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Graph Coloring - A reminde

One of the oldest problems in graph theory is connected with map coloring. The question is what
is the minimal number of different colors are needed to color countries on some map so that any
pair of countries with a common border are given different colors.

Here an example:
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Graph Coloring - A reminder

One of the oldest problems in graph theory is connected with map coloring. The question is what
is the minimal number of different colors are needed to color countries on some map so that any
pair of countries with a common border are given different colors.

Here an example:

A closely related notion is a dual graph of the map which is more useful (vertices -> countries, put
an edge if they share a border):
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Graph Coloring - A reminde

One of the oldest problems in graph theory is connected with map coloring. The question is what
is the minimal number of different colors are needed to color countries on some map so that any
pair of countries with a common border are given different colors.

Here an example:

A closely related notion is a dual graph of the map which is more useful (vertices -> countries, put
an edge if they share a border):

Or if we now draw it without "map":

The question now is how many colors we need to "color" the vertices such that adjacent vertices
have different colors.
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Graph Coloring - A reminde

One of the oldest problems in graph theory is connected with map coloring. The question is what
is the minimal number of different colors are needed to color countries on some map so that any
pair of countries with a common border are given different colors.

Here an example (which is planar):

But a closely related notion is a dual graph of the map which is more useful (vertices -> countries,
put an edge if they share a border):

Or if we now draw it without "map":

The question now is how many colors we need to "color" the vertices such that adjacent vertices
have different colors. For the above graph we can do with 3 colors.
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Graph Coloring (Planar)

Would 3 colors be enough to color a planar graph?
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Graph Coloring (Planar)

Would 3 colors be enough to color a planar graph? NO —Kj -all 4 vertices connected
to each other so there is no way to color them in 3 colors
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Graph Coloring (Planar)

Would 3 colors be enough to color a planar graph? NO —Kj -all 4 vertices connected
to each other so there is no way to color them in 3 colors

‘¢L’,,;/~ 0'/

So we need at least 4 colors to color a planar graph (and thus a map).
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Graph Coloring (Planar)

Would 3 colors be enough to color a planar graph? NO —Kj -all 4 vertices connected
to each other so there is no way to color them in 3 colors

‘¢L’,,;/~ 0'/

So we need at least 4 colors to color a planar graph (and thus a map). But would 4
colors be enough?
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Graph Coloring (Planar)

Would 3 colors be enough to color a planar graph? NO —Kj -all 4 vertices connected
to each other so there is no way to color them in 3 colors

‘¢:77777” ﬂ

So we need at least 4 colors to color a planar graph (and thus a map). But would 4
colors be enough? The answer is YES, but this is a VERY non-trivial question which
took a long time to be solved. But helped to develop a very interesting theory of
planar graphs.
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raph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).
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It is not so hard to see that x(K,) = n.
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).
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It is not so hard to see that x(K,) =n. Indeed, in K, all vertices are "connected to
each other" that it is impossible to use less then n colors (and, clearly, chromatic
number can not be greater then the number of vertices in the graph).
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).

U (k)2 M)=3 U )4 L&)

It is not so hard to see that x(K,) =n. Indeed, in K, all vertices are "connected to
each other" that it is impossible to use less then n colors (and, clearly, chromatic
number can not be greater then the number of vertices in the graph).

This trivial observation will be quite useful for us.
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).

T R A e A

It is not so hard to see that x(K,) =n. Indeed, in K, all vertices are "connected to
each other" that it is impossible to use less then n colors (and, clearly, chromatic
number can not be greater then the number of vertices in the graph).

This trivial observation will be quite useful for us. We notice that a chromatic
number of a subgraph is always less or equal to chromatic number of the graph. Thus
if Kn C G then x(G) > n.
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Graph Coloring

o In general, a coloring of a graph G assigns colors to the vertices of G so that
adjacent vertices are given different colors.

@ We will look for minimal number of colors required to color a given graph. This
minimal number of colors is called the chromatic number of a graph. For a graph
G we will denote the chromatic number of G as x(G).

T R A e A

It is not so hard to see that x(K,) =n. Indeed, in K, all vertices are "connected to
each other" that it is impossible to use less then n colors (and, clearly, chromatic
number can not be greater then the number of vertices in the graph).

This trivial observation will be quite useful for us. We notice that a chromatic
number of a subgraph is always less or equal to chromatic number of the graph. Thus
if Kn C G then x(G) > n.
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Graph Coloring (First Example)

Lets consider the following example:
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Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
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Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
We will denote, from now, the colors by numbers 1,2,3,4,....

Artem Zvavitch Lecture 8, MATH-42021/52021 Graph Theory and Combinatorics.



Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
We will denote, from now, the colors by numbers 1,2,3,4,.... Thus we color a,c,e, g
in four colors and move forward to color h, b,d,f.
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Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
We will denote, from now, the colors by numbers 1,2,3,4,.... Thus we color a,c,e, g
in four colors and move forward to color h,b,d,f. We notice that each of those
vertices have degree 2 and connected to two vertices which are already colored
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Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
We will denote, from now, the colors by numbers 1,2,3,4,.... Thus we color a,c,e, g
in four colors and move forward to color h,b,d,f. We notice that each of those
vertices have degree 2 and connected to two vertices which are already colored — you
do not need to think much, you are now working with 4 colors, so just select one (out
of those 4) which is not yet used by adjacent vertices.
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Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
We will denote, from now, the colors by numbers 1,2,3,4,.... Thus we color a,c,e, g
in four colors and move forward to color h,b,d,f. We notice that each of those
vertices have degree 2 and connected to two vertices which are already colored — you
do not need to think much, you are now working with 4 colors, so just select one (out
of those 4) which is not yet used by adjacent vertices. For example, for b, you may
select color 3 or 4.
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Graph Coloring (First Example)

Lets consider the following example:

We notice that subgraph (a,c,e,g) is K4 and thus to color it we must use 4 colors.
We will denote, from now, the colors by numbers 1,2,3,4,.... Thus we color a,c,e, g
in 4 colors and move forward to color h,b,d,f. We notice that each of those vertices
have degree 2 and connected to two vertices which are already colored — you do not
need to think much, you are now working with 4 colors, so just select one (out of
those 4) which is not yet used by adjacent vertices. For example, for b, you may select
color 3 or 4.
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Graph Coloring (Second Example)

Lets try another example:
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors.
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors. We color b, f,c, - 1,2,3 and hope to move forward with those colors.
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors. We color b, f,c, - 1,2,3 and hope to move forward with those colors.
Note that then we have no much choice on how to color d (it is adjacent to f and c).
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors. We color b,f,c, - 1,2,3 and hope to move forward with those colors.
Note that then we have no much choice how to color d (it is adjacent to f and ¢), the
only selection is 1 and we use the similar logic to vertex e.
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors. We color b,f,c, - 1,2,3 and hope to move forward with those colors.
Note that then we have no much choice how to color d (it is adjacent to f and c), the
only selection is 1 and we use the similar logic to vertex e.
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors. We color b,f,c, - 1,2,3 and hope to move forward with those colors.
Note that then we have no much choice how to color d (it is adjacent to f and c), the
only selection is 1 and we use the similar logic to vertex e. Now we left with vertex a,

it turns out to be adjacent to vertices colored in 1,2,3, thus it is impossible to use any
of those colors and fourth is required.
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Graph Coloring (Second Example)

Lets try another example:

We immediately see a triangle (actually a few of them) inside our graph, so lets start
with 3 colors. We color b,f,c, - 1,2,3 and hope to move forward with those colors.
Note that then we have no much choice how to color d (it is adjacent to f and c), the
only selection is 1 and we use the similar logic to vertex e. Now we left with vertex a,
it turns out to be adjacent to vertices colored in 1,2,3, thus it is impossible to use any
of those colors and fourth is required. The chromatic number of this graph is 4.
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Graph Coloring (Third Example)

Lets try another example:
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let's start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2).
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let's start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2).

Next we notice that
g must be colored in 2.
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Graph Coloring (Third Example)

Lets try another example:

47 4

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is

possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2.
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Graph Coloring (Third Example)

Lets try another example:

., ¢ ’

42 4
The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is

possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try!
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Graph Coloring (Third Example)

Lets try another example:

od 42 4
The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try!

So, what is clear is that k and t are both adjacent to each other and two vertices of
color 2.
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Graph Coloring (Third Example)

Lets try another example:

od 42 4
The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try!

So, what is clear is that k and t are both adjacent to each other and two vertices of
color 2. So k and t must be colored by 1 and 3, but how would we select?
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Graph Coloring (Third Example)

Lets try another example:

- 42 4
The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try!
So, what is clear is that k and t are both adjacent to each other and two vertices of

color 2. So k and t must be colored by 1 and 3, but how would we select? Should
we consider cases?
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Graph Coloring (Third Example)

Lets try another example:

i 42 4
The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try!
So, what is clear is that k and t are both adjacent to each other and two vertices of

color 2. So k and t must be colored by 1 and 3, but how would we select? Should
we consider cases? No! We again use one of our favorite tricks ->
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Graph Coloring (Third Example)

Lets try another example:

i 42 4
The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try!
So, what is clear is that k and t are both adjacent to each other and two vertices of
color 2. So k and t must be colored by 1 and 3, but how would we select? Should
we consider cases? No! We again use one of our favorite tricks -> symmetry (with

respect to line (e,f)) and thus it does not meter how we select which color for which
vertex to use.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let's start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let's start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let's start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let's start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2. We apply now the symmetry trick to b and c.
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2. We apply now the symmetry trick to b and c.

Artem Zvavitch Lecture 8, MATH-42021/52021 Graph Theory and Combinatorics.



Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2. We apply now the symmetry trick to b and c. And we left
with vertex a adjacent to vertices with colors 1,2,3,
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2. We apply now the symmetry trick to b and c. And we left
with vertex a adjacent to vertices with colors 1,2,3, thus the only choice of color is 4
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Graph Coloring (Third Example)

Lets try another example:

The largest complete graph that we see is again K3, so let’s start with 3 colors. The
idea is to select a triangle which would force coloring to some other vertices. This is
possible if we start, for example, with triangle e, f,d —> (1,3,2). Next we notice that
g must be colored in 2. It seems not clear how to continue now. But we must try! So,
what is clear is that k and t are both adjacent to each other and to vertices of color 2.
So k and t must be colored by 1 and 3, but how would we select? should we consider
cases? No! We again use one of our favorite tricks -> symmetry (with respect to line
(e,f)) and thus it does not meter how we select which color for which vertex to use.
But, then p must be 2. We apply now the symmetry trick to b and c. And we left
with vertex a adjacent to vertices with colors 1,2,3, thus the only choice of color is 4
and the chromatic number for this graph is 4.
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