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Abstract. We consider the systems of stochastic differential equations. The coefficients
of the equations depend on a small parameter. The first equation, ”slow” component, has
unbounded drift and random disturbances, which are described by the second equation,
”fast” component, with periodic coefficients. The sufficient conditions for weak convergence
of the solutions of the ”slow” equations to the certain random process are proved.

1.Introduction

In the paper we consider the systems of stochastic equations with small parameter ε.
The first equation, ”slow” component, has unbounded drift and coefficients which depend
on the small parameter. We can consider the second equations as random disturbances of
the first equation. These random disturbances, ”fast” component, are described by the
Markov diffusion processes with periodic coefficients. We will study the weak convergence
of probability measures induced by the ”slow” equations to a certain random process.

An asymptotic behavior of the undisturbed solutions of the stochastic equations with
unbounded drift seems to be considered for the first time in the papers of G. Kulinuch [5]
and of N. Portenko [8].

In the case, when the coefficients of the first equations do not depend on random
disturbances, sufficient conditions (necessary and sufficient conditions) of the weak con-
vergence of solutions in more general situations are obtained by S. Makhno [6] ( [7]).

In the case, when the coefficients of the first equations do not depend on the small
parameter, and unbounded drift is absent, the problems of the weak convergence of solu-
tions under the various conditions on the coefficients and random disturbances have been
studying by many authors (see, e.g. monograph of A. Skorokhod [10], and bibliography).

Our aim is to join the results of these two directions in simple situation. In the second
part of the proof of the Theorem we use extensively the technique from S. Makhno [7].

The organization of the paper is as follows. In this section we set up some notations
and assumptions. In the next section we formulate the main result. In the section 3 we
study the preliminary results and in section 4 we consider the example.

Let (Ω, F, P ) denote some probability space with filtration Ft, t ∈ [0, T ]. Let En be
a n-dimensional Euclidean space, E+ = [0, +∞), symbol E denotes the mathematical
expectation, ḟ(x) be a derivative of the function f(x), and ∇y is the symbol of the
gradient with respect to y ∈ En. We denote different positive constant by C with
indexes if need.
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2 YURIY V. KOLOMIETS

Let us consider a system of stochastic equations, t ∈ [0, T ],

(1.1)
ξε(t) = ξ0 +

∫ t

0

1
εδ

b

(
ξε(s)
εδ

, ηε(s)
)

ds +
∫ t

0

g

(
ξε(s)
εδ

, ηε(s)
)

ds+

∫ t

0

σ

(
ξε(s)
εδ

, ηε(s)
)

dw(s),

(1.2) ηε(t) = η0 +
1
ε

∫ t

0

g1 (ηε(s)) ds +
1√
ε

∫ t

0

σ1 (ηε(s)) dw1(s).

Here {w(t), Ft} is one-dimensional standard Wiener process, {w1(t), Ft} is n-dimen-
sional standard Wiener process. The processes w(t) and w1(t) are independent. The
processes ξε(t) ∈ E1,ηε(s) ∈ En; the constants ξ0, η0 are non random; b(x, y),g(x, y),
and σ(x, y) are the functions from E1×En in E1;g1(y), σ1(y) are the functions from En

in En and L(En) respectively; ε > 0 is a small parameter; δ is a fixed number from ]0, 1
3 [.

If the equation (1.2) has a unique (in sense of law) weak solution, then the distribution
ηε(tε) coincides with the distribution of process η(t) – the solution of the Ito stochastic
equation

dη(t) = g1(η(t))dt + σ1(η(t))dw1(t)

and does not depend from ε.
Let us denote by Ck,l

x,y(E1, En) the class of the functions f(x, y) k, and l times con-
tinuously diffferentiable with respect to x ∈ E1, and y ∈ En respectively; the symbol
”b” in the notation of this class (Ck,l

x,y,b(E1, En)) indicates that these functions and their
derivatives of the stipulated order with respect to x ∈ E1 are bounded. Let a1

ij(y) be
the components of the n × n matrix a1(y) = σ1(y)σ′1(y), and g1

i (y) be the components
of the vector g1(y).

We want to introduce condition (A).

Condition (A).
A1. The functions a1

ij(y), g1
i (y) ∈ C2

y(En) and are periodic of period 1 in y ;
A2. There exists a constant λ0 > 0 such that for every y, ζ ∈ En

a1
ij(y)ζiζj ≥ λ0|ζ|2.

Denote by L∗ the operator which is formally conjugate to the generating operator L
of ηt

L =
1
2

n∑

i,j=1

a1
ij(y)

∂2

∂yi∂y2
+

n∑

i=1

g1
i (y)

∂

∂yi
.

We shall denote by Y the unit torus in En. As well known (see, for example, [1]) the
next problem

L∗p(y) = 0,

∫

Y

p(y)dy = 1

has the unique positive periodic of period 1 solution p(y) and for a periodic of period 1
function h(y) such that ∫

Y

h(y)p(y)dy = 0
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the next problem

Ld(y) = h(y),
∫

Y

d(y)dy = 0

has the unique periodic of period 1 solutions d(y) ∈ C2
y(En).

We will need the estimations of the solution of the next problem

(1.3) Ld(x, y) = h(x, y),
∫

Y

d(x, y)dy = 0

and its first two derivatives with respect to the parameter x. We give the proof of such
result belonging to M. Safonov [9]: (Below we denote by ∂Y the boundary of Y )

Lemma 2.1. Let d = d (y) be a periodic function satisfying

Ld (y) = h (y) ,

∫

Y

d (y) dy = 0.

Then
sup
Y
|d| ≤ C sup

Y
|h| ,

with a constant C depending only on the prescribed quantities, such as dimension n,
ellipticity constant λ0, etc.

Proof. Let Y2 denote a cube concentric with Y, and of twice bigger size than Y. We can
represent d in the form d = d0 + d1, where

Ld0 = 0 in Y2, d0 = d on ∂Y2;

Ld1 = h in Y2, d1 = 0 on ∂Y2.

By the interior Harnack inequality, the classical maximum principle (see [2]), and peri-
odicity of d,

osc {d0; Y } = sup
Y

d0 − inf
Y

d0 ≤ θosc {d0; Y2} = θosc {d; Y2} = θosc {d; Y } ,

with θ = θ (n, λ, . . . ) < 1. Moreover, by an elementary estimate (which follows from the
maximum principle),

sup |d1| ≤ C1 sup |h| .
These estimates imply

osc {d; Y } ≤ osc {d0; Y }+ osc {d1; Y } ≤ θosc {d; Y }+ 2C1 sup |h| ,

osc {d; Y } ≤ 2C1

1− θ
sup |h| ,

and the desired estimate follows. ¤
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Corollary. Under the previous assumptions, let d and h depend on a parameter x. Then
the derivatives of d and h with respect to x satisfy

sup
Y

∣∣∣∣
∂d

∂x

∣∣∣∣ ≤ C sup
Y

∣∣∣∣
∂h

∂x

∣∣∣∣ .

Proof. Proof follows immediately from linearity. ¤
Let

d̄(x) = 〈d(x, · )〉 ,
∫

Y

d(x, y)p(y)dy.

Thus, if h̄(x) = 0 and h(x, y) belonging to the class C2,2
x,y,b(E1, En) is periodic of period

1 with respect to y ∈ En, then the solution of (1.3) d(x, y) ∈ C2,2
x,y,b(E1, En).

We set hε(x, y) = h( x
εδ , y), and lε(x) = l( x

εδ ). Setting ψ1(x, y) = hε(x, y) and ψ2(x) =
lε(x), we note that ∂

∂xψ1(x, y) = 1
εδ

∂
∂xhε(x, y), ∂2

∂x2 ψ1(x, y) =
= 1

ε2δ
∂2

∂x2 hε(x, y); ψ̇2(x) = 1
εδ l̇ε(x), ψ̈2(x) = 1

ε2δ l̈ε(x). These symbols we use for the
notation of the derivatives of a function, which depends on ε.

Let us denote a(x, y) = σ2(x, y) and introduce condition (B).

Condition (B).
B1. The functions a(x, y), g(x, y), b(x, y) ∈ C2,2

x,y,b(E1, En) are periodic of period 1 in
y;

B2. There exists the constant λ1 > 0 such that for every x ∈ E1

a(x) ≥ λ1;

B3. There exists the constant λ2 > 0 such that for every x ∈ E1

∣∣∣∣
∫ x

0

b(z)
a(z)

dz

∣∣∣∣≤ λ2.

Under the conditions (A), (B1) the system ((1,1), (1,2)) has the unique strong solution.
Denote

F (x) = exp
{
−2

∫ x

0

b(z)
a(z)

dz

}
, h(x) =

∫ x

0

F (z)dz.

Condition (C).
There exist next limits

C0. lim
|Z|→∞

1
Z

∫ Z

0

F (x)dx = α;

C1. lim
|Z|→∞

1
Z

∫ Z

0

1
a(x)F (x)

dx = α1;

C2. lim
|Z|→∞

1
Z

∫ Z

0

g(x)
a(x)

dx = α2;

Remark. It follows from Lemma 3.1 and our conditions that there exist constants C1, C2

such that
0 < C1 < α < C2 ; 0 < C1 < α1 < C2 ; |α2| < C2
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Let
f(x) =

1
α

h(x)− x.

Obviously

(1.4) Lxf(x) , b(x)ḟ(x) +
1
2
a(x)f̈(x) = −b(x).

Let denote by b0(x, y) the function such that

(1.5) Lxf(x) , b(x, y)ḟ(x) +
1
2
a(x, y)f̈(x) = b0(x, y).

It is clear b
0
(x) = −b(x). Let

L̃ε
x =

1
εδ

b
( x

εδ
, y

) d

dx
+

1
2
a

( x

εδ
, y

) d2

dx2
,

thus we have

(1.6) L̃ε
xfε(x) =

1
ε2δ

b
( x

εδ
, y

)
ḟε(x) +

1
2ε2δ

a
( x

εδ
, y

)
f̈ε(x) , 1

ε2δ
Lε

xfε(x).

Let (C[0, T ], Ct), t ∈ [0, T ] be a space of all continuous functions on [0, T ], a space C∞0
is the space of all infinitely differentiable functions with compact support on E1. Denote
by {µε

δ, ε > 0} the family of probability measures induced by the random processes
{ξε(t), ε > 0} on C([0, T ]) and by ”⇒” the sign for weak convergence of measures. We
will prove weak convergence

µε
δ ⇒ µ

as ε tends to 0 for each δ, where µ is the measure corresponding to the random process

(1.7) ξ(t) = ξ0 + β0t + σ0w(t)

with certain constant coefficients.

2.Main result

In this section we give the proof of the limit theorem about weak convergence of the
solutions (1.1) to the process (1.7).

Theorem. Let conditions (A), (B), (C) be fulfilled. Then for every δ ∈]0, 1
3 [ the measures

µε
δ ⇒ µ as ε tends to 0.The random process ξ(t), which corresponds to µ, is defined by

(1.7), where

β0 =
α2

αα1
, σ0 =

1√
αα1

.

Proof.
First (I), we prove that for each δ ∈]0, 1

3 [ the family of measures {µε
δ, ε > 0}, is weakly

compact on C[0, T ], and, second (II), we are going to the limit as ε tends to 0, giving the
possibility to the coefficients of equations (1.1) to obtain the averaging form with respect
to random perturbations and after that we use the condition (C) for identification of the
limit process.
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I. Now we fix arbitrary δ ∈]0, 1
3 [ . By Ito formula we obtain

(2.1)

εδ(fε(ξε(t))− fε(ξ0)) = ε−δ

∫ t

0

Lε
ξε(s)fε(ξε(s))ds +

∫ t

0

ḟε(ξε(s))gε(ξε(s), ηε(s))ds+
∫ t

0

ḟε(ξε(s))σε(ξε(s), ηε(s))dw(s) = ε−δ

∫ t

0

b0
ε(ξε(s), ηε(s))ds+

∫ t

0

ḟε(ξε(s))gε(ξε(s), ηε(s))ds +
∫ t

0

ḟε(ξε(s))σε(ξε(s), ηε(s))dw(s).

Let us denote B(x, y) = b(x, y) + b0(x, y), where b0(x, y) was defined by (1.5).
Taking into account the equality ḟε(x) = 1

αFε(x)− 1, the sum of (1.1) and (2.1) gives

(2.2)
ξε(t) + εδfε(ξε(t)) = ξ0 + εδfε(ξ0) + ε−δ

∫ t

0

Bε(ξε(s), ηε(s))ds+

1
α

∫ t

0

Fε(ξε(s))gε(ξε(s), ηε(s))ds +
1
α

∫ t

0

Fε(ξε(s))σε(ξε(s), ηε(s))dw(s).

Let the function m(x, y) be the unique periodic of period 1 with respect to y solution of

(2.3) Lm(x, y) = B(x, y),
∫

Y

m(x, y)dy = 0

for every x ∈ E1 (x - parameter), because B̄(x) = 0.
Applying Ito formula to the function ε1−δmε(ξε(t), ηε(t)), we get

(2.4)
ε1−δ(mε(ξε(t), ηε(t))−mε(ξ0, η0)) =

∫ t

0

A0(ε, s)ds +
∫ t

0

A1(ε, s)ds+
∫ t

0

A2(ε, s)dw(s) +
∫ t

0

A3(ε, s)dw1(s) + ε−δ

∫ t

0

Lmε(ξε(s), ηε(s))ds,

here

(2.5)

A0(ε, s) = ε1−3δLε
ξε(s)mε(ξε(s), ηε(s));

A1(ε, s) = ε1−2δgε(ξε(s), ηε(s))
∂mε

∂x
(ξε(s), ηε(s));

A2(ε, s) = ε1−2δσε(ξε(s), ηε(s))
∂mε

∂x
(ξε(s), ηε(s));

A3(ε, s) = ε
1
2−δσ1(ηε(s))∇ymε(ξε(s), ηε(s)).

Note that for every t ∈ [0, T ] there exists the constant C such that

(2.6) |A0(ε, t)| ≤ ε1−3δC; |A1(ε, t)|+ |A2(ε, t)| ≤ ε1−2δC; |A3(ε, t)| ≤ ε
1
2−δC.

We denote

(2.7) ζε(t) = ξε(t) + εδfε(ξε(t))− ε1−δmε(ξε(t), ηε(t)).
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From the relationship (2.2), using (2.3) and (2.4), we get

(2.8)
ζε(t) = ζε(0) +

∫ t

0

[
1
α

Fε(ξε(s))gε(ξε(s), ηε(s))−A0(ε, s)−A1(ε, s)
]

ds+

∫ t

0

[
1
α

Fε(ξε(s))σε(ξε(s), ηε(s))−A2(ε, s)
]

dw(s)−
∫ t

0

A3(ε, s)dw1(s).

By virtue Lemma 3.1 from (2.6) and the condition (B) we have

∣∣∣∣
1
α

Fε(ξε(s))gε(ξε(s), ηε(s))−A0(ε, s)−A1(ε, s)
∣∣∣∣ +

∣∣∣∣
1
α

Fε(ξε(s))σε(ξε(s), ηε(s))−A2(ε, s)
∣∣∣∣ + |A3(ε, s)| ≤ C(1 + Cε),

where limε→0 Cε = 0 . From this and (2.8) by standard argument we obtain that for
arbitrary fixed ε0 > 0 exists a constant Cε0 such that for every 0 < ε < ε0

E sup
t∈[0,T ]

|ζε(t)|2 ≤ Cε0(1 + |ξ0|2),

and for every s, t : 0 ≤ s ≤ t ≤ T

E|ζε(t)− ζε(s)|4 ≤ Cε0 |t− s|2.

Using (2.7) and Lemma 3.4, we can check the conditions of weakly compactness [3,
Lemma 2, p.355] for the family of measures {µε

δ, 0 < ε < ε0}. Thus the set of measures
corresponding to the processes

ξε(t) = ζε(t)− εδfε(ξε(t)) + ε1−δmε(ξε(t), ηε(t))

on C[0, T ] is weakly compact.
II. We begin our consideration with the relationship (2.8).
Let φ(x) ∈ C∞0 , Φs(x) be a continuous bounded Cs — measurable functional. Apply-

ing Ito formula to (2.8), we obtain

(2.9)

EΦr(ξε) [φ(ζε(t))− φ(ζε(r))] =

EΦr(ξε)
{∫ t

r

φ̇(ζε)
[

1
α

Fε(ξε(s))gε(ξε(s), ηε(s)) + A0(ε, s) + A1(ε, s)
]

ds+

1
2

∫ t

r

φ̈(ζε)

[(
1
α

Fε(ξε(s))σε(ξε(s), ηε(s)) + A2(ε, s)
)2

+ A2
3(ε, s)

]
ds

}
.

Now, we denote

(2.10)
Dε(r, t) =

∫ t

r

[
φ̇(ζε)(A0(ε, s) + A1(ε, s))+

φ̈(ζε)
(

1
α

Fε(ξε(s))σε(ξε(s), ηε(s))A2(ε, s) +
1
2
A2

2(ε, s) +
1
2
A2

3(ε, s)
)]

ds.
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Applying Lemma 3.3 for n(x, y) = g(x, y)−〈g(x, · )〉, Hε(x) = Fε(x), and ψ(z) = φ̇(z),
taking into account denotation (3.3), we arrive at

(2.11)
EΦr(ξε)

[∫ t

r

φ̇(ζε(s))Fε(ξε(s))gε(ξε(s), ηε(s))ds

]
=

EΦs(ξε)
[∫ t

r

φ̇(ζε(s))Fε(ξε(s))gε(ξε(s))ds + Gε(gε − gε, r, t)
]

By similar way, applying Lemma 3.3 for n(x, y) = a(x, y)−〈a(x, · )〉, Hε(x) = F 2
ε (x)),

and ψ(z) = φ̈(z) we can obtain

(2.12)
EΦr(ξε)

[∫ t

r

φ̈(ζε(s))F 2
ε (ξε(s))aε(ξε(s), ηε(s))ds

]
=

EΦr(ξε)
[∫ t

r

φ̈(ζε(s))F 2
ε (ξε(s))aε(ξε(s))ds + Gε(aε − aε, r, t)

]

Replacing the terms in (2.9) by the right hand sides of (2.11) and (2.12) and taking
into account (2.10), we arrive at

(2.13)
EΦr(ξε) [φ(ζε(t))− φ(ζε(r))−

∫ t

r

φ̇(ζε)
1
α

Fε(ξε(s)) 〈gε(ξε(s), · )〉 ds−

1
2

∫ t

0

φ̈(ζε)α−2F 2
ε (ξε(s)) 〈aε(ξ(s), · )〉 ds

]
= I0

ε ,

where

(2.14) I0
ε = EΦr(ξε)

[
1
α

Gε(g − 〈g〉 , r, t) +
1
α

Gε(a− 〈a〉 , r, t) + Dε(r, t)
]

.

Rewriting (2.13), we arrive at

(2.15)
EΦr(ξε)

[
φ(ξε(t))− φ(ξε(r))−

∫ t

r

{φ̇(ξε(s))β0 +
1
2
φ̈(ξε(s))σ2

0}ds

]
=

I0
ε + I1

ε + I2
ε + I3

ε + I4
ε ,

here I0
ε defined by (2.14) and

I1
ε = EΦr(ξε)

[
φ(ξε(t))− φ(ζε(t))− φ(ξε(r)) + φ(ζε(r))

]
,

I2
ε = EΦr(ξε)

∫ t

r

[(
φ̇(ζε(s))− φ̇(ξε(s))

) 1
α

Fε(ξε(s)) 〈gε(ξε(s), · )〉+

1
2

(
φ̈(ζε(s))− φ̈(ξε(s))

)
α−2F 2

ε (ξε(s)) 〈aε(ξ(s), · )〉
]

ds,

I3
ε = EΦr(ξε)

∫ t

r

φ̇(ξε(s))
[

1
α

Fε(ξε(s))〈gε(ξε(s), · )〉 − β0

]
ds,

I4
ε =

1
2
EΦr(ξε)

∫ t

r

φ̈(ξε(s))
[
α−2F 2

ε (ξε(s))〈aε(ξε(s), · )〉 − σ2
0)

]
ds.
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We shall prove that the limit of the right hand side (2.15) is equal to zero. For small
ε we can estimate Dε(r, t) (see (2.10)), using (2.6), condition (B) and Lemma 3.1,

E sup
t∈[0,T ]

|Dε(t, r)| ≤ ε1−3δCT .

From this inequality and Lemma 3.3 (see (3.3)) we have

(2.16) lim
ε→0

I0
ε = 0.

According to the condition (B), Lemma 3.1 and , Lemma 3.4 we get

(2.17) lim
ε→0

I1
ε = lim

ε→0
I2
ε = 0.

We want to prove that

(2.18) lim
ε→0

I3
ε = 0.

According to Lemma 3.5, sufficiently to show that for every r, t : 0 ≤ r < t ≤ T

(2.19) lim
ε→0

E
∣∣∣∣
∫ t

r

[
1
α

Fε(ξε(s))〈gε(ξε(s), · )〉 − β0

]
ds

∣∣∣∣= 0.

Let us denote

(2.20) γ(x) = 2
∫ x

0

F (z)
∫ z

0

1
αF (y)g(y)− β0

F (y)a(y)
dydz.

Applying Ito formula to the function ε2δγε(ξε(t)), we get

(2.21)

ε2δ (γε(ξε(t))− γε(ξε(t))) =
∫ t

r

{bε(ξε(s), ηε(s))γ̇ε(ξε(s)) +

1
2
aε(ξε(s), ηε(s))γ̈ε(ξε(s))

}
ds + εδ

∫ t

r

gε(ξε(s), ηε(s))γ̇ε(ξε(s))ds+

εδ

∫ t

r

σε(ξε(s), ηε(s))γ̇ε(ξε(s))dw(s).

By virtue the Lemma 3.7 for h(x, y) = b(x, y)− b(x) and H(x) = γ̇(x) we obtain

(2.22)
∫ t

r

bε(ξε(s), ηε(s))γ̇ε(ξε(s))ds =
∫ t

r

bε(ξε(s))γ̇ε(ξε(s))ds + Q(bε − bε, r, t).

By similar way for h(x, y) = a(x, y)− a(x) and H(x) = γ̈(x) we arrive at

(2.23)
∫ t

r

aε(ξε(s), ηε(s))γ̈ε(ξε(s))ds =
∫ t

r

aε(ξε(s))γ̈ε(ξε(s))ds + Q(aε − aε, r, t).
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Rewriting (2.21) and taking into account the equality Lxγ(x) = 1
αF (x)g(x)− β0 and

the relations (2.22), (2.23), we have

(2.24)

∫ t

r

{
1
α

Fε(ξε(s))gε(ξε(s))− β0

}
= ε2δ (γε(ξε(t))− γε(ξε(r)))−

εδ

∫ t

r

gε(ξε(s), ηε(s))γ̇ε(ξε(s))ds− εδ

∫ t

r

σε(ξε(s), ηε(s))γ̇ε(ξε(s))dw(s)−

Q(bε − bε, r, t)− 1
2
Q(aε − aε, r, t)

We would like to estimate the right hand side of (2.24). Using Lemma 3.6 and Lemma 3.8
(see (3.23)), we obtain (2.19) and, consequently, (2.18).

By similar way we can prove

(2.25) lim
ε→0

I4
ε = 0.

This result can be obtained by an application Ito formula to the function εδγ1(ξε(t)),
where

(2.26) γ1(x) = 2
∫ x

0

F (z)
∫ z

0

α−2F 2(y)a(y)− σ2
0

F (y)a(y)
dydz.

After that we use the statements of Lemma 3.7 and Lemma 3.8.
Using (2.16),(2.17),(2.18), and (2.25), for the right hand side of (2.15) we arrive at

(2.27) lim
ε→0

{I0
ε + I1

ε + I2
ε + I3

ε + I4
ε} = 0.

Let µδ denotes some limit point of the family {µε
δ, 0 < ε < ε0} and Eµδ be an

expectation on this measure. Let come to the limit in (2.15) by the subsequence {εk}
such that µεk

δ ⇒ µδ as εk → 0. Taking into account (2.27), we get

EµδΦr(ξ)
[
φ(ξ(t))− φ(ξ(r))−

∫ t

r

{φ̇(ξ(s))β0 +
1
2
φ̈(ξ(s))σ2

0}ds

]
= 0.

The coefficients does not depend on δ. That means µδ = µ. Consequently, µε
δ ⇒ µ

as ε → 0 and limit measure coinsides with the measure corresponding to the process
(1.7). ¤

3.Preliminary results

In this section we prove the results used for the proof of the Theorem above.
The assertions of the next lemma follow from our assumptions.

Lemma 3.1. Let the conditions (B) are satisfied. Then there exists the positive constant
C such that

a) exp {−2λ2} ≤ |F (x)| ≤ exp {2λ2}; |Ḟ (x)| ≤ C; |F̈ (x)| ≤ C; |...F (x)| ≤ C;

b) |h(x)| ≤ exp {2λ2}|x|; |ḣ(x)| ≤ C;

c) |f(x)| ≤ C(1 + |x|); |ḟ(x)| ≤ C.



AVERAGING FOR SYSTEMS OF STOCHASTIC EQUATIONS WITH RANDOM... 11

Lemma 3.2. Let the conditions (A) and (B) are satisfied. For every integer positive m
and δ ∈]0, 1

3 [ and ε0 > 0 there exist the constants Cm(ε0), such that for every ε < ε0

E sup
t∈[0,T ]

|ξε(t)|m ≤ Cm(ε0)(1 + |ξ0|)m.

Proof. We note that

εδL̃ε
xhε(x) = αεδL̃ε

x

(
fε(x) +

x

εδ

)
=

αε−δ [Lε
xfε(x) + bε(x, y)] = αε−δ

[
b0
ε(x, y) + bε(x, y)

]
= αε−δBε(x, y),

the operator Lε
x was defined by (1.6). We fix arbitrary ε0 > 0 and for ε < ε0 apply Ito

formula to the function εδhε(ξε(t)). We get

(3.1)
εδ[hε(ξε(t))− hε(ξ0)] = αε−δ

∫ t

0

Bε(ξε(s), ηε(s))ds+
∫ t

0

ḣε(ξε(s))gε(ξε(s), ηε(s))ds +
∫ t

0

ḣε(ξε(s))σε(ξε(s), ηε(s))dw(s).

Taking into account (2.3), from (2.4) we get

(3.2)
ε−δ

∫ t

0

Bε(ξε(s), ηε(s))ds = ε1−δ[mε(ξε(t), ηε(t))−mε(ξ0, η0)]−
∫ t

0

A0(ε, s)ds−
∫ t

0

A1(ε, s)ds−
∫ t

0

A2(ε, s)dw(s)−
∫ t

0

A3(ε, s)dw1(s).

Under our condition (B) and Lemma 3.1 from (3.1) and (3.2), taking into account (2.5)
and (2.6), the process

εδhε(ξε(t))− αε1−δmε(ξε(t), ηε(t))

has uniformly bounded coefficients. By the standard estimates as [4, Ch.II,sec.5], taking
into account that m(x, y) is uniformly bounded function, we obtain

E sup
t∈[0,T ]

|εδhε(ξε(t))|m ≤ Cm(1 + Cε)(1 + |ξ0|m) ≤ Cm(ε0)(1 + |ξ0|m),

here limε→0 Cε = 0. Using the properties of the function εδhε(x), as in [6, Lemma 2.5,
p.218], we obtain the statements of the lemma. ¤
Lemma 3.3. Let the functions H(x) ∈ C2

x,b(E1) and the function n(x, y) ∈
C2,2

x,y,b(E1, En) is satisfied the condition n̄(x) = 0. The processes ξε(t), ηε(t) are the solu-
tions of (1.1), (1.2) respectively, ζε(t) is defined by (2.7). Then for a function ψ(x) ∈ C∞0
and a continuous bounded Cs — measurable functional Φs(x)

lim
ε→0

EΦr(x)
[∫ t

r

ψ(ζε(s))Hε(ξε(s))nε(ξε(s), ηε(s))ds

]
= 0.

Proof. Let the function l(x, y) be the unique solution of the problem

Ll(x, y) = n(x, y),
∫

Y

l(x, y)dy = 0
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for any x ∈ E1 (x play a role of parameter), because n̄(x) = 0. Then l(x, y) ∈
C2,2

x,y,b(E1, En). Let lε(s) = l
(

ξε(s)
εδ , ηε(s)

)
and the same sense have the denotations

gε(s), σε(s), aε(s). Applying Ito formula to the function

εψ(ζε(s))Hε(ξε(s))l
(

ξε(s)
εδ

, ηε(s)
)

,

we get

ε [ψ(ζε(t))Hε(ξε(t))lε(t)− ψ(ζε(r))Hε(ξε(r))lε(r)] =

ε

∫ t

r

ψ̇(ζε(s))Hε(ξε(s))
[
lε(s)

(
α−1Fε(ξε(s))gε(s) + A0(ε, s) + A1(ε, s)

)
+

1√
ε
A3(ε, s)∇ylε(s)σ1 (ηε(s))

]
ds +

ε

2

∫ t

r

ψ̈(ζε(s))Hε(ξε(s))lε(s)×
[{α−1Fε(ξε(s))σε(s) + A2(ε, s)}2 + A2

5(1, ε, ξε(s))
]
ds +

ε

∫ t

r

ψ̇(ζε(s))Hε(ξε(s))lε(s)
(
α−1Fε(ξε(s))σε(s) + A2(ε, s)

)
dw(s)+

ε

∫ t

r

ψ̇(ζε(s))Hε(ξε(s))lε(s)A3(ε, s)dw1(s)+

ε

∫ t

r

ψ(ζε(s))
(

Ḣe(ξε(s))lε(s) +
1
εδ

Hε(ξε(s))
∂lε(s)

∂x

)(
1
εδ

b(ξε) + gε(s)
)

ds+

ε

2

∫ t

r

ψ(ζε(s))
[
Ḧε(ξε(s))lε(s) +

2
εδ

Ḣε(ξε(s))
∂lε(s)

∂x
+

1
ε2δ

Hε(ξε(s))
∂2lε(s)

∂x2

]
aε(s)ds + ε

∫ t

r

ψ(ζε(s))
(
Ḣε(ξε(s)))lε(s)+

1
εδ

Hε(ξε(s))
∂lε(s)

∂x

)
σε(s)dw(s) + ε

∫ t

r

ψ̇(ζε(s))
(
Ḣε(ξε(s)))lε(s)+

1
εδ

Hε(ξε(s))
∂lε(s)

∂x

) (
α−1Fε(ξε(s))aε(s) + A2(ε, s)σε(s)

)
ds+

∫ t

r

ψ(ζε(s))Hε(ξε(s))Llε(s)ds+

√
ε

∫ t

r

ψ(ζε(s))Hε(ξε(s))∇ylε(s)σ1

(s

ε
, ηε(s)

)
dw1(s).

From this we arrive at

(3.3)
∫ t

r

ψ(ζε(s))Hε(ξε(s))nε(ξε(s), ηε(s))ds = Gε(n, r, t),

where

Gε(n, r, t) = B1(ε, t)−B1(ε, r)∫ t

r

B2(ε, s)ds +
∫ t

r

B3(ε, s)dw(s) +
∫ t

r

B4(ε, s)dw1(s),



AVERAGING FOR SYSTEMS OF STOCHASTIC EQUATIONS WITH RANDOM... 13

and here

B1(ε, t) = εψ(ζε(t))Hε(ξε(t))lε(t);

B2(ε, s) = −
[
εψ̇(ζε(s))Hε(ξε(s)) [lε(s)×

[
α−1Fε(ξε(s))gε(s) + A0(ε, s) + A1(ε, s)

]
+

1√
ε
A3(ε, s)∇ylε(s)σ1 (ηε(s))

]
+

ε

2
ψ̈(ζε(s))Hε(ξε(s))lε(s)

[{α−1Fε(ξε(s))σε(s) + A2(ε, s)}2 + A2
3(ε, s)

]
+

εψ(ζε(s))
(

Ḣe(ξε(s))lε(s) +
1
εδ

Hε(ξε(s))
∂lε(s)

∂x

)(
1
εδ

b(ξε) + gε(s)
)

+

ε

2
ψ(ζε(s))

[
Ḧε(ξε(s))lε(s) +

2
εδ

Ḣε(ξε(s))
∂lε(s)

∂x
+

1
ε2δ

Hε(ξε(s))
∂lε(s)

∂x

]
aε(s)+

εψ̇(ζε(s))
(

Ḣε(ξε(s)))lε(s) +
1
εδ

Hε(ξε(s))
∂lε(s)

∂x

)
×

(
α−1Fε(ξε(s))aε(s) + A2(ε, s)σε(s)

)]
;

B3(ε, s) = −
[
εψ̇(ζε(s))Hε(ξε(s))lε(s)

(
α−1Fε(ξε(s))σε(s) + A2(ε, s)

)
+

εψ(ζε(s))
(

Ḣε(ξε(s)))lε(s) +
1
εδ

Hε(ξε(s))
∂lε(s)

∂x

)
σε(s)

]
;

B4(ε, s) = −
[
εψ̇(ζε(s))Hε(ξε(s))lε(s)A3(ε, s)+

√
εψ(ζε(s))Hε(ξε(s))∇ylε(s)σ1

(s

ε
, ηε(s)

)]
.

Under our conditions we can obtain the estimates

|B1(ε, s)| ≤ εC(1 + |ξε|+ |ξε|2); |B2(ε, s)| ≤ ε1−2δC(1 +
3∑

k=1

|ξε|k);

|B3(ε, s)| ≤ ε1−δC(1 +
3∑

k=1

|ξε|k); |B4(ε, s)| ≤
√

εC(1 +
3∑

k=1

|ξε|k).

Hence, using the estimates of Lemma 3.2, from above by the standard arguments we
arrive at

lim
ε→0

EΦr(ξε)Gε(n, r, t) = 0.

Letting ε → 0 in (3.3), we obtain the statement of lemma. ¤
Lemma 3.4. Let the conditions (A), (B), and (C0) are hold. Then for every δ ∈]0; 1

3 [

lim
ε→0

E sup
t∈[0,T ]

|εδfε(ξε(t))− ε1−δmε(ξε(t), ηε(t))|2 = 0.

Proof. We have

(3.4) E sup
t∈[0,T ]

|εδfε(ξε(t))− ε1−δmε(ξε(t), ηε(t))|2 ≤ 2(D1
ε + D2

ε),
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where

D1
ε = E sup

t∈[0,T ]

|εδfε(ξε(t))|2, D2
ε = E sup

t∈[0,T ]

|ε1−δmε(ξε(t), ηε(t))|2.

For every ε > 0 and ε
δ
2 < N < ∞

(3.5)

D1
ε = E sup

t∈[0,T ]

|εδfε(ξε(t))|2χ{|ξε(t)| < ε
δ
2 }+

E sup
t∈[0,T ]

|εδfε(ξε(t))|2χ{ε δ
2 ≤ |ξε(t)| ≤ N}+

E sup
t∈[0,T ]

|εδfε(ξε(t))|2χ{|ξε(t)| > N} = D11
ε + D12

ε + D13
ε

respectively. By property c) of Lemma 3.1 we obtain

(3.6) lim
ε→0

D11
ε = 0.

Using the definition of the function f(x) and the condition (C0), we have
(3.7)

lim
ε→0

D12
ε = lim

ε→0
E sup

t∈[0,T ]

∣∣∣∣
ξε(t)

α

εδ

ξε(t)

∫ ξε(t)
εδ

0

F (z)dz − ξε(t)
∣∣∣∣
2

χ{ε δ
2 ≤ |ξε(t)| ≤ N} = 0.

Now

D13
ε ≤ ε2δC

(
1 +

E supt∈[0,T ] |ξε(t)|4
ε4δ

) 1
2 E supt∈[0,T ] |ξε(t)|2

N2
.

At first approaching the limit as ε → 0 and then as N →∞ and using the estimation of
Lemma 3.2, we obtain

(3.8) lim
ε→0

D13
ε = 0.

From (3.5)–(3.8) we conclude that

(3.9) lim
ε→0

D1
ε = 0.

From the definition of m(ξε(t), ηε(t)) follows the existence of the positive constant C such
that

(3.10) lim
ε→0

D2
ε ≤ lim

ε→0
ε2(1−δ)C = 0.

Now, from (3.4), (3.9), and (3.10) follows the statement of lemma. ¤
Lemma 3.5. Let the conditions (A) and (B) are hold, and let ψε(x) be such a function
that

(3.11) E sup
t∈[0,T ]

|ψε(ξε(t))|2 ≤ K
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and for every r, t : 0 ≤ r ≤ t ≤ T

(3.12) lim
ε→0

E
∣∣∣∣
∫ t

r

ψε(ξε(s))ds

∣∣∣∣ = 0.

Then for every φ(x) ∈ C∞0 and 0 ≤ r ≤ t ≤ T

lim
ε→0

E
∣∣∣∣
∫ t

r

φ(ξε(s))ψε(ξε(s))ds

∣∣∣∣ = 0.

Proof. Let {ti} be some partition of interval [r, t] : r ≤ t1 ≤ t2 ≤ ... ≤ tn = t such that
|ti+1 − ti| ≤ ηn and limn→∞ ηn = 0. Then

(3.13)

E
∣∣∣∣
∫ t

r

φ(ξε(s))ψε(ξε(s))ds

∣∣∣∣ ≤ E
n−1∑

i=1

∣∣∣∣
∫ ti+1

ti

[
φ(ξε(s))− φ(ξε(ti))

]
ψε(ξε(s))ds

∣∣∣∣+

n−1∑

i=1

E
∣∣∣∣φ(ξε(ti))

∣∣∣∣
∣∣∣∣
∫ ti+1

ti

ψε(ξε(s))ds

∣∣∣∣.

We want to estimate the first term in the right hand side (3.13). Let us denote this term
by L(ε, n), then, by using the estimation (3.11), there exists the constant C0, Cε such
that

L(ε, n) ≤
n−1∑

i=1

(∫ ti+1

ti

E
∣∣∣∣φ(ξε(s))− φ(ξε(ti))

∣∣∣∣
4

ds

) 1
4
(∫ ti+1

ti

E
∣∣∣∣ψε(ξε(s))

∣∣∣∣
4
3

ds

) 3
4

≤

C0

{
(1 + Cε)

n−1∑

i=1

(ti+1 − ti)
3
2 + ε1−δ

n−1∑

i=1

(ti+1 − ti)
}
≤ C0(t− r)

{
(1 + Cε)η

1
2
n + ε1−δ

}
,

and limε→0 Cε = 0. Consequently, the first term in (3.13) can be made sufficiently small
by making the partition of the interval [r, t] fine enough. From (3.12) the second term in
(3.13) tends to 0 as ε → 0 . The lemma is proved. ¤
Lemma 3.6. Let the conditions (A), (B), and (C1) be fulfilled. The function γ(x)
defined by (2.20), ξε(t) is the solution of (1.1). Then for every δ ∈]0; 1

3 [

lim
ε→0

E sup
t∈[0,T ]

|ε2δγε(ξε(t))| = lim
ε→0

E sup
t∈[0,T ]

|εδγ̇ε(ξε(t))|2 = 0.

Proof. For γ(x), according to Lemma 3.1, under the condition (B) we have

(3.14) |γ(x)| ≤ C(1 + |x|2);
4∑

i=1

∣∣ di

dxi
γ(x)

∣∣≤ C(1 + |x|).

Since for every N < ∞ under the condition (C)

lim
ε→0

sup
0<|x|≤N

εδ

∫ x

εδ

0

α−1F (y)g(y)− β0

F (y)a(y)
dy =

lim
ε→0

sup
0<|x|≤N

x

(
εδ

x

∫ x

εδ

0

g(y)
αa(y)

dy − εδ

x

∫ x

εδ

0

β0

F (y)a(y)
dy

)
= 0,
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then by property a) of Lemma 3.1 we obtain

(3.15) lim
ε→0

sup
0<|x|≤N

|ε2δγε(x)| = lim
ε→0

sup
0<|x|≤N

|εδγ̇ε(x)|2 = 0

Now, for every N : ε
δ
2 ≤ N < ∞,

(3.16)
E sup

t∈[0,T ]

|ε2δγε(ξε(t))| = lim
ε→0

E sup
t∈[0,T ]

|ε2δγε(ξε(t))|
(
χ{|ξε(t)| < ε

δ
2 }+

χ{ε δ
2 ≤ |ξε(t)| ≤ N}+ χ{|ξε(t)| > N}

)
= γ1

ε + γ2
ε + γ3

ε

respectively. By inequality (3.14) we have

(3.17) lim
ε→0

γ1
ε ≤ lim

ε→0
ε2δC(1 + ε

δ2
4 −2δ) = 0.

Using (3.15), we obtain

(3.18) lim
ε→0

γ2
ε = 0.

Taking into account (3.14) and the result of Lemma 3.2, we get

γ3
ε ≤ ε2δC(1 + ε−4δE sup

t∈[0,T ]

|ξε(t)|4) 1
2
E supt∈[0,T ] |ξε(t)|2

N2
≤ C

N2
.

Approaching the limit as ε → 0 and then as N →∞, we obtain

(3.19) lim
ε→0

γ3
ε = 0.

From (3.16)–(3.19) follows

lim
ε→0

E sup
t∈[0,T ]

|ε2δγε(ξε(t))| = 0.

By similar way we can show that

lim
ε→0

E sup
t∈[0,T ]

|εδγ̇ε(ξε(t))|2 = 0.

¤
By similar way we can prove the next statement.

Lemma 3.7. Let the conditions (A), (B), and (C2) be fulfilled. The function γ1(x) is
defined by (2.26), ξε(t) is the solution of (1.1). Then for every δ ∈]0; 1

3 [

lim
ε→0

E sup
t∈[0,T ]

|ε2δγ1
ε (ξε(t))| = lim

ε→0
E sup

t∈[0,T ]

|εδγ̇1
ε (ξε(t))|2 = 0.
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Lemma 3.8. Let the functions H(x) ∈ C2
x(E1) such that |H(x)| + |Ḣ(x)| + |Ḧ(x)| ≤

C(1 + |x|) and periodic of period 1 with respect to y function h(x, y) ∈ C2,2
x,y,b (E1, En)

such that h̄(x) = 0. The processes ξε(t), ηε(t) are the solutions of (1.1), (1.2) respectively.
Then for every δ ∈]0, 1

3 [ and 0 ≤ r ≤ t ≤ T

lim
ε→0

E
∣∣
∫ t

r

Hε(ξε(s))h
(

ξε(s)
εδ

, ηε(s)
)

ds
∣∣= 0.

Proof. Let the function l(x, y) be the solution of the problem

(3.20) Ll(x, y) = h(x, y),
∫

Y

l(x, y)dy = 0

for every x ∈ E1 (x play a role of parameter), because h̄(x) = 0. Then l(x, y) ∈
C2,2

x,y,b(E1, En). Let lε(s) = l
(

ξε(s)
εδ , ηε(s)

)
and the same sense have the denotations

gε(s), σε(s), aε(s). Applying Ito formula to the function

εHε(ξε(t))l
(

ξε(t)
εδ

, ηε(t)
)

and using (3.20), after the rearrangement of the terms we obtain
∫ t

r

Hε(ξε(s))hε(ξε(s), ηε(s))ds = Q(hε, r, t),

where

(3.21)

Q(hε, r, t) = ε{Hε(ξε(t))lε(t)−Hε(ξε(r))lε(r)}−

ε1−2δ

∫ t

r

{Lε
ξε(s)(Hε(ξε(s))lε(s)) + Ḣε(ξε(s))

∂lε(s)
∂x

}ds−

ε1−δ

∫ t

r

gε(s)
∂

∂x
(Hε(ξε(s))lε(s))ds− ε1−δ

∫ t

r

σε(s)
∂

∂x
(Hε(ξε(s))lε(s))dw(s)−

ε
1
2

∫ t

r

σ1(
s

εδ
, ηε(s))Hε(ξε(s))∇ylε(s)dw1(s).

Under our conditions and by estimation of Lemma 3.2 all integrands in (3.21) can be
estimated by the constant multiplied to ε in positive powers. For example,

ε1−2δE sup
t∈[0,T ]

|Lε
ξε(s)(Hε(ξε(s))lε(s))| ≤ Cε1−3δ,

and
E sup

t∈[0,T ]

∣∣ε1−δσε(s)
∂

∂x
(Hε(ξε(s))lε(s))

∣∣2≤ Cε2(1−δ),

and so on. Hence, by standard way from (3.24) we obtain

lim
ε→0

E|Q(hε, r, t)| = 0.

By the above relation (3.23) the proof is complete. ¤
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4.Example

In this section the result of theorem is applied to one class of the stochastic processes.
Let ηε(t) is one-dimensional process (the solution of (1.2), when n = 1) and the

condition (A) is satisfied. Then

L =
1
2
a1(y)

d2

dy2
+ g1(y)

d

dy

and the problem

L∗p(y) = 0,

∫ 1

0

p(y)dy = 1

has the solution

p(y) =
V (y)

C0a1(y)
,

where

V (y) = exp

(∫ y

0

2g1(z)
a1(z)

dz

)
, and C0 =

∫ 1

0

V (y)
a1(y)

dy.

We have

a(x) =
∫ 1

0

a(x, y)p(y)dy, b(x) =
∫ 1

0

b(x, y)p(y)dy, g(x) =
∫ 1

0

g(x, y)p(y)dy.

If the conditions (B) and (C) are satisfied, then the limit process is

ξ(t) = ξ0 +
α2

αα1
t +

1
αα1

w(t).

In this case all auxiliary functions have the explicit form.
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