Zy, X Z,.

Prove that the commutator subgroup of SLa(Z) is proper in SLy(Z). (Hint: Any homomor-
phism of rings R — S induces a homomorphism of groups SLa(R) — SLy(.S).)

Let H and K be subgroups of a finite group G and assume H is isomorphic to K. Prove that
there exists a group G containing G as a subgroup, such that H and K are conjugate in G.

Automorphism Groups

49.

Let Inn(G) be the group of inner automorphisms of the group G and let Aut(G) be the full
automorphism group.
(a) Show that Inn(G) < Aut(G).

(b) Show that if Z(G) is the center of G, then Inn(G) = G/Z(G).

11



50.

ol.

52.

53.

Show that if H is a subgroup of G, then C(H) < Ng(H) and Ng(H)/Cq(H) is isomorphic
to a subgroup of Aut(H).

Let G be a simple group of order greater than 2 and let Aut(G) be its automorphism group.
Show that the center of Aut(G) is trivial if and only if G is non-abelian.

Let G be a finite group with a normal subgroup N = S3. Show that there is a subgroup H
of G such that G= N x H.

A group N is said to be complete if the center of N is trivial and every automorphism of N
is inner. Show that if G is a group, N < G, and N is complete, then G = N x Cg(N).

Abelian Groups

o4.

55.

56.

o7.

58.

59.

60.

Let A be an abelian group with the following property:
(*) If B < A then thereisa C < Awith A=B&C.
Show the following.

(a) Each subgroup of A satisfies (*).
(b) Each element of A has finite order.

(c) If p is a prime, then A has no element of order p?.

Let A be an abelian p-group of exponent p™. Show that if B is a subgroup of A of order p™
and both B and A/B are cyclic, then there is a subgroup C' of A such that A = B + C and
BnC ={0}.

(a) List all abelian groups of order 360 (up to isomorphism).

(b) Find the invariant factors and elementary divisors of the group
G =15 © Zus © Zus D Zpoo-
Consider the property (*) of abelian groups G:
(*) If H is any subgroup of G then there exists a subgroup F' of G such that G/H = F.

Show that if G is a finitely generated abelian group then G has property (*) if and only if G
is finite.

Let n be a positive integer and let A = Z™. Prove that if B is any subgroup of A that is
generated by fewer than n elements, then the index [A : B] is infinite.

Show that if A, B, and C are abelian groups, then

Hom(A, B® C) = Hom(A, B) @ Hom(A, C).

Show that if A, B, and C are abelian groups, then

Hom(A & B,C) = Hom(A, C) ® Hom(B, C).

12



61. Let A, B, Ay (0 € I) and B (8 € J) be abelian groups. Prove the following:

Hom(@ Ay, B) = H Hom(A,, B)

acl acl
Hom(A, H Bg) = H Hom(A, Bg).
pseJ peJ
62. Let:
0 — A — B — (C — D — FE — 0
al Bl vl o1 €l

0o — A4 — B — ¢ — D — E — 0

be a commutative diagram of Abelian groups and homomorphisms in which both rows are
exact. If a, 3, 6, and € are isomorphisms, prove that « is an isomorphism also.

63. Let A, U, V, W, X, and Y be abelian groups.
If « € Hom(X,Y) define o, : Hom(A, X) — Hom(A,Y) by au(f) =ao f. If

0TSV 2w o
is exact, to what extent is
0 — Hom(A,U) 2% Hom(A, V) TN Hom(A, W) — 0

exact? Prove your assertions.

64. Same as the previous problem, except use Hom(—, A) instead, making the obvious modifica-
tions.

Symmetric Groups

Find the centralizer in Sy of (1 2 3 )(4 5 6 7).

65. (a
(b) How many elements of order 12 are there in S7?7

66. (a) Give an example of two nonconjugate elements of S7 that have the same order.
(b) If g € S7 has maximal order, what is o(g)?
Does the element g that you found in part (b) lie in A7?
Is the set {h € S7|o(h) = o(g)} a single conjugacy class in S7, where g is the element
found in part (b)?
67. (a) Give a representative for each conjugacy class of elements of order 6 in Sg.

(b) Find the order of the centralizer in Sg of each element from part (a).
68. How many elements of order 6 are there in Sg? How many in Ag?

69. (a) Writeo = (4 5 6)(2 3)(1 2)(6 7 8) as a product of disjoint cycles and
find the order of o.

(b) Let n > 1 be an odd integer. Show that S, has an element of order 2(n — 2).
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70.

71.

72.
73.
74.

75.

76.

e

78.

79.

80.

81.

82.

83.

Leto=(1 2 3)(4 5 6 )€ S
(a) Determine the size of the conjugacy class of o and the order of the centralizer of o in S.

(b) Determine if Cg, (o) is abelian or non-abelian. Prove your answer.

Let G be a subgroup of the symmetric group S,,. Show that if G contains an odd permutation
then GN A, is of index 2 in G.

Show that if G is a non-abelian simple subgroup of Sy, then G is contained in A,,.
Show that if G is a subgroup of S,, of index 2, then G = A,,.

Fori=1,...,n—1, let ; be the transposition (¢ i+ 1) in the symmetric group S,,. Show
that Sn = <.I‘1, NN ,an,1>.

Let H be a subgroup of S,,. Show that if H is a transitive subgroup of S, and H is generated
by some set of transpositions, then H = 5,,.

Prove that the symmetric group S, is a maximal subgroup of Sy, 1.
[Hint: Show that if g € Sy,+1 — Sy, then Sy,+1 = S, U S,pgSn.]

(a) If n = k + ¢ with k& # ¢, then Sy x Sy is a maximal subgroup of S,, in the natural
embedding.
(b) If n = 2k, then Sy x Sk is not a maximal subgroup of S, in the natural embedding.

(a) Prove that if A is a transitive abelian subgroup of the symmetric group S,,, then |A| = n.

(b) Give an example of n, Ay, As, where A; and Ay are transitive abelian subgroups of S,
but Aj is not isomorphic to As.

Let A be an abelian, transitive subgroup of S,,. Show that for all a € {1,...,n}, the stabi-
lizer A, of o in A is trivial.

Let H be a subgroup of index n in a group G. Let S, be the symmetric group on n letters and
let S;,—1 € S, be the usual embedding. Show that H = f_l(Sn,l) for some homomorphism
f:G— S,. (Hint: Let G act on the cosets of H.)

Show that if o = pA € S;4p is the product of an m-cycle p and an n-cycle A, with p and A
disjoint and m # n, then the centralizer in Sy, of o is (p, \).

Let 7 be an element of the symmetric group S, and let ¢ € S, be a transposition. Show that
the number of cycles in the cycle decomposition of o7 is either one more or one less than the
number of cycles in the cycle decomposition of 7.

Show that if o € S), is an (n — 1)-cycle, where n > 3, then C(0) = (o).

Infinite Groups

84.

85.

Let A and B be subgroups of the additive group of rationals Q. Show that if A is isomorphic
to B and f: A — B is an isomorphism, then there exists ¢ € Q such that f(x) = gz for all
x € A

(a) Prove that the additive group of the rational numbers is not cyclic.

(b) Prove that a finitely generated subgroup of the additive group of the rational numbers
must be cyclic.

14



86.

87.

88.

89.

90.

91.

If G is a finitely generated group and n is a positive integer, prove that there are at most
finitely many subgroups of index n in G. (HINT: Consider maps into the symmetric group Sy,.)

Let G be a group with a proper subgroup of finite index. Show that G has a proper normal
subgroup of finite index.

Let Q be the additive group of rationals and Z its subgroup of integers. Prove the following.
(a) If n is a positive integer, then Q/Z has an element of order n.

(b) If n is a positive integer, then Q/Z has a unique subgroup of order n.
(c¢) Every finite subgroup of Q/Z is cyclic.

Let G have the presentation G = {(a,b|a? = 1, a~'bab = 1). Prove that G is infinite but the
commutator subgroup of G is of finite index in G.

Let N be a normal subgroup of G with the order of N finite. Prove there is a normal subgroup
M of G such that [G : M] is finite and nm = mn for all n € N and m € M.

Let G be a finitely presented group in which there are fewer relations than generators. Prove
that G is necessarily infinite.

p-Groups

92.
93.
94.

95.
96.

97.

98.

99.

100.

101.

Show that the center of a finite p-group is non-trivial.
Show that if P is a finite p-group and (1) # N < P, then N N Z(P) # (1).

Let P be a finite p-group and let H be a proper subgroup of P. Prove that H is a proper
subgroup of its normalizer Np(H).

Show that a group of order p?, where p is a prime, must be abelian.

Let p be a prime and let G be a non-abelian group of order p>.
(a) Show that the center Z(G) of G and the commutator subgroup of G are equal and of
order p.

(b) Show that G/Z(G) = 7, x 7,

Let p be a prime and let G be a group of order p” satisfying the following property:
(*) If A and B are subgroups of G then A < B or B < A.
Prove that G is a cyclic group.

Let G be a finite group. Prove that G is a cyclic p-group, for some prime p, if and only if G
has exactly one conjugacy class of maximal subgroups.

Let G be a finite p-group for some prime p. Show that if G is not cyclic, then G has at least
p + 1 maximal subgroups.

Let P be a finite p-group in which all the non-identity elements of the center Z(P) have
order p. If {Z;(P)} is the upper central series of P, prove that for every i, every non-identity
element of Z;11(P)/Z;(P) has order p.

n(n—1)

Let P be a p-group satisfying [P : Z(P)] = p". Show that |P'| < p~ 2
(Hint: Use induction on n. Apply the inductive hypothesis to a maximal subgroup of P.)
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102.

Let G be a group of order 16 with an element g of order 4. Prove that the subgroup of G
generated by ¢? is normal in G.

Group Actions

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

Show that if the center of a group G is of index n in G, then every conjugacy class of G has
at most n elements.

Let G,, = GL,(C) be the group of invertible n x n matrices with complex entries and let
M,, = M,,(C) be the set of all n x n complex matrices.

(a) Show that for g € G, and m € M, g-m = gmg~! defines a (left) action of G,, on M,,.

(b) For n =2 and n = 3, find a complete set of orbit representatives.

Let G be a finite group acting on a set A and suppose that for any two ordered pairs (ai,as)
and (b1, by) of elements of A, there is an element g € G such that g-a; = b; for i = 1,2. Show
that if |A| = n, then |G| is divisible by n(n — 1). [Hint: Show that if a € A then G, acts
transitively on A — {a}.]

Let G be a group acting on a set 2. Show that the following are equivalent.

(i) The action is doubly transitive (i.e., for any two ordered pairs (a1, 1), (2, 32) of ele-
ments of  with a1 # 81 and as # (2, there is an element g in G such that g - a; = as

and g - b1 = [2).
(ii) For all a € Q, the stabilizer G, acts transitively on Q — {a}.

Let G be a group acting transitively on the set 2. Show that if & # (3 are elements of €2, then
GGy is a proper subset of G.

Let G be a group acting transitively on a set A. Show that if there is an element a € A such
that G, = {1}, then G, = {1} for all b € A.

Let the group G act transitively on the set 2, and let N be a normal subgroup of GG. Prove
that G permutes the N-orbits of 2 and that these orbits all have the same size.

Let G act on a set A and let B be a subset of A. For g € G, let g-B={g-b : b € B}. Show
that H ={g € G : g- B = B} is a subgroup of G.

Let G be a group acting on the set S and let H be a subgroup of G acting transitively on S.
Show that if £ € S then G = G¢H, where G} is the stabilizer of ¢ in G.

Let G be a finite group. Show that if G has a normal subgroup N of order 3 that is not
contained in the center of GG, then G has a subgroup of index 2. [Hint: The group G acts
on N by conjugation.]

(a) Let G be a finite group acting on the finite set S. For g € G, let
Flg)={zeS : g-a=s}l
1
Show that the number of orbits is @l Z F(g).
geG

1
(b) Show that the number of conjugacy classes of a finite group G is @l Z |Cc(g)|-
geG

16



114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

Let G be a subgroup of S,, that acts transitively on {1,2,...,n}.
(a) Show that if G; = {g € G|g-1 =1} then [G : G1] = n.
(b) Show that if G is abelian then G is of order n.

Let G be a finite group acting transitively on a set 2. Fix a € ) and let GG, be the stabilizer
of ain G. Let A be the set of points fixed by Gy, i.e. A={e€Q|f-x = Ve € G,}. Show
that A is stabilized by Ng(Gq) and that Ng(G,) acts transitively on A.

Let G act transitively on a set (Q, fix a € €, and let H = G,. Show that the orbits of H on €2
are in one-to-one correspondence with the H — H double cosets in G.

Let G act on a set € and assume N is a normal subgroup of G that is contained in the kernel
of the action. Show that there is a natural action of G/N on Q which satisfies the property
that G is transitive if and only if G/N is transitive.

Let G be a group with a subgroup H of finite index n. Show that there is a homomorphism
w:G — S, with kerp C H.

Suppose a group G has a subgroup H with |G : H| = n < co. Prove that G has a normal
subgroup N with N C H and |G : N| < nl.

Let n > 1 be a fixed integer. Prove that there are only finitely many simple groups (up to
isomorphism) containing a proper subgroup of index less than or equal to n.

Let n = p™r where p is prime and r is an integer greater than 1 such that p does not divide r.
Show that if there is a simple group of order n, then p" divides (r — 1)!.

Show that if G is a simple group of order greater than 60, then G has no proper subgroup of
index less than or equal to 5.

Let G be a finite simple group containing an element of order 21. Show that every proper
subgroup of G has index at least 10.

Let G be a finite group and let K be a subgroup of index p, where p is the smallest prime
dividing the order of G. Show that K is a normal subgroup of G.

Let G be a nonabelian finite simple group and let H be a subgroup of index p, where p is a
prime. Prove that the number of distinct conjugates of H in G is p.

Let G be a finite simple group with a subgroup H of prime index p. Show that p must be the
largest prime dividing the order of G.

Let G be a finite simple group and p a prime such that p? divides the order of G. Show
that G has no subgroup of index p.

Let G be a finite group in which a Sylow 2-subgroup is cyclic. Prove that there exists a normal
subgroup N of odd order such that the index [G : N] is a power of 2. [Hint: Generalize the
previous problem.]
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129.

130.

131.

132.

(a) Let G be a subgroup of the symmetric group S,. Show that if G contains an odd
permutation then G N A, is of index 2 in G.

(b) Let G be a group of order 2r, where r > 1 is an odd integer. Show that in the regular
permutation representation of G, an element ¢ of G of order 2 corresponds to an odd
permutation.

(c) Show that a group of order 2r, with r > 1 an odd integer, cannot be simple.

Let G be a finite cyclic group and H a subgroup of index p, p a prime. Suppose G acts on
a set S and the restriction of the action to H is transitive. Let G, H, be the stabilizer of
x € Sin G, H, respectively. Show the following.

(a) H, =G, NH
(b) [H: H;] =[G :G,]=19|
(c) |S] is not divisible by p.

Let G be a finite group and p a prime. Then G acts on Syl ,(G) by conjugation; let p: G —
Sym(Syl,(G)) be the homomorphism corresponding to this action.

(a) p(P) fixes exactly one point (element of Syl,(G)).
(b) If P € Syl,(G) has order p, then p(z) is a product of one 1-cycle and a certain number
of p-cycles, for z € P — {1}.

(c) If P € Syl,(G) has order p and y € Ng(P) — Cg(P) then p(y) fixes at most r points,
where r is the number of orbits under the action of p(P) (including the fixed point of

part (a)).

Let G be a finite group acting faithfully and transitively on a set €). Assume that there exists
a normal subgroup N such that N acts regularly on Q (i.e., G = Go,N and G, NN =1 for
all a € Q). Prove that G, embeds as a subgroup of Aut(N).

Sylow Theorems

133.

134.

135.

136.

137.

(a) Let G be a finite p-group acting on the finite set S. Let Sy be the set of all elements
of S fixed by G. Show that |S| = |Sp|(mod p).

(b) Show that if H is a p-subgroup of a finite group G, then [Ng(H) : H] =[G : H|(mod p).

(c) State and prove Sylow’s theorems.

Let G be a finite group and let P be a Sylow p-subgroup of G. Prove the following.
(a) If M is any normal p-subgroup of G then M < P.

(b) There is a normal p-subgroup N of G that contains all normal p-subgroups of G.

Let n be an integer and p a prime dividing n. Assume that there exists exactly one divisor d
of n satisfying both d > 1 and d = 1(mod p). Prove that if G is any finite group of order n
and P is a Sylow p-subgroup of G, then either P I G or else Ng(P) is a maximal subgroup
of G.

Let G be a group of order 168 and let P be a Sylow 7-subgroup of G. Show that either P is
a normal subgroup of G or else the normalizer of P is a maximal subgroup of G.

Show that if G is a simple group of order 60 then G = As.
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138.

139.

140.

141.

142.
143.
144.

145.

146.

147.
148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

Show that a group of order 2001 = 3 - 23 - 29 contains a normal cyclic subgroup of index 3.

Show that if G is a group of order 2002 = 2 -7 -11 - 13, then G has an abelian subgroup of
index 2.

Show that a group of order 2004 = 22 - 3 - 167 must be solvable. Give an example of a group
of order 2004 in which a Sylow 3-subgroup is not a normal subgroup.

Show that if G is a group of order 2010 = 2-3-5- 67, then G has a normal subgroup of order
5.

Prove that a group G of order 36 must have a normal subgroup of order 3 or 9.
Show that a group of order 96 must have a normal subgroup of order 16 or 32.
Show that a group of order 160 = 2° - 5 must contain a nontrivial normal 2-subgroup.

Show that if G is a group of order 392 = 23 - 72, then G has a normal subgroup of order 7 or
a normal subgroup of order 49.

Let G be a finite simple group containing an element of order 9. Show that every proper
subgroup of G has index at least 9.

Show that there is no simple group of order 120.

a) Show that Sg has no simple subgroup of index 4 (i.e. order 180).
b) Show that a group of order 180 = 22 - 32 . 5 cannot be simple.

(a)
(b)
(a)
)

a) Show that |Aut(Z7)| = 6.

(b) Show that a group of order 63 must contain an element of order 21.

Show that a simple group of order 168 must be isomorphic to a subgroup of the alternating
group As.

Let G be a simple group of order 168. Determine the number of elements of G of order 7.
Explain your answer.

Let p > g be primes. Show that if p — 1 is not divisible by ¢, then there is exactly one group
of order pq.

Let G be a group of order pgr, where p > q > r are primes. Let P be a Sylow p-subgroup
of G and assume P is not normal in G. Show that a Sylow g-subgroup of G must be normal.

Let G be a group of order pgr, where p > ¢ > r are primes. Show that if p — 1 is not divisible
by ¢, then a Sylow p-subgroup of G must be normal.

Let G be a group of order pgr, where p > g > r are primes. Show that if p — 1 is not divisible
by ¢ or r and ¢ — 1 is not divisible by r, then G must be abelian (hence cyclic).
[Hint: Show that G’ must be contained in a Sylow subgroup for two different primes.]

Let G be a group of order 105 = 3 -5-7. Prove that a Sylow 7-subgroup of G is normal.

Show that a group G of order 255 = 3 -5 - 17 must be abelian.
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158.

159.

160.

161.

162.

163.

164.

165.
166.
167.
168.
169.
170.

171.

172.

173.

174.

175.

176.

Let G be a group of order 231 = 3-7-11. Prove that a Sylow 11-subgroup is contained in
the center of G.

Show that a group of order 10000 = 2% - 5* cannot be simple.

Show that a group of order 32-5-13 must have a normal Sylow 13-subgroup or a normal Sylow
5-subgroup. [Hint: Show that if a Sylow 13-subgroup is not normal, then a Sylow 13-subgroup
must normalize a Sylow 5-subgroup. Consider the normalizer of a Sylow 5-subgroup.]

Let G be a group of order 3-5-7-13. Prove that G is not a simple group. [Hint: If a Sylow
7-subgroup is not normal, then some Sylow 13-subgroup will centralize it. Now compute the
number of Sylow 13-subgroups.]

Let G be a group of order p™q, where p and ¢ are distinct primes, and assume ¢ fp’ — 1 for
1 <i<n—1. Prove that GG is solvable.

Let p and ¢ be distinct primes. Show that a group of order p?q has a normal Sylow p-subgroup
or a normal Sylow g-subgroup.

Let G be a group of order (p+ 1)p(p — 1) where p is a prime. Prove that the number of Sylow
p-subgroups is either 1 or p + 1.

Show that a group of order 23 - 3 - 72 is not simple.

Show that a group of order 380 = 22 - 5 - 19 must be solvable.
Show that a group of order 2 -7 - 13 must be solvable.

Show that a group of order 1960 = 23 - 5 - 72 must be solvable.
Prove that a group of order 1995 =3-5-7-19 must be solvable.
Show that a group of order 1998 = 2 - 33 . 37 must be solvable.

Let G be a group with exactly 31 Sylow 3-subgroups. Prove that there exist Sylow 3-
subgroups P and @ satisfying [P: PNQ|=[Q: PNQ] = 3.

Let G be a finite group, p a prime divisor of |G| and assume there are k distinct Sylow
p-subgroups of G. Let f : G — S be the homomorphism of G into the symmetric group
induced by the natural action of G by conjugation on the set of Sylow p-subgroups of G, and
let G = f(G). Prove that G has k distinct Sylow p-subgroups.

(a) Show that if K is a subgroup of G then the number of distinct conjugates of K in G is
G : Ng(K)].

(b) Show that if G has n, Sylow p-subgroups, then G has a subgroup of index n,,.

Let G be a finite group and p a prime. Show that the intersection of all Sylow p-subgroups
of G is a normal subgroup of G.

Let K be a normal subgroup of G and let P be a Sylow p-subgroup of K. Show that if P <K
then P < G.

Let G be a finite group and let P be a normal Sylow p-subgroup of G. Show that P is a
characteristic subgroup of G.
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177.

178.

179.

180.

181.

182.

183.

184.

185.

186.

187.

188.

A subgroup H of a group G is subnormal if there exists achain H = Hy < H1 < --- < H, =G
such that H; is a normal subgroup of H;4; for every i¢. Prove that if P is a Sylow p-subgroup
of a finite group G then P is a subnormal in G if and only if P is normal in G.

Let G be a finite group and p a prime. Let N be a normal subgroup of G and H a Sylow
p-subgroup of G. Show that

(a) HN/N is a Sylow p-subgroup of G/N, and
(b) HN N is a Sylow p-subgroup of N.

Let G be a finite group with subgroups H, K such that G = HK. Show that if p is any prime
number, then there exist P € Syl,(H) and @ € Syl,(K) such that PQ € Syl,(G).

Let G be a finite group, p a prime, and P a Sylow p-subgroup of G. Let H be a subgroup
of G that contains the normalizer Ng(P) of P in G. Show that if g is an element of G such
that ¢ Pg < H, then g is an element of H.

Let G be a finite group, H be a subgroup of G, and P be a Sylow p-subgroup of H for some
prime p. Show that if H contains the normalizer Ng(P) of P, then P is a Sylow p-subgroup
of G.

A subgroup H of a group G is called pronormal if, for any g € G, H is conjugate to HY in
(H, HY).

(a) Show that if H < N <G with H pronormal in G, then G = Ng(H)N.

(b) Show that if P is a Sylow p-subgroup of G, then P is pronormal in G.

Let G be a finite group and H a normal subgroup. Show that if P is a Sylow p-subgroup
of H, then G = HN¢(P).

Let P be a Sylow p-subgroup of a group G and let K be a subgroup of G containing Ng(P).
Show that Ng(K) = K.

Let x and y be two elements of Z(P) where P is a Sylow p-subgroup of G. If x and y are
conjugate in G, prove that x is conjugate to y in Ng(P).

(a) Let p be a prime and let H be a p-subgroup of the finite group G. Show that
[Na(H) : H] =[G : H|(mod p).

(Hint: Let H act on G/H by left multiplication.)
(b) Let P be a p-subgroup of G. Show that P is a Sylow p-subgroup of G if and only if P
is a Sylow p-subgroup of Ng(P).

Let G be a finite group with |G| = p®m, where p is a prime and p f m. Assume that whenever
P and @ are Sylow p-subgroups of G, either P = @Q or PN @Q = 1. Show that the number of
Sylow p-subgroups of G is congruent to 1 modulo p®.

Let P be a Sylow p-subgroup of the finite group G, and assume |P| = p®. Suppose that
PN P9 = {1} whenever g € G does not normalize P. Prove that the number of Sylow
p-subgroups of GG is congruent to 1 mod p°.
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189.

190.

191.

192.

Let p be a prime and let P be a p-subgroup of the finite group G. Show that P is a Sylow
p-subgroup of G if and only if P is a Sylow p-subgroup of PCg(P) and [Ng(P) : PCq(P)] is
not divisible by p.

Let G be a finite group, and p a prime. Let n, be the number of Sylow p-subgroups of G and
suppose that p® does not divide n, — 1. Prove that there exist two distinct Sylow p-subgroups
of G, say P and @, satisfying [P : PN Q] < p°.

Let P and @ be distinct Sylow p-subgroups of a finite group G. Prove that the number of
Sylow p-subgroups of G is strictly greater than [P : P N Q).

Let X and G be finite groups. We say that X is involved in G if there exist subgroups K
and H of G, with K normal in H, such that X is isomorphic to H/K. Suppose X is a
p-group, P is a Sylow p-subgroup of G, and X is involved in G. Prove that X is involved
in P.

Solvable and Nilpotent Groups, Commutator and Frattini Subgroups

193.

194.

195.

196.

197.

198.

199.

200.

201.

Show that the following statements are equivalent.

(i) Every finite group of odd order is solvable.
(ii) Every non-abelian finite simple group is of even order.

Let H and K be subgroups of a group G with K < G. Show that if H and K are solvable,
then HK is solvable.

Let G be a solvable group and N a nontrivial normal subgroup of G. Show that there is a
nontrivial abelian subgroup A of N with A normal in G.

Let G be a finite non-solvable group, each of whose proper subgroups is solvable. Show that
G/®(G) is a non-abelian simple group, where ®(G) denotes the Frattini subgroup of G.

We say that a group X is involved in a group G if X is isomorphic to H/K for some subgroups
K, H of G with K < H. Prove that if X is solvable and X is involved in the finite group G,
then X is involved in a solvable subgroup of G.

Let G be a finite group satisfying the following property:
(*) If A, B are subgroups of G then AB is a subgroup of G.
Prove that G is a solvable group.

Let X be a set of operators for the group G and assume that G is a finite solvable group.
Prove that every X-composition factor in any X-composition series for GG is an elementary
abelian p-group for some prime p.

Show that if G is a nilpotent group and (1) # N <G, then N N Z(G) # (1).

Show that if G is a nilpotent finite group, then every subgroup of prime index is a normal
subgroup.
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202.

203.

204.

205.

206.

207.

208.

209.

210.

211.

212.

(a) Show that if G is a group and H, K are subgroups of G such that HK C KH, then
HK is a subgroup of G.

(b) Suppose G is finite and HK C K H for all subgroups H and K of G. Show that if p is a
prime divisor of |G|, then there is a subgroup N of G such that |G : N| is a power of p
and p f |N]|.

Let G be a finite group and let ®(G) be its Frattini subgroup. Show that ®(G) is precisely the
set of non-generators of G. (An element g of G is called a non-generator if for any subset S
of G containing g and generating G, the set S — {g} also generates G.)

Let (1) = Gp < G1 < -+ < G,, = G be a central series for the nilpotent group G. Prove that
G; < Z;(QG) for all i, where {Z;(G)} is the upper central series of G. Thus, among all central
series for a nilpotent group, the upper central series ascends the fastest.

Let G be a finite group, let ®(G) be the Frattini subgroup of G (that is, the intersection of
all maximal subgroups of G) and let G’ be the commutator subgroup of G.
Show that the following are equivalent.

(i) The group G is nilpotent.
(ii) If H is a proper subgroup of G, then H is a proper subgroup of its normalizer in G.
(iii) Every maximal subgroup of G is a normal subgroup of G.

(iv) ¢’ < D(G).

(v) Every Sylow subgroup of GG is a normal subgroup of G.

i)

(v

Let G be a finite group. Show that each of the following conditions is equivalent to the
nilpotence of G.

The group G is a direct product of its Sylow subgroups.

(a) Whenever z,y € G satisty (|z|, |y|) = 1, then zy = yx.

(b) Whenever p and ¢ are distinct primes and P € Syl,(G) and @ € Syl (G), then P
centralizes Q.

Show that if G is a finite nilpotent group and m is a positive integer such that m divides the
order of G, then G has a subgroup of order m.

Let G be a finite nilpotent group and G’ its commutator subgroup.
Show that if G/G’ is cyclic then G is cyclic.

A finite group G is called an N-group if the normalizer Ng(P) of every non-identity p-
subgroup P of G is solvable. Prove that if G is an N-group, then either (i) G is solvable, or
(ii) G has a unique minimal normal subgroup K, the factor group G/K is solvable, and K is
simple.

Let G be a finite group and let N be a normal subgroup of G with the property that G/N is
nilpotent. Prove that there exists a nilpotent subgroup H of G satisfying G = HN.

Let G be a finite solvable group. Prove that the index of every maximal subgroup is a prime
power.

[NEW]
Let G be a group. Show that if g € G, then the conjugacy class of g is contained in gG’.
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213. Let G be a group of odd order. Let g1,..., g, be the elements of G, listed in any order.
n

Show that H gi is an element of the commutator subgroup G’ of G.
i=1
214. Let G be a finite group and let M be a maximal subgroup of G.
(a) Show that if Z(G) is not contained in M, then M JG.
(b) Show that either Z(G) < M or G’ < M.
(c) Show that Z(G) NG’ < ®(G).
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RING THEORY

General Ring Theory

1. Give an example of each of the following.

(a) An irreducible polynomial of degree 3 in Zs[z].

A polynomial in Z[x] that is not irreducible in Z[z] but is irreducible in Q[x].
A non-commutative ring of characteristic p, p a prime.

A ring with exactly 6 invertible elements.

An infinite non-commutative ring with only finitely many ideals.

An infinite non-commutative ring with non-zero characteristic.

)
)
)
)
)
(g) An integral domain which is not a unique factorization domain.
(h) A unique factorization domain that is not a principal ideal domain.
) A principal ideal domain that is not a Euclidean domain.
) A Euclidean domain other than the ring of integers or a field.
) A finite non-commutative ring.

)

A commutative ring with a sequence {P,}2°; of prime ideals such that P, is properly
contained in P,y for all n.

A non-zero prime ideal of a commutative ring that is not a maximal ideal.
An irreducible element of a commutative ring that is not a prime element.

An irreducible element of an integral domain that is not a prime element.

A non-commutative ring with exactly two maximal ideals.

)
(n)
(0)
(p) A commutative ring that has exactly one maximal ideal and is not a field.
(a)
(a) How many units does the ring Z/60Z have? Explain your answer.

(b)

How many ideals does the ring Z/60Z have? Explain your answer.

3. Denote the set of invertible elements of the ring Z,, by U,.
(a) List all the elements of Ujs.

(b) Is Uys a cyclic group under multiplication? Justify your answer.
4. If p is a prime satisfying p = 1(mod 4), then p is a sum of two squares.

5. If () denotes the Legendre symbol, prove Euler’s Criterion: if p is a prime and a is any

integer relatively prime to p, then alP=1/2 = <a) (mod p).
p

6. Let Ry and Ro be commutative rings with identities and let R = Ry X Rs. Show that every
ideal I of R is of the form I = I x I with I; an ideal of R; for i =1, 2.

7. Show that a non-zero ring R in which 22 = z for all 2 € R is of characteristic 2 and is
commutative.

8. Let R be a finite commutative ring with more than one element and no zero-divisors. Show
that R is a field.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. Determine for which integers n the ring Z/nZ is a direct sum of fields. Prove your answer.

Let R be a subring of a field F' such that for each z in F either z € R or 2! € R. Prove
that if I and J are two ideals of R, then either I C J or J C I.

The Jacobson Radical J(R) of a ring R is defined to be the intersection of all maximal ideals

of R.
Let R be a commutative ring with 1 and let € R. Show that z € J(R) if and only if 1 — zy
is a unit for all y in R.

Let R be any ring with identity, and n any positive integer. If M, (R) denotes the ring of
n X n matrices with entries in R, prove that M, (I) is an ideal of M, (R) whenever I is an
ideal of R, and that every ideal of M, (R) has this form.

Let m, n be positive integers such that m divides n. Then the natural map ¢ : %, — Z,
given by a + (n) — a+ (m) is a surjective ring homomorphism. If U, U,, are the units of Z,
and 7Z,,, respectively, show that ¢ : U, — U,, is a surjective group homomorphism.

Let R be a ring with ideals A and B. Let R/A x R/B be the ring with coordinate-wise
addition and multiplication. Show the following.

(a) The map R — R/A x R/B given by r — (r + A,r + B) is a ring homomorphism.

(b) The homomorphism in part (a) is surjective if and only if A+ B = R.

Let m and n be relatively prime integers.
(a) Show that if ¢ and d are any integers, then there is an integer x such that x = ¢(mod m)
and z = d(mod n).

(b) Show that Z,, and %, X %, are isomorphic as rings.

Let R be a commutative ring with 1 and let I and J be ideals of R such that I + J = R.
Show that R/(INJ) = R/I® R/J.

Let R be a commutative ring, not necessarily with identity, and assume there is some fixed
positive integer m such that nr = 0 for all » € R. Prove that R embeds in a ring S with
identity so that R is an ideal of S and S/R = Z/nZ.

Let R be a ring with identity 1 and a,b € R such that ab = 1. Denote X = {z € R|ax = 1}.
Show the following.
(a) If z € X, then b+ (1 — za) € X.

(b) If ¢ : X — X is the mapping given by ¢(x) = b+ (1 — za), then ¢ is one-to-one.

(¢) If X has more than one element, then X is an infinite set.

Let R be a commutative ring with identity and define Uy(R) = {{ 8 IC) ] |a,b,ce R}.

Prove that every R-automorphism of Us(R) is inner.

Let R be the field of real numbers and let F' be the set of all 2 x 2 matrices of the form

[ B 3(2 2 ] , where a,b € R. Show that F' is a field under the usual matrix operations.

Let R be the ring of all 2 x 2 matrices of the form [ 2 ] where a and b are real numbers.

a
—b
Prove that R is isomorphic to C, the field of complex numbers.
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22. Let p be a prime and let R be the ring of all 2 x 2 matrices of the form [ p‘; 2 ], where
a,b € Z. Prove that R is isomorphic to Z[/p].

23. Let p be a prime and F), the set of all 2 x 2 matrices of the form [ _Z 2 } , where a, b € Z,.

(a) Show that Fj, is a commutative ring with identity.
(b) Show that F7 is a field.
(¢) Show that Fi3 is not a field.

24. Let I C J be right ideals of a ring R such that J/I = R as right R-modules. Prove that there
exists a right ideal K such that IN K = (0) and [ + K = J.

25. A ring R is called simple if R? # 0 and 0 and R are its only ideals. Show that the center of
a simple ring is 0 or a field.

26. Give an example of a field F' and a one-to-one ring homomorphism ¢ : F' — F which is not
onto. Verify your example.

27. Let D be an integral domain and let D[z, x9, ..., x,] be the polynomial ring over D in the n
indeterminates x1, xo,...,x,. Let
x’ll_l o2 x
v ah o x% T9
a1 x% Ty 1

Prove that the determinant of V' is H (x; — xj).
1<i<j<n

28. Let R = C|0, 1] be the set of all continuous real-valued functions on [0, 1]. Define addition
and multiplication on R as follows. For f,¢g € R and z € [0, 1],

(f +9)(x) = f(z) + g(x) and (fg)(z) = f(z)g(z).

(a) Show that R with these operations is a commutative ring with identity.
(b) Find the units of R.
(c) If f€ Rand f? = f, then f =0 or f = 1g.
(d) If n is a positive integer and f € R is such that f™ = Og, then f = 0.
29. Let S be the ring of all bounded, continuous functions f : R — R, where R is the set of real
numbers. Let I be the set of functions f in S such that f(t) — 0 as [t| — co.
(a) Show that I is an ideal of S.
(b) Suppose x € S is such that there is an ¢ € I with iz = z. Show that z(¢) = 0 for all
sufficiently large [¢|.
30. Let Q be the field of rational numbers and D = {a + bv/2|a,b € Q}.
(a) Show that D is a subring of the field of real numbers.
(b) Show that D is a principal ideal domain.
(c) Show that v/3 is not an element of D.
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31.

32.

33.

Show that if p is a prime such that p = 1(mod 4), then 2% + 1 is not irreducible in Z,[z].
Show that if p is a prime such that p = 3(mod 4), then 22 + 1 is irreducible in Z,[z].

Show that if p is a prime such that p = 1(mod 6), then 2® + 1 splits in Z,[z].

Prime, Maximal, and Primary Ideals

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Let R be a non-zero commutative ring with 1. Show that an ideal M of R is maximal if and
only if R/M is a field.

(a) Let R be a commutative ring with 1. Show that if M is a maximal ideal of R then M
is a prime ideal of R.

(b) Give an example of a non-zero prime ideal in a ring R that is not a maximal ideal.

Let R be a non-zero ring with identity. Show that every proper ideal of R is contained in a
maximal ideal.

Let R be a non-zero commutative ring with 1. Show that if I is an ideal of R such that 1 +a
is a unit in R for all @ € I, then I is contained in every maximal ideal of R.

Let R be a commutative ring with 1.

(a) Prove that (z) is a prime ideal in R[z] if and only if R is an integral domain.

(b) Prove that (x) is a maximal ideal in R[z| if and only if R is a field.

Find all values of a in Z3 such that the quotient ring
Zslx))(2® + 2% + ax + 1)
is a field. Justify your answer.

Find all values of a in Z5 such that the quotient ring
Zs[z] /(x> + 222 + ax + 3)
is a field. Justify your answer.

Let R be a commutative ring with identity and let U be maximal among non-finitely generated
ideals of R. Prove U is a prime ideal.

Let R be a commutative ring with identity and let U be maximal among non-principal ideals
of R. Prove U is a prime ideal.

Let R be a non-zero commutative ring with 1 and S a multiplicative subset of R not con-
taining 0. Show that if P is maximal in the set of ideals of R not intersecting .S, then P is a
prime ideal.

Let R be a non-zero commutative ring with 1.

(a) Let S be a multiplicative subset of R not containing 0 and let P be maximal in the set
of ideals of R not intersecting S. Show that P is a prime ideal.

(b) Show that the set of nilpotent elements of R is the intersection of all prime ideals.
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45.

46.

47.

48.

49.

50.

51.

52.

93.

54.

Let R be a commutative ring with identity and let S be the set of all elements of R that are
not zero-divisors. Show that there is a prime ideal P such that P N S is empty. (Hint: Use
Zorn’s Lemma.)

Let R be a commutative ring with identity and let C be a chain of prime ideals of R. Show
that (Jpee P and () pee P are prime ideals of R.

Let R be a commutative ring and P a prime ideal of R. Show that there is a prime ideal
Py C P which does not properly contain any prime ideal.

Let R be a commutative ring with 1 such that for every x in R there is an integer n > 1
(depending on x) such that 2™ = x. Show that every prime ideal of R is maximal.

Let R be a commutative ring with 1 in which every ideal is a prime ideal. Prove that R is a
field. (Hint: For a # 0 consider the ideals (a) and (a?).)

Let D be a principal ideal domain. Prove that every nonzero prime ideal of D is a maximal
ideal.

Show that if R is a finite commutative ring with identity then every prime ideal of R is a
maximal ideal.

Let R = C[0,1] be the ring of all continuous real-valued functions on [0, 1], with addition and
multiplication defined as follows. For f,g € R and = € [0, 1],

(f +9)(@) = f(z) +g(z)

(f9)(x) = f(z)g(x).
Prove that if M is a maximal ideal of R, then there is a real number zy € [0, 1] such that
M ={f € R| f(zo) = 0}.

Let R be a commutative ring with identity, and let P C ) be prime ideals of R. Prove that
there exist prime ideals P*,Q* satisfying P C P* C Q* C @, such that there are no prime
ideals strictly between P* and Q*. HINT: Fix x € () — P and show that there exists a prime
ideal P* containing P, contained in () and maximal with respect to not containing x.

Let R be a commutative ring with 1. An ideal I of R is called a primary ideal if I # R and
for all z,y € R with xy € I, either x € I or y™ € I for some integer n > 1.
(a) Show that an ideal I of R is primary if and only if R/I # 0 and every zero-divisor in
R/I is nilpotent.

(b) Show that if I is a primary ideal of R then the radical Rad(I) of I is a prime ideal.
(Recall that Rad(I) = {x € R|z" € I for some n}.)

Commutative Rings

55.

56.

Let R be a commutative ring with identity. Show that R is an integral domain if and only
if R is a subring of a field.

Let R be a commutative ring with identity. Show that if  and y are nilpotent elements of R
then x + y is nilpotent and the set of all nilpotent elements is an ideal in R.
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57. Let R be a commutative ring with identity. An ideal I of R is irreducible if it cannot be

58.

59.

60.

61.

62.

63.

64.

65.

66.

expressed as the intersection of two ideals of R neither of which is contained in the other.
Show the following.

(a) If P is a prime ideal then P is irreducible.

(b) If x is a non-zero element of R, then there is an ideal I, maximal with respect to the
property that « & I, and I, is irreducible.

(c) If every irreducible ideal of R is a prime ideal, then 0 is the only nilpotent element of R.

Let R be a commutative ring with 1 and let I be an ideal of R satisfying I? = {0}. Show that
if a+ I € R/I is an idempotent element of R/I, then the coset a 4 I contains an idempotent
element of R.

Let R be a commutative ring with identity that has exactly one prime ideal P. Prove the
following.

(a) R/P is a field.

(b) R is isomorphic to Rp, the ring of quotients of R with respect to the multiplicative set
R—-—P={seR|s¢ P}.

Let R be a commutative ring with identity and ¢ : R — R a ring automorphism.
(a) Show that F' = {r € R|o(r) =r} is a subring of R and the identity of R is in F'.

(b) Show that if o2 is the identity map on R, then each element of R is the root of a monic
polynomial of degree two in F[x].

Let R be a commutative ring with identity that has exactly three ideals, {0}, I, and R.
(a) Show that if a ¢ I, then a is a unit of R.

(b) Show that if a,b € I then ab = 0.

Let R be a commutative ring with 1. Show that if v is a unit in R and n is nilpotent, then
u + n is a unit.

Let R be a commutative ring with identity. Suppose that for every a € R, either a or 1 — a
is invertible. Prove that N = {a € R|a is not invertible} is an ideal of R.

Let R be a commutative ring with 1. Show that the sum of any two principal ideals of R is
principal if and only if every finitely generated ideal of R is principal.

Let R be a commutative ring with identity such that not every ideal is a principal ideal.

(a) Show that there is an ideal I maximal with respect to the property that I is not a
principal ideal.

(b) If I is the ideal of part (a), show that R/I is a principal ideal ring,.

Recall that if R C S is an inclusion of commutative rings (with the same identity) then an
element s € S is integral over R if s satisfies some monic polynomial with coefficients in R.
Prove the equivalence of the following statements.

(i) s is integral over R.

(ii) R]s] is finitely generated as an R-module.

(iii) There exists a faithful R[s] module which is finitely generated as an R-module.
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67.

68.

Recall that if R C S is an inclusion of commutative rings (with the same identity) then S is an
integral extension of R if every element of S satisfies some monic polynomial with coefficients
in R. Prove that if R C S C T are commutative rings with the same identity, then S is
integral over R and T is integral over S if and only if T is integral over R.

Let R C S be commutative domains with the same identity, and assume that S is an integral
extension of R. Let I be a nonzero ideal of S. Prove that I N R is a nonzero ideal of R.

Domains

69.

70.

71.

72.

73.

74.

75.

76.

e

Suppose R is a domain and I and J are ideals of R such that I.J is principal. Show that I
(and hence J) is finitely generated.

n
[Hint: If IJ = (a), then a = Z z;y; for some x; € I and y; € J. Show the x; generate I.]

=1

Show that if p is a prime such that there is an integer b with p = b? + 4, then Z[\/p] is not a
unique factorization domain.

Show that if p is a prime such that p = 1(mod 4), then Z[,/p] is not a unique factorization
domain.

Let D = Z(\/5) = {m +nV5|m,n € Z} — a subring of the field of real numbers and
necessarily an integral domain (you need not show this) — and F = Q(v/5) its field of
fractions. Show the following:

(a) 22 + 2 — 1 is irreducible in D[x] but not in F[z].

(b) D is not a unique factorization domain.

Let D = Z(v/21) = {m +nv21|m,n € Z} and F = Q(v/21), the field of fractions of D.
Show the following:

(a) 22 — 2 — 5 is irreducible in D[x] but not in F[z].

(b) D is not a unique factorization domain.

Let D = Z(v/—11) = {m+nv—11|m,n € Z } and F = Q(y/—11) its field of fractions. Show
the following:

(a) 22 — x + 3 is irreducible in D[x] but not in F[z].

(b) D is not a unique factorization domain.

[NEW]
Let D = Z(v/13) = {m 4+ nv13|m,n € Z} and F = Q(+/13) its field of fractions. Show the
following:

(a) 22 + 3z — 1 is irreducible in D[z] but not in F[z].

(b) D is not a unique factorization domain.

Let D be an integral domain and F' a subring of D which is a field. Show that if each element
of D is algebraic over F, then D is a field.

Let D be an integral domain.
(a) For a,b € D define a greatest common divisor of a and b.

(b) For z € D denote (x) = {dx|d € D}. Prove that if (a) + (b) = (d), then d is a greatest
common divisor of a and b.
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78.

79.

80.

81.

82.

83.

84.

85.

86.

87.
88.

Let D be a principal ideal domain.

(a) For a,b € D, define a least common multiple of a and b.

(b) Show that d € D is a least common multiple of a and b if and only if (a) N (b) = (d).

Let D be a principal ideal domain and let a,b € D.

(a) Show that there is an element d € D that satisfies the properties
i. d|a and d|b and

ii. if e|a and e|b then e|d.

(b) Show that there is an element m € D that satisfies the properties
i. alm and blm and

ii. if a|e and ble then mle.

Let R be a principal ideal domain. Show that if (a) is a nonzero ideal in R, then there are
only finitely many ideals in R containing (a).

Let D be a unique factorization domain and F' its field of fractions. Prove that if d is an
irreducible element in D, then there is no « € F' such that 2% = d.

Let D be a Euclidean domain. Prove that every non-zero prime ideal is a maximal ideal.

Let D with ¢ : D — {0} — N be a Euclidean domain. Suppose ¢(a + b) < max{y(a), ¢(b)}
for all a,b € D. Prove that D is either a field or isomorphic to a polynomial ring over a field.

Let D be an integral domain and F' its field of fractions. Show that if g is an isomorphism
of D onto itself, then there is a unique isomorphism h of F' onto F such that h(d) = g(d) for
all d in D.

Let D be a unique factorization domain such that if p and ¢ are irreducible elements of D,
then p and ¢ are associates. Show that if A and B are ideals of D, then either A C B or
B C A.

Let D be a unique factorization domain and p a fixed irreducible element of D such that if ¢
is any irreducible element of D, then ¢ is an associate of p. Show the following.

(a) If d is a nonzero element of D, then d is uniquely expressible in the form up™, where u
is a unit of D and n is a non-negative integer.

(b) D is a Euclidean domain.
Prove that Z[v—2] = {a + bv/—2]a,b € Z} is a Euclidean domain.

Show that the ring Z[i] of Gaussian integers is a Euclidean ring and compute the greatest
common divisor of 5 + ¢ and 13 using the Euclidean algorithm.

Polynomial Rings

89.

90.

Show that the polynomial f(z) = z* 4 522 + 3z + 2 is irreducible over the field of rational
numbers.

Let D be an integral domain and D[z] the polynomial ring over D. Suppose ¢ : D[z] — D]z]
is an isomorphism such that ¢(d) = d for all d € D. Show that ¢(x) = axz + b for some
a,b € D and that a is a unit of D.
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91. Let f(x) = ag + a1 + --- + axx® + - + apa™ € Z[z] and p a prime such that p|a; for
i=1,....,k—1,p fag, p fan, and p? fag. Show that f(x) has an irreducible factor in Z[z]
of degree at least k.

92. Let D be an integral domain and D]z the polynomial ring over D in the indeterminate x.
Show that if every nonzero prime ideal of D[z] is a maximal ideal, then D is a field.

93. Let R be a commutative ring with 1 and let f(z) € R[z| be nilpotent. Show that the
coefficients of f are nilpotent.

94. Show that if R is an integral domain and f(x) is a unit in the polynomial ring R[z], then
f(z)isin R.

95. Let D be a unique factorization domain and F its field of fractions. Prove that if f(z) is a
monic polynomial in D[z] and o € F is a root of f, then o € D.

96. (a) Show that % + 2% + 22 + z + 1 is irreducible in Z|x].
(b) Show that z* + 1 is not irreducible in Z[x].

97. Let F[z,y] be the polynomial ring over a field F' in two indeterminates z, y. Show that the
ideal generated by {x,y} is not a principal ideal.

98. Let D be an integral domain and let ¢ be an irreducible element in D. Show that the ideal
(z,c) generated by x and ¢ in the polynomial ring D[z] is not a principal ideal.

99. Show that if R is a commutative ring with 1 that is not a field, then R[z] is not a principal
ideal ring.

100. (a) Let Z [%] = {2% ’ a,ne€s,n= 0}, the smallest subring of QQ containing Z and % Let
(2x—1) be the ideal of Z[z] generated by the polynomial 2x—1. Show that Z[x]/(2z—1) =
1
Z[3]-
(b) Find an ideal I of Z[z] such that (2o — 1) & I & Z[z].

Non-commutative Rings

101. Let R be a ring with identity such that the identity map is the only ring automorphism of R.
Prove that the set IV of all nilpotent elements of R is an ideal of R.

102. Let p be a prime. A ring S is called a p-ring if the characteristic of S is a power of p. Show
that if R is a ring with identity of finite characteristic, then R is isomorphic to a finite direct
product of p-rings for distinct primes.

103. Let R be a ring.
(a) Show that there is a unique smallest (with respect to inclusion) ideal A such that R/A
is a commutative ring.
(b) Give an example of a ring R such that for every proper ideal I, R/I is not commutative.
Verify your example.

a b

(c) For the ring R = {[ 0 e

ideal A of part (a).

] la,b,c € Z} with the usual matrix operations, find the
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104. If R is any ring with identity, let J(R) denote the Jacobson radical of R. If e is any idempotent
of R, show that J(eRe) = eJ(R)e.

105. If n is a positive integer and F' is any field, let M,,(F') denote the ring of n x n matrices with
entries in F. Prove that M, (F) is a simple ring. Equivalently, Endp(V) is a simple ring if V'
is a finite dimensional vector space over F.

106. A ring R is nilpotent-free if o = 0 for a € R and some positive integer n implies a = 0.
(a) Suppose there is an ideal I such that R/I is nilpotent-free. Show there is a unique
smallest (with respect to inclusion) ideal A such that R/A is nilpotent-free.

(b) Give an example of a ring R such that for every proper ideal I, R/I is not nilpotent-free.
Verify your example.

(c) Show that if R is a commutative ring with identity, then there is a proper ideal I of R
such that R/I is nilpotent-free, and find the ideal A of part (a).

Local Rings, Localization, Rings of Fractions

107. Let R be an integral domain. Construct the field of fractions F' of R by defining the set F' and
the two binary operations, and show that the two operations are well-defined. Show that F'
has a multiplicative identity element and that every nonzero element of F' has a multiplicative
inverse.

108. A local ring is a commutative ring with 1 that has a unique maximal ideal. Show that a
ring R is local if and only if the set of non-units in R is an ideal.

109. Let R be a commutative ring with 1 # 0 in which the set of nonunits is closed under addition.
Prove that R is local, i.e., has a unique maximal ideal.

110. Let D be an integral domain and F its field of fractions. Let P be a prime ideal in D and
Dp={ab"'|a,be D, b¢ P} C F. Show that Dp has a unique maximal ideal.

111. Let R be a commutative ring with identity and M a maximal ideal of R. Let Rj; be the ring
of quotients of R with respect to the multiplicative set R — M = {s € R|s ¢ M}. Show the
following.

(a) My ={%|a€ M, s¢ M} is the unique maximal ideal of Ryy.
(b) The fields R/M and Rp;/Mjys are isomorphic.

112. Let R be an integral domain, S a multiplicative set, and let S™'R = {Z|r € R, s € S}
(contained in the field of fractions of R). Show that if P is a prime ideal of R then, S™!P is
either a prime ideal of S™'R or else equals S™!R.

113. Let R be a commutative ring with identity and P a prime ideal of R. Let Rp be the ring of
quotients of R with respect to the set R— P = {s € R|s ¢ P}. Show that Rp/Pp is the field
of fractions of the integral domain R/P.

114. Let D be an integral domain and F' its field of fractions. Denote by M the set of all maximal
ideals of D. For M € M, let Dy; = {%|a,s € D, s ¢ M} C F. Show that ﬂ Dy = D.
MeM
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115.

116.

Let R be a commutative ring with 1 and D a multiplicative subset of R containing 1. Let J
be an ideal in the ring of fractions D! R and let

I:{a€R|g€Jf0rsomed€D}.

Show that I is an ideal of R.

Let D be a principal ideal domain and let P be a non-zero prime ideal. Show that Dp, the
localization of D at P, is a principal ideal domain and has a unique irreducible element, up
to associates.

Chains and Chain Conditions

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

Let R be a commutative ring with identity. Prove that any non-empty set of prime ideals
of R contains maximal and minimal elements.

Let R be a commutative ring with 1. We say R satisfies the ascending chain condition if
whenever Iy C Is C I3 C --- is an ascending chain of ideals, there is an integer N such that
I, = Iy for all kK > N. Show that R satisfies the ascending chain condition if and only if
every ideal of R is finitely generated.

Let R be a commutative Noetherian ring with identity. Prove that there are only finitely
many minimal prime ideals of R.

Let R be a commutative Noetherian ring with identity and let I be an ideal in R. Let
J = Rad(I). Prove that there exists a positive integer n such that j™ € I for all j € J.

Let R be a commutative Noetherian domain with identity. Prove that every nonzero ideal
of R contains a product of nonzero prime ideals of R.

Let R be a ring satisfying the descending chain condition on right ideals. If J(R) denotes the
Jacobson radical of R, prove that J(R) is nilpotent.

Show that if R is a commutative Noetherian ring with identity, then the polynomial ring R[z]
is also Noetherian.

Let P be a nonzero prime ideal of the commutative Noetherian domain R. Assume P is
principal. Prove that there does not exist a prime ideal @ satisfying (0) < Q < P.

Let R be a commutative Noetherian ring. Prove that every nonzero ideal A of R contains a
product of prime ideals (not necessarily distinct) each of which contains A.

Let R be a commutative ring with 1 and let M be an R-module that is not Artinian (Noethe-
rian, of finite composition length). Let Z be the set of ideals I of R such that there exists
an R-submodule N of M with the property that N/NT is not Artinian (Noetherian, of finite
composition length, respectively). Show that if A € 7 is a maximal element of Z, then A is a
prime ideal of R.
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FIELD THEORY

General Field Theory

1.

10.

11.

Prove or disprove each of the following statements.
(a) If K is a subfield of F' and F is isomorphic to K, then F' = K.

) The field C of complex numbers is an algebraic closure of the field Q of rational numbers.
) If K is a finitely generated extension of F', then [K : F] is finite.
) If K is a finitely generated algebraic extension of F', then [K : F] is finite.
e) If F C EC K is a tower of fields and K is normal over F', then E is normal over F'.
) If F C EC K is a tower of fields and K is normal over F', then K is normal over E.
)

If FC E C K is a tower of fields, E/ is normal over F' and K is normal over F, then K
is normal over F'.

(h) If F C E C K is a tower of fields and K is separable over F', then E is separable over F.
(i) If F C E C K is a tower of fields and K is separable over F', then K is separable over E.
(j) f F C FE C K is a tower of fields, E is separable over F' and K is separable over FE,

then K is separable over F.

Give an example of an infinite chain €; C Q9 C Q3 C - - - of algebraically closed fields.

. Let F be an extension field of a field F' and f(z), g(x) € F|x]. Prove that a greatest common

divisor of f and ¢ in F[z] is also a greatest common divisor of f and g in F[z].

. Let F' be a field and F* its multiplicative group. Show that the abelian groups (F,+) and

(F*,-) are not isomorphic.

. Prove that a finite subgroup of the multiplicative group of a field must be cyclic.

. Show that if F' is a finite extension of Q, then the torsion subgroup of F™* is finite. [Hint: The

torsion subgroup consists of roots of unity.|

Suppose F' C E C K is any tower of fields and [K : F is finite.
Show that [K : F] = [K : E][E : F).

Let K be a field extension of F' of degree n and let f(x) € F[x] be an irreducible polynomial
of degree m > 1. Show that if m is relatively prime to n, then f has no root in K.

[CORRECTED]
Let f(z) = apz™ + -+ + a1 + ap € Q[z] be an irreducible polynomial of degree greater than
1 in which all roots lie on the unit circle of C. Prove that a; = a,,—; for all 7.

Let F' be a field extension of the rational numbers.
(a) Show that {a + bv/2|a,b € F} is a field.
(b) Give necessary and sufficient conditions for {a + b3/2|a,b € F} to be a field.

Let K be an extension field of F' with a,b € K. Let [F(a) : F] = m and [F(b) : F] = n and
assume (m,n) = 1. Show that F'(a) N F(b) = F and [F(a,b) : F| = mn.
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12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

Let F, L, and K be subfields of a field M, with F C K and F' C L. Let [K : F|] = k and
[L:F]=¢.

(a) Show that [KL: F| < k¢.

(b) Show that if (k,¢) =1 then [KL: F] = k(.

(c) Give an example where [KL : F] < k(.

Let K be a finite dimensional extension field of a field F' and let G be a group of F-
automorphisms of K. Prove that |G| < [K : F].

Let F be a finite dimensional extension of a field F' and let G be a group of F-automorphisms
of E such that [E : F] = |G|. Show that F is the fixed field of G.

Let E be a finite dimensional extension of a field F' and let G be a group of F-automorphisms
of E. Show that if F' is the fixed field of G, then [E : F] = |G|.

Let F be a field with the property
(*) If a,b € F and a? + b* = 0, then a = 0 and b = 0.
(a) Show that 2 + 1 is irreducible in F[z].
(b) Which of the fields Zs, Zs satisfy (*)?
In each case below a field F' and a polynomial f(z) € F[x| are given. Either prove that f is

irreducible over f or factor f(z) into irreducible polynomials in F[z]. Find [K : F], where K
is a splitting field for f over F.

(a) F=Q, f(x) =2*—5.
(b) F=Q(v=3), f(z) =2 —3.
(c) F=Q, f(z) =2® — 2% — 52 + 5.

Let Q be the field of rational numbers. Show that the group of automorphisms of Q is trivial.
Let R be the field of real numbers. Show that the group of automorphisms of R is trivial.

Let R be the field of real numbers. Show that if f(z) is an irreducible polynomial over R,
then f is of degree 1 or 2.

Let F be a field and p a prime. Let G = {c € F'|c?" =1 for some positive integer n}.
(a) Show that G is a subgroup of the multiplicative group of F.
(b) Prove that either G is a cyclic group or G is isomorphic to Z(p*), the Priifer group for
the prime p.

Let F be a finite dimensional extension of a field F' and let G be a group of F-automorphisms
of E. Show the following.

(a) If e € E then G, = {0 € G|o(e) = e} is a subgroup of G.
(b) [G:G.] <[F(e): F].
(c) If F is the fixed field of G and ey, e, ..., e, are the distinct images of e under G, then

f(x)=(z —e1)(x —e2) - (x — ey) is the minimal polynomial of e over F.

Find the minimal polynomial of & = v/3 + /7 over the field Q of rational numbers, and prove
it is the minimal polynomial.
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24.

25.

26.

27.

Find the minimal polynomial of & = v/5 + v/3 over the field Q of rational numbers, and prove
it is the minimal polynomial.

Find the minimal polynomial of @ = /3 + 2v/2 over the field Q of rational numbers, and
prove it is the minimal polynomial.

Find the minimal polynomial of & = v/2 + v/2 over the field Q of rational numbers, and prove
it is the minimal polynomial.

Let F' be a field. Show that F' is algebraically closed if and only if every maximal ideal of
F[z] has codimension 1.

Algebraic Extensions

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

Let F C K be fields and let a € K be algebraic over F' with minimal polynomial f(z) € Flz]
of degree n. Show that {1,q,...,a" !} is a basis for F(a) over F.

Show that if K is finite dimensional field extension of F', then K is algebraic over F'.

Let F be a field, let E = F'(a) be a simple extension field of F, and let b € E — F. Prove
that a is algebraic over F'(b).

Let K be an extension field of the field F' such that [K : F| is odd. Show that if u € K then
F(u) = F(u?).

Let K be a finite degree extension of the field F' such that [K : F| is relatively prime to 6.
Show that if u € K then F(u) = F(u?).

Let F' be a field, f(x) an irreducible polynomial in F'[z], and « a root of f in some extension
of F. Show that if some odd degree term of f(z) has a non-zero coefficient, then F(a) =
F(a?).

Let f(z) and g(z) be irreducible polynomials in F[z] of degrees m and n, respectively, where
(m,n) = 1. Show that if « is a root of f(z) in some field extension of F', then g(x) is
irreducible in F'(a)[z].

Let K be an extension field of F' and let o be an element of K. Show that if F(a) = F(a?),
then « is algebraic over F'.

Let K be an extension field of F' and let « be an element of K. Show that the following are
equivalent:

(i) « is algebraic over F,
(ii) F(«) is a finite dimensional extension of F,
(iii) « is contained in a finite dimensional extension of F'.

Let « be algebraic over Q with [Q(a) : Q] = 2 and set F' = Q(a). Prove that if f(x) € Q[z]
is irreducible over @, then one of the following occurs:

(i) f(z) remains irreducible in F[z];

(ii) f(x) is a product of two irreducible polynomials in F'[z]| of equal degree.

38



38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Let FF C E C K be a tower of fields such that K = F(«) with « algebraic over F. Prove that
if f(x) € F[z] is the minimal polynomial of o over F' and F' # E, then f(x) is not irreducible
in Ex].
Let E be an extension field of F' and A = {e € E'| e is algebraic over F'}.

(a) Show that A is a subfield of E containing F'.

(b) Show that if 0 : E — E is a one-to-one F-homomorphism, then o(A4) = A.

Show that if p1, ..., pn, pnt1 are distinet prime numbers, then ,/p,11 is not an element of the

field Q(y/p1, -+, y/Pn)-

Let a1, as, and a3 be real numbers such that (a;)? € Q for each i, and let K = Q(ay, az, a3).
Show that /2 is not in K.

Let F C L C K with [L : F] finite, and let o be an element of K. Show that « is algebraic
over L if and only if « is algebraic over F.

Show that if K is algebraic over F' and ¢ : K — K is an F-monomorphism, then ¢ is onto.

Suppose K is an algebraic extension field of a field F' such that there are only finitely many
intermediate fields between F' and K. Show that K is a simple extension of F'.

Let K be a simple algebraic extension of a field F. Show that there are only finitely many
intermediate fields between F' and K.

Suppose E is an algebraic extension of F' and E is an algebraic closure of E. Show that E is
an algebraic closure of F.

Let « be algebraic over the field F with minimal polynomial f(z) € F[z] and let K = F[a].
Show that if 0 : ' — L is a field monomorphism and § € L is a root of f?(x) € L[], then o
has a unique extension ¢ : K — L satisfying 6(a) = .

Suppose E1 and E5 are algebraic closures of a field F. Show that there is an F-isomorphism
g E1 — EQ.

(a) Show that for every prime p and every positive integer n there is an irreducible polyno-
mial of degree n over the field F, of p elements.

(b) Show that for every positive integer n there is an irreducible polynomial of degree n over
the field Q of rational numbers.

Normality and Splitting Fields

50.

51.

Let K be an extension field of F'. Show that the following are equivalent.

(i) Each irreducible polynomial in F[z] with one root in K has all its roots in K.
(ii) K is obtained from F' by adjoining all roots of a set of polynomials in F/[x].

(iii) Every F-isomorphism of K in a fixed algebraic closure is an F-automorphism.

Let K be the splitting field of 2% 4+ 2 over Q. Prove or disprove that i = v/—1 is an element
of K.
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52.

93.

54.

Let K be the splitting field of 2 — 5 over Q. Prove or disprove that i = v/—1 is an element
of K.

Let 2 be a fixed algebraic closure of F' and K C ) an algebraic extension of F. Show
that K is a normal extension of F' if and only if every F-isomorphism ¢ : K — K’ C § is an
F-automorphism.

Let F be a field and E a splitting field of the irreducible polynomial f(z) € F[x]. Show that
if ¢,d € F and ¢ # 0, then the polynomial f(cz + d) splits in E[z].

Separability

55.

56.

57.

58.

59.
60.
61.

62.

63.

64.

65.

Show that if K is a separable extension of ' and L is a field with FF C L C K, then L is a
separable extension of F' and K is a separable extension of L.

Let f(x) € F[z] be a polynomial, and let f'(z) denote its formal derivative in F[z]. Prove
that f(x) has distinct roots in any extension field of F' if and only if ged(f(z), f'(z)) = 1.

Show that if K is a finite dimensional separable extension of F', then K = F'(u) for some u
in K.

Let F be a field and let f(z) = 2™ —z € F[z]. Show that if char F' = 0 or if char F' = p and
p [/n — 1, then f has no multiple root in any extension of F.
Show that if F' is a field of characteristic 0 then every algebraic extension of F' is separable.
Show that if F' is a finite field then every algebraic extension of F' is separable.
Let F be a field of characteristic p and let x be an indeterminate over F.

(a) Show that F'(xP) is a proper subfield of F'(z).

(b) Show that F'(z) is a splitting field for some polynomial over F'(zP).

(¢) Show that the only automorphism of F(z) fixing F'(xP) is the identity automorphism.

Let F be a field and f(z) € F[z| an irreducible polynomial. Prove that there is a prime p,
an integer a > 0 and a separable polynomial g(x) € F[z] such that f(z) = g(zP").

Let K be an arbitrary separable extension of F'. Show that if every element of K is a root of
a polynomial in F[x] of degree less than or equal to n, then K is a simple extension of F' of
degree less than or equal to n.

Let F be a field and let f(x) € F[z] have splitting field K. Show that if the degree of f is a
prime p and [K : F| = tp for some integer ¢, then

(a) f(x) is irreducible over F' and

(b) if t > 1 then K is a separable extension of F.
Let = and y be independent indeterminates over 7Z,, K = Zy(z,y), and F' = Z,(a?, yP).

(a) Show that [K : F| = p?

(b) Show that K is not a simple extension of F'.
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.
76.

77.

A field F is called perfect if every element of an algebraic closure of F' is separable over F.
Let F be a field of characteristic p. Show that the following are equivalent.

(i) The field F is perfect.
(ii) For every e € F there exists a § € F' such that 6” = e.

(iii) The map a — aP is an automorphism of F.
Show that every field of characteristic 0 is perfect.
Show that every finite field is perfect.

Let F C K be fields having characteristic p and assume that K is a normal algebraic extension
of F. Prove that there exists a field F with F' C E C K, E/F purely inseparable, and K/E
separable.

Let E be a field and let G be a finite group of automorphisms of E. Let F' be the fixed field
of G. Prove that FE is a separable algebraic extension of F'.

Let G be a finite group of automorphisms of the field K and set
F={ae K|a’ =aforall o € G}.
Show that every element of K is separably algebraic over F' of degree at most |G|.

Let p be a prime and let F' = Z,(x) be the field of fractions of Z,[x]. Let E be the splitting
field of f(y) = y? — x over F.

(a) Show that [E : F] = p.
(b) Show that |Autp(E)| = 1.
(c) What conclusion can you draw from (a) and (b)?

Let K = F(u) be a separable extension of F' with u™ € F' for some positive integer m. Show
that if the characteristic of F' is p and m = p’r, then u” € F.

If K is an extension of a field F' of characteristic p # 0, then an element u of K is called
purely inseparable over F' if u?" € F for some t. Show that the following are equivalent.

(i) w is purely inseparable over F'.
(ii) w is algebraic over F' with minimal polynomial 2" — a for some a € F and integer n.

(iii) w is algebraic over F' and its minimal polynomial factors as (z — u)™.
Show that every purely inseparable field extension is a normal extension.

Let K be an extension of a field F' of characteristic p # 0. Show that an element u of K is
both separable and purely inseparable if and only if u € F'.

Let Za(x) be the field of fractions of the polynomial ring Zs[z]. Construct an extension of
Zs(x) that is neither separable nor purely inseparable.
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Galois Theory

78.
79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

State the Fundamental Theorem of Galois Theory.

Let K be a finite Galois extension of F' with Galois group G. Suppose that E; and FEs are
intermediate extensions satisfying 4 C FEo, and let H; D Hs be the corresponding subgroups
of G. Prove that E5 is a normal extension of Ej if and only if Hs is a normal subgroup of Hy,
and when this happens, the Galois group of Ey over Ej is isomorphic to Hy/Hs.

Let K be a finite Galois extension of F' with Galois group G = Gal(K/F). Let E be an
intermediate field that is normal over F. Prove that Gal(K/FE) < G and G/Gal(K/E) =
Gal(E/F).

Let K be a finite algebraic extension of F' and let G be the group of all F-automorphisms
of K. Let F(G) = {u € K|o(u) = u for all 0 € G}. Show that K is both separable and
normal (i.e. Galois) over F if and only if F(G) = F.

Let K be a finite dimensional extension field of L and let o : L — F be an embedding of L
into a field F. Prove that there are at most [K : L] extensions of o to embeddings of K
into F'.

Let K be an extension field of F' and let F’ be the fixed field of the group of F-automorphisms
of K. Show that K is a Galois extension of F”.

Let K be a finite normal extension of F' and let E be the fixed field of the group of all
F-automorphisms of K. Show that the minimal polynomial over F' of each element of F has
only one distinct root.

Let E be a splitting field over F of a separable polynomial f(z) in F[x] and G = Gal(E/F).
Show that {e € E'|o(e) =eforallc € G} = F.

Let K be a Galois extension of F' with |Gal(K/F)| = 12. Prove that there exists a subfield
E of K containing F with [E : F] = 3. Does a subextension necessarily exist satisfying
[E : F] =27 Explain.

Suppose K = F(«) is a proper Galois extension of F' and assume there exists an element o
of Gal(K/F) satisfying o(a) = a~!. Show that [K : F] is even and that [F(a +a™1): F] =
1

s[K @ F].

5l

Let K be a finite Galois extension of F' of characteristic 0. Show that if Gal(K/F) is a
non-trivial 2-group, then there is a quadratic extension of F' contained in K.

Let G be a finite group. Show that there is an algebraic extension F' of the field QQ of rational
numbers and a Galois extension K of F' such that G = Gal(K/F).

(a) Find the Galois group of 23 — 2 over Q and demonstrate the Galois correspondence
between the subgroups of the Galois group and the subfields of the splitting field.

(b) Find all automorphisms of Q(¥/2). Is there an f(x) € Q[z] with splitting field Q(+/2)?
Explain.

Let F' be any field and let f(z) = 2™ — 1 € F[z]. Show that if K is the splitting field of f(x)
over F', then K is separable over F' (hence Galois) and that Gal(K/F') is abelian.
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92.

93.

94.

95.

96.

97.
98.
99.

100.

101.

102.

103.

104.

105.

Let n7 be a complex primitive 7th root of unity and let K = Q(#n7). Find Gal(K/Q) and
express each intermediate field F' between Q and K as F' = Q(3) for some (€ K.

Let n be a complex primitive 7th root of unity and let K = Q(n), where Q is the field of
rational numbers. Show that there is a unique extension F' of degree 2 of Q contained in K
and find ¢ € Q such that F' = Q(,/q).

Let Q be the field of rational numbers and 7 a complex primitive 8th root of unity. Determine
Gal(Q(n)/Q) and all the intermediate fields between Q and Q(7n).

(a) Determine the Galois group of #* — 4 over the field Q of rational numbers.
(b) How many intermediate fields are there between Q and the splitting field of 2* — 4?
[NEW]

Determine the Galois group of 2 — 3 over the field Q of rational numbers.
Determine the Galois group of z* + 2 over the field Q of rational numbers.
Determine the Galois group of z2 + 322 — 1 over Q.

Show that the Galois group of 22 — 5 over Q is S3 and demonstrate the Galois correspondence
between the subgroups of S3 and the subfields of the splitting field. Which subfields are
normal over Q7

Let K be a splitting field for 2° — 2 over Q.
(a) Determine [K : Q.
(b) Show that Gal(K/Q) is non-abelian.

(¢) Find all normal intermediate extensions F' and express as F' = Q(«) for appropriate a.

Let Q be the field of rational numbers and E the splitting field (in the field of complex
numbers) of 2% — 2.
(a) Find |Gal(E/Q)|.
(b) Let o € Gal(E/Q) be such that o(a) = & for all @« € E (where & is the complex conjugate
of @). Find Inv({(c)) ={a € E|o(a) = a}.
(c) Is (o) a normal subgroup of Gal(E/Q)?

Let f(z) = 2* 4+ 422 4+ 2 and let K be the splitting field of f over Q. Show that the Galois
group of K over Q is cyclic of order 4.

Let F be the field of 2 elements and K a splitting field of f(x) = 2% + 23 + 1 over F.
(a) Show that if 7 is a root of f, then r® = 1 but r3 # 1.

(b) Show that f is irreducible over F.

(c) Find Gal(K/F) and express each intermediate field between F' and K as F(b) for ap-
propriate b in K.

Let K be a Galois extension of Q whose Galois group is isomorphic to S5. Prove that K is
the splitting field of some polynomial of degree 5 over Q.

Let f(z) € Q[z] be an irreducible polynomial of degree n with roots ay,...,a,. Show that
n

g o% is a rational number.
1
=1
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106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

Let « = V2 ++3 and let E = Q(a).
(a) Find the minimal polynomial m(x) of o over Q and |E : Q).

(b) Find the splitting field of m(z) over Q and all intermediate fields, and find its Galois
group over Q and all its subgroups.

Let u =12 ++v2,v=v2—+2, and E = Q(u), where Q is the field of rational numbers.

(a) Find the minimal polynomial f(x) of u over Q.
(b) Show v € E. Hence conclude that E is a splitting field of f(z) over Q.
(¢) Determine the Galois group of E over Q.

Let o = v/5 + 2v/5. Show that Q(«a) is a cyclic Galois extension of Q of degree 4. Find all
fields F' with Q C F C Q(«).

[Hint: Show that f(z) = 2* — 1022 + 5 is the minimal polynomial of o over Q and that the
roots of f are +a, :I:?]

Let p be a prime such that there is a positive integer d with p = 14+d? and let & = /p + d./p.
Show that Q(«) is a cyclic Galois extension of Q of degree 4. Find all fields F' with Q C F' C

Q(a).
[Hint: Show that f(z) = 2* — 2p2? + p is the minimal polynomial of o over Q and that the

VP
roots of f are +a, £¥-]

Let f(z) € Q[z] be an irreducible polynomial of degree 4 with exactly 2 real roots. Show that
the Galois group of f is either Sy or the dihedral group of order 8.

Let f(z) = 2* + ax® + br? + ax + 1 € Q[z] and let F be a splitting field over Q. Show that
if a is a root of f then 1/« is also a root, and |Gal(F/Q)| < 8.

Let F be a field and let f(z) € F[z] be an irreducible polynomial of degree 4 with distinct
roots ay, ag, as, and ay. Let K be a splitting field for f over F' and assume Gal(K/F) = Sy.
Find Gal(K/F(f)), where 8 = ajaz + aszaa.

Let E be a finite dimensional Galois extension of a field F' and let G = Gal(E/F'). Suppose
that G is an abelian group. Prove that if K is any field between F and F, then K is a Galois
extension of F.

Let K be a finite Galois extension of F' and let E be an intermediate field which is normal
over F. For an element ¢ of Gal(K/F) and g(z) = ep + e1x + - - + e2™ in Efz], denote
og(x) =o(eg) + o(er)xr + -+ o(ey)x™. For a fixed element o of K, let f(x) € E[x] be the
minimal polynomial of a over E. Show the following.

(a) o(a) is a root of o f(x).
(b) If fi(x), fa(z), ..., fo(x) are all the distinct elements of {of(x)|o € Gal(K/F)}, then
hz) = fi(@) fo(x) - fu(x) is in Flz].

(¢) h(x) is the minimal polynomial of o over F.

Let K be a Galois extension of k and let kx C FF C K and k C L C K.
(a) Show that Gal(K/LF) = Gal(K/L) N Gal(K/F).
(b) Show that Gal(K/LNF) = (Gal(K/L),Gal(K/F)).
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116.

117.

118.

Let Q be the algebraic closure of Q and let a be an element of Q not in Q.
(a) Show that there is a field M C Q that is maximal with respect to the property that
adg M.
(b) Show that any finite Galois extension of M has cyclic Galois group.

(c) Show that any finite extension of M is a Galois extension.

Let FE be a finite dimensional Galois extension of a field F' and let G = Gal(E/F). Fore € E
let G(e) ={o(e)|o € G}. Let ey, e, ..., e, be all the distinct elements of G(e).

(a) Prove that f(z) = (z —e1)(z —e2) -+ (x — e,) is in F[x].
(b) Prove that f(x) is irreducible in F[z].
Let E be a finite dimensional Galois extension of F' of characteristic different from 2. Suppose

Gal(E/F) is a non-cyclic group of order 4. Show that £ = F(«, 3) for some «, 3 € E with
o’ € Fand B? € F.

Cyclotomic Extensions

119.

120.

121.

122.

123.

124.

Find the 6th, 8th, and 12th cyclotomic polynomials over Q.

Let a be a complex primitive 43rd root of 1. Prove that there is an extension field F' of the
rational numbers such that [F(«) : F] = 14.

Let m be an odd integer and let 7, 12, be a complex primitive m-th, 2m-th root of unity,
respectively. Show that Q(nm,) = Q(n2m)-

Let (m,n) = 1, and if 7 is any positive integer let n; denote a complex primitive i-th root of
unity. Show that Q(1mn) = Q(7m)Q(ny,) and Q(ny,) N Q(n,) = Q.

Let € be the complex number cos(2X) + isin(2X), where n is a positive integer. Show

(a) € is algebraic over the field Q of rational numbers,

(b) if ®,,(x) is the minimal polynomial of € over Q, then Q(e) is a splitting field of ®,,(z)
over QQ,

(¢) the Galois group of Q(e) over Q is isomorphic to the group of units of Z,.

Let € be a primitive n-th root of unity over Q, where n > 2, and let o = e+¢~!. Prove that o
is algebraic over Q of degree ¢(n)/2.

Finite Fields

125.
126.
127.

128.

129.

Prove that the multiplicative group of a finite field must be cyclic.
Prove that any finite extension of a finite field must be a simple extension.
Show that any two finite fields of the same order are isomorphic.

Let F be an extension of 7, of degree n. Show that F' is a Galois extension and Gal(F/Z,) is
cyclic of order n.

Show that every finite extension of a finite field is a Galois extension.
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130.

131.

132.

133.

134.

135.
136.

137.
138.

139.

140.

141.

142.

143.

Show that every algebraic extension of a finite field is separable.

Show that every finite field is perfect. (Recall that a field F' of characteristic p is called perfect
if the map « — aP is a surjection on F'.)

Let f(z) € Zy|x] be irreducible of degree m. Show that f|(zP" — z) if and only if m|n.

Let p be a prime. Show that the field of p® elements is a subfield of the field of p° elements
if and only if alb.

Let p be a prime and F, the field of p elements. Show that for every positive integer n, there
is an irreducible polynomial of degree n over F,.

Let F be a finite field. Show that the product of all the non-zero elements of F'is —1.

Let F, be the field of ¢ elements and let f(x) be a polynomial in F,[z]. Show that if « is a
root of f(x), then a? is also a root of f(x).

Let E and F' be subfields of a finite field K. Show that if E is isomorphic to F' then £ = F.

Let E and F be finite subfields of a field K. Show that if £ and F' have the same number of
elements, then £ = F.

Let F, be the field of p elements and let K be an extension of F, of degree n. Show that the
set of subfields of K is linearly ordered (i.e., for every pair of subfields Ly, Lo, either L1 C Lo
or Ly C Ly) if and only if n is a prime power.

Let o be a root of 22 + 1 in an extension of Zz, K = Z3(a), and let f(z) = 2* + 1 € Z3[x].
(a) Show that f splits over K.

(b) Find a generator 3 of the multiplicative group K* of K.
(c) Express the roots of f in terms of (.
Let K = Z3(v/2) and let f(z) = 2* +2° + . + 2 € Z3[x).
(a) Show that f splits over K.
(b) Find a generator « of the multiplicative group K* of K.

(c) Express the roots of f in terms of a.

Let F = Fg; be the field of 81 elements.
(a) Find all subfields of FF.

(b) Determine the number of primitive elements for F over the field F3 of 3 elements (i.e.,
elements « of IF such that F = Fs(«a)).

(¢) Find the number of generators for the multiplicative group F* of F (i.e., elements 3 of
F such that (3) = F*).

Let f(x) = o* + 23 + 42 — 1 € Zs[z].
Find the Galois group of the splitting field of f over Zs.
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Cyclic Extensions

144.

145.

146.

147.

148.

Let K be a field of characteristic p # 0 and let K, = {v” —u : v € K}. Show that K has a
cyclic extension of degree p if and only if K # K.

Let p be a prime and F the field of fractions of Z,[x]. If E is the splitting field of y? —y — x
over F', determine the Galois group of F over F'.

Let n be a positive integer and let F' be a field of characteristic 0 containing a primitive n-th
root of unity. Let a be an element of F' such that a is not an m-th power of an element of F'
for any 1 # m|n. Show that if « is any root of 2™ — a, then F(«) is a cyclic extension of F’
of degree n.

Let F be a field that contains a primitive nth root of unity and let K = F\(t), the field of
fractions of the polynomial ring F'[t]. Let L = F(t") C K. Prove that K is a Galois extension
of L and that the Galois group is cyclic of order n.

Let F' be a field of characteristic p. Fix ¢ € F and let f(z) = 2P —x + ¢ € F[z]. Prove that
if o is a root of f(x) in some extension field, then so is a + 1. Use this to prove that if K is
the splitting field of f(x) over F', then either K = F and f(z) splits completely over F, or
[K : F] =pand f(z) is irreducible over F. (Use Galois groups.)

Radical Extensions and Solvability By Radicals

149.

150.

151.

152.

An extension K of F' is called a radical extension if there is a tower of fields
FQF(Ul) gF(U1,U2) ggF(Ul,,’Um):K

such that for i =1,...,n, u;" € F(u1,...,u;—1) for some positive integer m;.
(a) Give an example of a radical extension that is not separable.
(b) Give an example of a radical extension that is not normal.

Let F be a radical extension of K. Show that there is a radical extension N of K with
N D F 2 K and N normal over K.

Let F be a finite field of characteristic p. Show that if f € F[x] is an irreducible polynomial
and the degree of f is less than p, then f(z) = 0 is solvable by radicals.

Let x1, ..., x, be indeterminates over a field F' and let sy, ..., s, be the elementary symmetric
functions of the z;. Show that [F(z1,...,2zy) : F(s1,...,5,)] = nl.

Transcendental Extensions

153.

154.

Let = be an indeterminate over the field F'. Show that an element of F'(x) is algebraic over F'
if and only if it is an element of F.

Let F' C E be fields with E = F(«), where « is transcendental over F. Show that if 3 € E—F,
then [E : F(3)] is finite.
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155. Let F be a field, F[z] the ring of polynomials over F' in the indeterminate =, and E = F(x)
the field of fractions of F[z].

(a) Show that if ¢ is an automorphism of E such that o(u) = wu for all w € F, then
ar +b

ole) = cr+d
(b) Determine the group Autp(E) of F-automorphisms of E.

for some a,b,c,d € F with ad — bc # 0.

156. Let K be an extension field of F' and let &« € K be transcendental over F'. Show that if

B € K is algebraic over F(«), then there is a nonzero polynomial p(x,y) € F[z,y] such that
P(a,B) = 0.
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