AVERAGING FOR SYSTEMS OF STOCHASTIC
EQUATIONS WITH RANDOM DISTURBANCES

Yurly V. KOLOMIETS

ABSTRACT. We consider the systems of stochastic differential equations. The coefficients
of the equations depend on a small parameter. The first equation, ”slow” component, has
unbounded drift and random disturbances, which are described by the second equation,
”fast” component, with periodic coefficients. The sufficient conditions for weak convergence
of the solutions of the ”slow” equations to the certain random process are proved.

1.INTRODUCTION

In the paper we consider the systems of stochastic equations with small parameter ¢.
The first equation, ”slow” component, has unbounded drift and coefficients which depend
on the small parameter. We can consider the second equations as random disturbances of
the first equation. These random disturbances, ”fast” component, are described by the
Markov diffusion processes with periodic coefficients. We will study the weak convergence
of probability measures induced by the ”slow” equations to a certain random process.

An asymptotic behavior of the undisturbed solutions of the stochastic equations with
unbounded drift seems to be considered for the first time in the papers of G. Kulinuch [5]
and of N. Portenko [8].

In the case, when the coefficients of the first equations do not depend on random
disturbances, sufficient conditions (necessary and sufficient conditions) of the weak con-
vergence of solutions in more general situations are obtained by S. Makhno [6] ( [7]).

In the case, when the coefficients of the first equations do not depend on the small
parameter, and unbounded drift is absent, the problems of the weak convergence of solu-
tions under the various conditions on the coefficients and random disturbances have been
studying by many authors (see, e.g. monograph of A. Skorokhod [10], and bibliography).

Our aim is to join the results of these two directions in simple situation. In the second
part of the proof of the Theorem we use extensively the technique from S. Makhno [7].

The organization of the paper is as follows. In this section we set up some notations
and assumptions. In the next section we formulate the main result. In the section 3 we
study the preliminary results and in section 4 we consider the example.

Let (Q, F, P) denote some probability space with filtration Fy, t € [0,T]. Let E, be
a n-dimensional Euclidean space, Ey = [0,400), symbol E denotes the mathematical
expectation, f(x) be a derivative of the function f(z), and V, is the symbol of the
gradient with respect to y € FE,. We denote different positive constant by C with
indexes if need.
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Let us consider a system of stochastic equations, ¢ € [0, 7],

i1 =t [ o( S n))as+ oo Jas
[ o (429 )t

(1.2) ne(t):novLé/ g1 (ne ds+f/ o1 (n:(s)) dw:(s).

(1.1)

Here {w(t), F}} is one-dimensional standard Wiener process, {ws (t), F;} is n-dimen-
sional standard Wiener process. The processes w(t) and w;(t) are independent. The
processes & (t) € E1,m:(s) € E,; the constants &y, 1o are non random; b(z,y),9(x,y),
and o(z,y) are the functions from E; X E,, in E1;91(y), 01(y) are the functions from E,,
in E,, and L(E,) respectively; ¢ > 0 is a small parameter; ¢ is a fixed number from ]0, 1[.
If the equation (1.2) has a unique (in sense of law) weak solution, then the distribution
ne(te) coincides with the distribution of process n(t) — the solution of the Ito stochastic
equation

dn(t) = g1(n(t))dt + o1 (n(t))dw: (t)

and does not depend from e.

Let us denote by Ck'!(E1, E,) the class of the functions f(z,y) k, and [ times con-
tinuously diffferentiable w1th respect to x € F4, and y € E, respectively; the symbol
"B in the notation of this class (C’f’;’b(El, E,)) indicates that these functions and their
derivatives of the stipulated order with respect to x € E; are bounded. Let a%j(y) be
the components of the n x n matrix a'(y) = o1(y)o}(y), and g}(y) be the components
of the vector gi(y).

We want to introduce condition (A).

Condition (A).
A1l. The functions a};(y), g; (y) € Cz(E,) and are periodic of period 1 in y ;
A2. There exists a conbtant Ao > 0 such that for every y,( € E,

aj;(¥)CiCs > Nol¢I*.

Denote by L* the operator which is formally conjugate to the generating operator L
of n;

1 < 0? = 0
L == 1 () ——— 1 .
5 Mzzjl a5 5,77 ;gz OFw

We shall denote by Y the unit torus in F,. As well known (see, for example, [1]) the
next problem

L*p(y) = 0, /Yp(y)dy =1

has the unique positive periodic of period 1 solution p(y) and for a periodic of period 1

function h(y) such that
/ h(y)p(y)dy =
v
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the next problem

Ld(y) = h(y), /Yd(y)dy =0

has the unique periodic of period 1 solutions d(y) € C3(E,).
We will need the estimations of the solution of the next problem

(1.3) Ld(z,y) = h(z,y), /Yd(x,y)dy =0

and its first two derivatives with respect to the parameter x. We give the proof of such
result belonging to M. Safonov [9]: (Below we denote by 9Y the boundary of )

Lemma 2.1. Let d = d(y) be a periodic function satisfying

Ld(y)=h(y), /Yd(y)dyzo.

Then
supd| < Csup |h|
Y Y

with a constant C' depending only on the prescribed quantities, such as dimension n,
ellipticity constant X\, etc.

Proof. Let Y, denote a cube concentric with Y, and of twice bigger size than Y. We can
represent d in the form d = dg + dy, where

Ldg=0 in Y3, do=d on 0Yy;

Ldlih in Yé, d1:0 on 3Y2

By the interior Harnack inequality, the classical maximum principle (see [2]), and peri-
odicity of d,

osc{dp; Y} =supdy — igf do < Qosc {do; Yo} = Oosc{d; Yo} = fosc{d; Y},
Y
with = 0 (n, \,...) < 1. Moreover, by an elementary estimate (which follows from the

maximum principle),
sup |di| < Cysup |h].

These estimates imply
osc{d; Y} <osc{dy; Y} +osc{dy; Y} < fosc{d; Y} + 2C;sup |h|,

20,

3 . <
osc{d; Y} < T 0

sup |hl,

and the desired estimate follows. O
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Corollary. Under the previous assumptions, let d and h depend on a parameter x. Then
the derivatives of d and h with respect to x satisfy

or

sup
Y

od Oh

‘ < C'sup ’

830 Y

Proof. Proof follows immediately from linearity. [J
Let

i) = (d(z, - ) 2 /Y d(z,y)p(y)dy.

Thus, if h(z) = 0 and h(z,y) belonging to the class Cﬁ’z (E1, Ey) is periodic of period

2950
1 with respect to y € E,,, then the solution of (1.3) d(z,y) € Ci’;b(El, E,).
We set he(z,y) = h(Z,y), and le(z) = I(Z5). Setting 1 (z,y) = he(z,y) and ¢ (z) =
2
l(z), we mote that Zii(z,y) = FZh(zy), L=tilzy) =

= E%aa—;hg(x, Y); Yolz) = E%lg (), Pa(z) = E%le(x) These symbols we use for the
notation of the derivatives of a function, which depends on .
Let us denote a(z,y) = o?(x,y) and introduce condition (B).

Condition (B).

B1. The functions a(z,y), g(z,y), b(z,y) € C’i; »(E1, Ey) are periodic of period 1 in
Y;

B2. There exists the constant A\; > 0 such that for every z € E;
a(x) > Ai;

B3. There exists the constant As > 0 such that for every z € E;

o a(z)
Under the conditions (A), (B1) the system ((1,1), (1,2)) has the unique strong solution.

Denote B
t F(x) =exp {2 /Oz Zz))dz} , h(z) = /Ow F(2)dz.

Condition (C).
There exist next limits

1 Z
CO0. lim —/ F(x)dx = oy
1 [Z 1
Cl. 1 — ———dr = aq;
Zlne Z /0 (@) F(o) T
7 —
C2. lim l/ @dmzag;
1Z|—c Z Jo a(x)

Remark. Tt follows from Lemma 3.1 and our conditions that there exist constants Cq, Co
such that
O<Cl<Oé<CQ; O<Cl<oz1<02; ‘042|<02
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Let 1
f) = “h(a) —a
Obviously
(14) L. f(r) £ 5(2)f (@) + ga(a) f(x) = ~B(a).
Let denote by b°(x,y) the function such that
(15) Lof (@) 2 be,) @) + sa(e,)f@) = P (a.y).

It is clear Eo(ac) = —b(x). Let

~ 1 T d 1 T d?
e _ . . — - PR
L = €5b<55’y) dx + 2a<55,y) dz?’
thus we have
. 1 T ; 1 T -- A 1.
(L6)  Lifela) = 550 (5509) £@) + o (S509) Fol@) 2 L),

Let (C[0,T],C:), t € [0,T] be a space of all continuous functions on [0,77], a space C§°
is the space of all infinitely differentiable functions with compact support on E;. Denote
by {u5,e > 0} the family of probability measures induced by the random processes
{&:(t),e > 0} on C([0,T]) and by "=" the sign for weak convergence of measures. We
will prove weak convergence

1 = p

as ¢ tends to 0 for each §, where p is the measure corresponding to the random process

(1.7) £(t) = & + Pot + oow(t)
with certain constant coefficients.

2.MAIN RESULT

In this section we give the proof of the limit theorem about weak convergence of the
solutions (1.1) to the process (1.7).

Theorem. Let conditions (A), (B), (C) be fulfilled. Then for every § €]0, +[ the measures
w5 = p as € tends to 0.The random process £(t), which corresponds to w, is defined by

(1.7), where
(6%) 1

ﬂo = oo =
(67051

Proof.

First (I), we prove that for each § €]0, %[ the family of measures {y§, € > 0}, is weakly
compact on C[0,T], and, second (II), we are going to the limit as ¢ tends to 0, giving the
possibility to the coefficients of equations (1.1) to obtain the averaging form with respect
to random perturbations and after that we use the condition (C) for identification of the
limit process.
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I. Now we fix arbitrary & €]0, 1| . By Ito formula we obtain
(2.1)

S(f(a(t) — f-(60) = / L2 o) f-(6x(3))ds + / F(60(5)) e (60 (5).me (5)) s+
/ F(Ee())oe (Ex(5), me (8))dun(s) = e=° / BO(Ex(5),me(s))ds+
/ F(60(5)) e (6 (3).me (3))ds + / F(60(3))0(€:(5), 7))o (5).
0 0

Let us denote B(z,y) = b(z,y) +b°(z ,y), here b0 (z,y) was defined by (1.5).
Taking into account the equality f.(z) = L F.(z) — 1, the sum of (1.1) and (2.1) gives

E(t) + £ fo(6ut)) = &0 + 2 fuln) + 0 / B.(£-(s), ne(s))ds +

(2.2) . .
+ | Feena e s+ ¢ [ Re)en € mls)du)

@ Jo

Let the function m(z,y) be the unique periodic of period 1 with respect to y solution of
(2) Lm(ay) = Blay), [ miay)dy =
Y

for every z € E; (z - parameter), because B(z) = 0.
Applying Ito formula to the function e'=9m.(&.(t),n-(t)), we get

€170 (e (€ (1), 1 (1)) — me (€0, 0)) / Aofe.s ds+/ Av(e, 5)ds+

(2.4)
/ Ay(e, s)dw(s / As(e, s)dwi(s) +e~ /0 Lme(&:(s),ne(s))ds,
here
Ao(e,s) = 517361/6 (s)ms(gs(s)ane(s)%
1 28 ams
Ai(e,s) = 9¢(Ee(s), me(5)) =5 = (€=(5), M (5))5
(2.5)

Ax(e,5) = €206 (5),me () s (€ 5),me ()
As(e,s) = e2 7001 (no(5)) Vyme (&c(s), 1e(s))-

Note that for every t € [0,T] there exists the constant C' such that
(2:6) [Ao(e,t)] < e'730C; | Ay (e, )] + |Aa(e, 1)] < £ 720C; |As(e,t)| < e370C.
We denote

(2'7) Ce(t) = fa(t) + Eéfa(ga(t)) - El_éma(gs(t)a ns(t)>'
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From the relationship (2.2), using (2.3) and (2.4), we get

)= G0+ [ [ S FAE0609) = Aalers) — Ar(e,9)] st
(2.8) 0

/ t LRGN 9) ~ Aale9)| dul) - [ ' dale, o))

By virtue Lemma 3.1 from (2.6) and the condition (B) we have

) €5 () ~ Ao(er) — Ar(er)| +

F(E(5))0:(6(5),1:(5)) — Aale, )|+ [As(e, )] < 1L+ Co),

where lim._,oC: = 0 . From this and (2.8) by standard argument we obtain that for
arbitrary fixed gy > 0 exists a constant C,, such that for every 0 < e < gg

E sup |<E(t)|2 < CEo(l + |§0‘2)a
t€[0,T]

and for every s,t : 0<s<t<T
E|C(t) = C(9)[* < Ceplt — 5.
Using (2.7) and Lemma 3.4, we can check the conditions of weakly compactness [3,

Lemma 2, p.355] for the family of measures {5, 0 < e < €0}. Thus the set of measures
corresponding to the processes

(1) = C(t) — 55fa(§e(t)) + 51767”5(56(75)’ ne(t))
on C[0,T] is weakly compact.
II. We begin our consideration with the relationship (2.8).

Let ¢(z) € C§°, ®4(x) be a continuous bounded Cs — measurable functional. Apply-
ing Ito formula to (2.8), we obtain

B, (€) [6(C.(1) — 9(¢-(r)] =
t 1
20,6 { [ 916 | 2FLDl600,060) + Aa(er0) + s (e,9)| st

3 [ o)

Now, we denote

(2.9)

(3PNl + An(ers) )+ A%(as)] ds}.

Do(rt) = [ (G Ao(er) + Arle )+
(2.10) v

56) (A FAEow(Ex(5) (6 Aa(e19) + 3 A8 + 543(e0) )| s
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Applying Lemma 3.3 for n(z, y) = g(z,y)—{g(z, - )), Ha(z) = Fo(z), and 6:(2) = 3(2),
taking into account denotation (3.3), we arrive at

(2.11) B2 (&) Utd’ (C=(s)) Fz (55(8))95(65(5),ne(s))ds} _

3.(c.) [/ B8N P ()7 (€x(6)ds + Gl — )

By similar way, applying Lemma 3.3 for n(z,y) = a(z,y) —(a(z, - )), He(z) = F2(x)),
and 9(z) = ¢(z) we can obtain

(2.12) r(&) [J/ PLels s))ac(&(s), ns(s))ds] -

E(I)r fe |;/ ¢ Cs 5 Fe fs S 55(65(5))d5+G5(a5 asvrvt):|

Replacing the terms in (2.9) by the right hand sides of (2.11) and (2.12) and taking
into account (2.10), we arrive at

E®, (£.) [6(C.( / HC) - F(6e(5)) {g2(Ec(s), - )) s
(2.13)
- 04_2 2 S a S), - s| = 0
Q/OME F2(6.(5)) ac(€(). >>d} .
where
. 1 1
218 1= BR(6) |16l (o) nt) 4 10~ () ri0) D)

Rewriting (2.13), we arrive at

B,(6) [6(6x(0) — 0(6-() ~ [ {360 + 366D oRas)| =
R+l +2+12+12,

(2.15)

here I? defined by (2.14) and
[qs( - 9(e) + o).
@ | [ E(9) LR(6(5)) (g1(6c(5). - ) +

N |

(Blco(5) = Blec(5))) @ F2(Ex(s)) (a-(8(s), - >>] ds,

12 =B, (6) [ 966D | S () a6:(0), ) — .
= 380,60 [ Heo) | 2P aelo), )~ o) s
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We shall prove that the limit of the right hand side (2.15) is equal to zero. For small
e we can estimate D.(r,t) (see (2.10)), using (2.6), condition (B) and Lemma 3.1,

E sup |D.(t,r)] <e'*Cr.
t€[0,T]

From this inequality and Lemma 3.3 (see (3.3)) we have
(2.16) lim I =o.

According to the condition (B), Lemma 3.1 and , Lemma 3.4 we get
(2.17) lim Il = lim I? =0.

We want to prove that

(2.18) lim I3 = 0.

e—0

According to Lemma 3.5, sufficiently to show that for every r,t: 0 <r <t <T

(2.19) lim E

e—0

=0.

/ t [;a(se(s)x%(gg(s), ) - ﬁo} s

Let us denote

" *aFWIw) =B,
(2.20) v(z) = 2/0 F(z)/o “Fujaw) dydz.

Applying Tto formula to the function e20,(£.(t)), we get
£ (60 =€) = [ (&) E) +
22) eel e s+ [ e
[ o€ 5) mes) 6o s
By virtue the Lemma 3.7 for h(x,y) = b(z, y) — b(z) and H(z) = 4(z) we obtain
@2 [ (e ne el (s = [ BEls3e(eco)s + QU B )

By similar way for h(z,y) = a(z,y) —a(z) and H(x) = 4(z) we arrive at

(2.23) / a2 (€2(5), me(5) e (Ee () ds = / 0o (6(3))56 (€:(5))ds + Q(ae — ae ).
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Rewriting (2.21) and taking into account the equality L,(z) = 2 F(z)g(z) — o and

the relations (2.22), (2.23), we have
J{EREEmE) ~ o = (ulet) (e -
(2.24) o / 9:(€2(5),1(8)) 7 (€< (5))ds — &° / 0= (&), e ()= (& (5))dw(s) -

Qb ~ Feyr,t) — 3 Q0 ey, 1)

We would like to estimate the right hand side of (2.24). Using Lemma 3.6 and Lemma 3.8
(see (3.23)), we obtain (2.19) and, consequently, (2.18).
By similar way we can prove

(2.25) lim I = 0.

e—0

This result can be obtained by an application Ito formula to the function €2v'(&.(t)),
where

wpy o [ [T aly) —og
(2.26) ~(2) _2/0 F( )/O 2] dydz.

After that we use the statements of Lemma 3.7 and Lemma 3.8.
Using (2.16),(2.17),(2.18), and (2.25), for the right hand side of (2.15) we arrive at

(2.27) ;ig%{zg + I+ 12+ 13+ 12} =0.

Let ps denotes some limit point of the family {u5,0 < ¢ < g9} and E* be an
expectation on this measure. Let come to the limit in (2.15) by the subsequence {ey}
such that p5* = ps as e, — 0. Taking into account (2.27), we get

E",(6) [0(6(0) — 0(60)) ~ [ {3(e() + 3(e()of}ds| 0.

The coefficients does not depend on 6. That means us = p. Consequently, us = u
as ¢ — 0 and limit measure coinsides with the measure corresponding to the process
(1.7). O

3.PRELIMINARY RESULTS

In this section we prove the results used for the proof of the Theorem above.
The assertions of the next lemma follow from our assumptions.

Lemma 3.1. Let the conditions (B) are satisfied. Then there exists the positive constant
C such that

a) exp{-2X} <|F(z)| < exp{2ho}; |F(2)] < C; |F(x)] < C; |F(a) < C;
b)  |h(z)] < exp {20} |z]; [h(x)] < C;
¢) If(@)] <CA+lz)); |f(2) < C.
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Lemma 3.2. Let the conditions (A) and (B) are satisfied. For every integer positive m
and 6 €]0, %[ and g9 > 0 there exist the constants C, (o), such that for every e < g

E sup [&(8)[™ < Cm(eo)(1 + [€o)™
te[0,T

Proof. We note that

S LEhe(z) = a LE (fg(x) + 6%) -
ag™’ [L;fg(llf) + be(xvy)] =as™’ [bg(ﬂj,y) + bE(Iry)] = 04575B€(x,y),

the operator LS was defined by (1.6). We fix arbitrary € > 0 and for € < gy apply Ito
formula to the function e?h.(&.(t)). We get

Eé[hs(gs(t)) - hs(fo)] = asid/ Bs(gs(s)vns(s))ds"_
(3.1) 0

/m@@m«wmumw+/m@@W£$wumm@.
0 0

Taking into account (2.3), from (2.4) we get

e [ Bls) (5 = 1m0, 10 melGor o)~
(3.2) .
/0 AO(E,S)dS*/O Aq(e, s)dsf/o AQ(E;,S)dU}(S)*/O As(g, s)dwy(s).

Under our condition (B) and Lemma 3.1 from (3.1) and (3.2), taking into account (2.5)
and (2.6), the process

he(€-(1) — ae' "omeo (& (t), m- (1))

has uniformly bounded coefficients. By the standard estimates as [4, Ch.II;sec.5], taking
into account that m(z,y) is uniformly bounded function, we obtain

E sup [%he (6 ()™ < Cn(1+ Co)(1+[&|™) < Craleo)(L + [é0]™),

te[0,T7]
here lim. o C. = 0. Using the properties of the function £°h.(z), as in [6, Lemma 2.5,
p.218], we obtain the statements of the lemma. O

Lemma 3.3. Let the functions H(x) € CZ,(E1) and the function n(x,y) €

Cz 5 o(E1, Ey) is satisfied the condition n(x) = 0. The processes &-(t),ne(t) are the solu-

tions of (1.1), (1.2) respectively, (. (t) is defined by (2.7). Then for a function ¢(x) € C§°
and a continuous bounded Cs — measurable functional ®4(x)

hm Ed,( [/ Y(C(s & (8))ne(&-(s),m:(s))ds| = 0.
Proof. Let the function I(x,y) be the unique solution of the problem

Li(z,y) = n(z,y), témmwz
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for any x € E; (x play a role of parameter), because ni(z) = 0. Then I(x,y) €

Ci;b( yEn). Let I.(s) = l(g =) (s )) and the same sense have the denotations

9:(8),0:(s),as(s). Applying Ito formula to the function

sw(<5<s>)Hg<sa(s))l(55(5)mg(s)),

>
we get
(G () B € ()1 (8) — (G () L& ()] =
o [ HCANHAE) [165) (0™ Fulee)ge(s) + Aol ) + () +
Al Wyl ) ds + 5 [ GG )%
o Fal€(9)0(s) + As(e, )1 + A2(1,e,€x()] ds +
o [ HCADHAE L) (0 e (5D + Aafers)) duls) +
o [ BN A s ) 5)+
[ oo (At + S5 ) (S + o) ds

;[w@@ﬂi@@M@+§i@@ﬁ§?*

2] (g ¢ )
1%@@9@”}mes/w@s(m@@mﬁw

e 25 ) ous)tuts) + [ Do) (el

5fe<@<@>agi))<a-1fuf4s»a48>+fb<asna<@>ds+

[ v s)as
VE [ 0GBt (2m)) o).
From this we arrive at
(33) /w@ ) (Ee(s).me(s))ds = G, ),

where

G:(n,r,t) = B1(e,t) — Bi(e,r)

t
/32(6sds+/Bgssdw /B4esdw1
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and here

B (57 t) = €¢(Cs(t))Hs(§a(f))le(t);
Ba(e,s) = — [0(G(6) HelEe(s)) Lo (5) x

[T Fe(€(5))ge(s) + Ao(e, ) + Au(e, s)] + %Azz(& 5)Vyle(s)or (ns(S))} +

%w(ca(s))Ha(fa(S))la(S) [{a_lFs(gs(s))Ua(S) + As(e, 5)}2 + Ag(g, 5)] +

(e (6) (HleeloDlo) + 6 P52 ) (St +0u00)) +

Al (s) Ol (s)

S0 el + SN T + o) T | antoy+

(6D (FelNIe(s) + o) T )
(a7 Fa(6e(5)ac(s) + As(e, 8)02(5)) ]
By(e,5) = — [e0(Co(s) Ha(e(5))le(s) (07 Fe(€e(s))0=(s) + Az(e,5)) +
(o) (Hlelo)ie(s) + o) 2 outo)
Bi(e,s) = = |G () Ho(e () () As (e, ) +

VEU(C (D He(e(s) Vyle(s)o (Zme(9)) ]

Under our conditions we can obtain the estimates
3
Bi(e,8)| < eC(L+ ||+ &%) |Ba(e,s) <=2 CA+ ) |&]F);
k=1

3 3
|Ba(e,5)| < °C+ D [&l®); [Bale,s)| < vVEO(1+ Y I&[M).
k=1

k=1

13

Hence, using the estimates of Lemma 3.2, from above by the standard arguments we

arrive at
lirr(l) E®,(&)Ge(n,r,t) =0.

Letting ¢ — 0 in (3.3), we obtain the statement of lemma. O

Lemma 3.4. Let the conditions (A), (B), and (C0) are hold. Then for every § €]0; [

lim B sup |e°fo(&(t) — ' Ome(&(8),n=(1))]* = 0.
e=0  4efo,17

Proof. We have

(3.4) E sup [e°fo(6 (1) — ' Ome (& (1), n-(1) P < 2(DL + D),
te[0,T]
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where

D; =E sup |€5f€(fa(t))|2, Dg =E sup |El_5m5(§€(t)7776(t))|2.
t€[0,T] t€[0,T7]

Foreverye>0andeg<N<oo

D! =E sup |0 f(&(6)Px{IE(t)] < €2} +

t€[0,T
(3.5) E sup |0f.(6()x{e? < e(t)] < N}+
t€[0,T]
E sup [ f-(&(1)*x{|& ()] > N} = DI' + D2 + D13

t€[0,T]
respectively. By property c) of Lemma 3.1 we obtain

(3.6) lim D' = 0.

e—0

Using the definition of the function f(x) and the condition (C0), we have
(3.7)
ge(t)

/ T R()ds — (1)
0

&(t) €

a &(t) et <Je(t)] < Ny =o.

lim D* = lim E sup
e—0 e—0 te[0,T)

Now

1
E supyejo,r [€(8)]* | * Esupyepo,ry [€(1)]
246 N2 :

DB <e¥C (1 +

At first approaching the limit as ¢ — 0 and then as N — oo and using the estimation of
Lemma 3.2, we obtain

(3.8) lim DX = 0.

e—0

From (3.5)—(3.8) we conclude that

(3.9) lim D! = 0.

e—0

From the definition of m(&.(t), n-(t)) follows the existence of the positive constant C' such
that

(3.10) lim D? < lim 21=90 = .

Now, from (3.4), (3.9), and (3.10) follows the statement of lemma. O

Lemma 3.5. Let the conditions (A) and (B) are hold, and let 1.(x) be such a function
that

(3.11) E sup [¢(&(t))? < K
t€[0,T]
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and for every r,t :0<r <t<T
(3.12) lim E

e—0

/T eEe(s))ds| = 0.

Then for every ¢p(z) € C§° and 0 <r <t <T

[ et =o.

lim E
e—0

Proof. Let {t;} be some partition of interval [r,¢] : r < t; <ty < ... <t, =t such that
[tiv1 — ti| < mp and limy, 00 9, = 0. Then

E / H(8:(8))v:(Ec(5))ds| < E z_: / i1 [¢(£5(8)) — (Z)(fg(tz))] Ye(€o(8))ds|+
(313) r n—1 = ) t;
> :E‘sb(é“s(ti))‘ e (&e(s))ds)|-
i=1 t;

We want to estimate the first term in the right hand side (3.13). Let us denote this term
by L(e,n), then, by using the estimation (3.11), there exists the constant Cp, C. such

that
4 i tit1
([
t;

L(e,n) < nzl(
Co{(l +C) S(tm — )% + slég(ml - ti)} < Colt - 7‘){(1 +CnE + 515},

4

%(&(s))‘sds) <

/ o E‘qs(fE(s)) )

ti

i=1
i=1
and lim._,o C; = 0. Consequently, the first term in (3.13) can be made sufficiently small

by making the partition of the interval [r, ] fine enough. From (3.12) the second term in
(3.13) tends to 0 as € — 0 . The lemma is proved. O

Lemma 3.6. Let the conditions (A), (B), and (C1) be fulfilled. The function ~y(x)
defined by (2.20), £-(t) is the solution of (1.1). Then for every & €]0; %]

lim E sup |€267€(§E(t))| =limE sup |56"'y€(§5(t))|2 =0.
e=0  4e(0,17] e=0 teo,17

Proof. For v(x), according to Lemma 3.1, under the condition (B) we have
4

(3.14) @< CA+ Py Y@< O+ fa).

i=1

Since for every N < oo under the condition (C)

lm  sup 85/55 o \FWITY) =B,
e=00<|z|<N 0 F(y)a(y)

Zz_

e [ g(y) e (@ B
lim sup = —/ —d —*/ ————dy | =0,
e=0 o< |z|<N (m o aa(y) - o Fly)aly) Y
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then by property a) of Lemma 3.1 we obtain

(3.15) lim sup [e¥4.(z)] =1lim sup |%5.(z)>=0
e=00<)z|<N e=00<|z|<N
Now, for every N : £ < N < o0,

E sup [ (6(1)| = Im B sup [ (& (0)] (x{I& ()] < =51+
(3.16) te[0,T e te[0,T

et <16 < N+ xdle(B)] > N}) =7l +92 +9
respectively. By inequality (3.14) we have
(3.17) lim 72 < lim 2 C(1 -+ 2) =0,
Using (3.15), we obtain
(3.18) lim 72 =0.

Taking into account (3.14) and the result of Lemma 3.2, we get

2

1 Esu - (t
A/g’ < 5250(1 + e YE sup |§s(t)|4)§ Ptefo,1) 1€ (2)]

5 <
te(0,7] N

<
N2°
Approaching the limit as ¢ — 0 and then as N — oo, we obtain

(3.19) lim 73 =0.

From (3.16)—(3.19) follows

lim E sup |5267E(§6(t))| =0.
e—0 te[0,T]

By similar way we can show that

lim E sup |567./6(€6(t))|2 =0.
e=0 yelo,17]

O
By similar way we can prove the next statement.

Lemma 3.7. Let the conditions (A), (B), and (C2) be fulfilled. The function v*(x) is
defined by (2.26), £-(t) is the solution of (1.1). Then for every 6 €]0; %[

limE sup [e*°7}(¢&(t)| = im E sup [%41(&(1))° = 0.
e=0 1el0,17 =0 teo,17
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Lemma 3.8. Let the functions H(x) € C2(Ey) such that |H(z)| + |H(z)| + |H(z)| <
C(1+ |z|) and periodic of period 1 with respect to y function h(x,y) € Ci;b (E1, En)
such that h(x) = 0. The processes &.(t),n-(t) are the solutions of (1.1), (1.2) respectively.

Then for every § €0, %[ and 0 <r<t<T

i i [ 1. (e ) )as|= 0

Proof. Let the function {(x,y) be the solution of the problem

(3.20) Li(xz,y) = h(z,y), /Yl(x,y)dy =

for every x € E; (x play a role of parameter), because h(z) = 0. Then I(z,y) €
C’wyb(El,E ). Let l.(s) = l(&(S ,Me(s )) and the same sense have the denotations
9:(8),0:(8),a:(s). Applying Ito formula to the function

e (2 n0)

and using (3.20), after the rearrangement of the terms we obtain

/ HL(62(5)) he e (5), 1 ())ds = Qhe. 1, 1),
where

Q(he,r,t) = e{H:(&(8))1=(t) — He(&(r))le(r)}—
2 [0 (A1) + Aler(5) 2o

}ds—

3.21 t
B [ L oponas - oe<s>a—i(Hs(sa(s))la(s))dw(s)f

S

[ (G D H ) Tl () ),

Under our conditions and by estimation of Lemma 3.2 all integrands in (3.21) can be
estimated by the constant multiplied to € in positive powers. For example,

e E sup ‘L s)( H.(€:(5))l=(s))] < Cet¥,
te[0,T]

and

0
E sup |e a
tG{OT‘ (s )395

2 -
(He(€(9))l=(9))| < 02070,
and so on. Hence, by standard way from (3.24) we obtain

lim E|Q(he,r,t)| = 0.
e—0

By the above relation (3.23) the proof is complete. O
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4. EXAMPLE

In this section the result of theorem is applied to one class of the stochastic processes.
Let n.(t) is one-dimensional process (the solution of (1.2), when n = 1) and the
ndition (A) is satisfied. Then

and the problem

has the solution

_ V)
ply) = Coal (1)
where
V(y) = exp </0 2agl ((ZZ)) dz) , and Co = /0 ;((Z)) dy.
‘We have

If

In

5(I)=/O a(z,y)p(y)dy, 5(%)=/0 b(x, y)p(y)dy, ?(x)=/0 gz, y)p(y)dy.

the conditions (B) and (C) are satisfied, then the limit process is
o 1
E(t) = o+ ——t + —w(b).
[e7e75] [e70%]

this case all auxiliary functions have the explicit form.
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