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Ordinary 6-sided dice

Roll two fair ordinary six-sided dice:

(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
(2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)


Sum: 2 3 4 5 6 7 8 9 10 11 12

Freq: 1 2 3 4 5 6 5 4 3 2 1

Prob: 1
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Prob: .03 .06 .08 .11 .14 .17 .14 .11 .08 .06 .03
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Sicherman dice: empirical

Roll the pair of Sicherman dice 25 times with your partner and record the
frequencies of the sums.

Sum: 2 3 4 5 6 7 8 9 10 11 12

Freq:

Prob:

Compare: .03 .06 .08 .11 .14 .17 .14 .11 .08 .06 .03

Compare this with the probability distribution for the ordinary dice.
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Sicherman dice: theoretical

Sicherman Dice

3

1 2 2 4

3

3
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5
(green, yellow)

(1, 1), (1, 3), (1, 4), (1, 5), (1, 6), (1, 8),
(2, 1), (2, 3), (2, 4), (2, 5), (2, 6), (2, 8),
(2, 1), (2, 3), (2, 4), (2, 5), (2, 6), (2, 8),
(3, 1), (3, 3), (3, 4), (3, 5), (3, 6), (3, 8),
(3, 1), (3, 3), (3, 4), (3, 5), (3, 6), (3, 8),
(4, 1), (4, 3), (4, 4), (4, 5), (4, 6), (4, 8)
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Sicherman dice: theoretical



(1, 1), (1, 3), (1, 4), (1, 5), (1, 6), (1, 8),
(2, 1), (2, 3), (2, 4), (2, 5), (2, 6), (2, 8),
(2, 1), (2, 3), (2, 4), (2, 5), (2, 6), (2, 8),
(3, 1), (3, 3), (3, 4), (3, 5), (3, 6), (3, 8),
(3, 1), (3, 3), (3, 4), (3, 5), (3, 6), (3, 8),
(4, 1), (4, 3), (4, 4), (4, 5), (4, 6), (4, 8)



Sum: Freq: 1 2 3 4 5 6 5 4 3 2 1

Prob: 1
36
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Prob: .03 .06 .08 .11 .14 .17 .14 .11 .08 .06 .03
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Question

How else can we label a pair of 6-sided dice with
positive integers to get this same probability
distribution?
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Generating functions

Generating function for the throw of one (ordinary) 6-sided die:

p(x) = x1 + x2 + x3 + x4 + x5 + x6

exponent: number of spots coefficient: number of faces

p(x) = x(x + 1)(x2 + x + 1)(x2 − x + 1)

Generating function for the throw of a pair of (ordinary) 6-sided dice:

p(x)2 = x2 + 2x3 + 3x4 + 4x5 + 5x6 + 6x7 + 5x8 + 4x9 + 3x10 + 2x11 + x12

= x2(x + 1)2(x2 + x + 1)2(x2 − x + 1)2
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Generating functions

Find all polynomials q(x), r(x) with

q(x)r(x) = p(x)2 = x2(x + 1)2(x2 + x + 1)2(x2 − x + 1)2

positive integer faces: polynomials

at least one spot on each face:

6 faces on each die:

factor: x x + 1 x2 + x + 1 x2 − x + 1

@ x = 0 0 1 1 1

@ x = 1 1 2 3 1

q(x) = x(x + 1)(x2 + x + 1)??

r(x) = x(x + 1)(x2 + x + 1)??
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Conclusion

Only two partitions of the factors work:

Ordinary dice:

q(x) = x(x + 1)(x2 + x + 1)(x2 − x + 1)

r(x) = x(x + 1)(x2 + x + 1)(x2 − x + 1)

Sicherman dice:

q(x) = x(x + 1)(x2 + x + 1)

r(x) = x(x + 1)(x2 + x + 1)(x2 − x + 1)2

That is,

q(x) = x + 2x2 + 2x3 + x4

r(x) = x + x3 + x4 + x5 + x6 + x8
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Thank you to Professor Gold and Pi Mu Epsilon Ohio Eta.

Congratulations to the new inductees!
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