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Algebra groups

Definition

Let F be a field of characteristic p and order g. Let J be a
finite-dimensional, nilpotent, associative F-algebra. Define G =1+ J
(formally). Then G is a finite p-group. Groups of this form are called
F-algebra groups. We will assume this notation throughout.

Unipotent upper-triangular matrices over F

Theorem (Isaacs (1995))

All irreducible characters of algebra groups have q-power degree.
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Algebra subgroups and strong subgroups

@ Subgroups: 14 X where X C J is closed under the operation
(x,y) = x+y+xy

@ X need not be an algebra.

Definitions

@ If L is a subalgebra of J, then 1 + L is an algebra subgroup of
G=1+J.

e If H < G such that |HN K] is a g-power for all algebra subgroups K
of G, then H is a strong subgroup of G.

Algebra subgroups are strong.
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Strong subgroup example

Example
The subgroup

1 a (3)
H = 0 1 « a€F
0 0 1

is a strong subgroup (but not an algebra subgroup) of the algebra group of
unipotent 3 x 3 upper-triangular matrices over F.

.

(Here (5) = O‘(a;l) is the generalized binomial coefficient.)
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Why study strong subgroups?

Strong subgroups play an important role in the following:

o |.M. Isaacs, Characters of groups associated with finite algebras, J.
Algebra (1995)
(Strong subgroups are central to the proof of main theorem
mentioned above.)

@ A. Previtali, On a conjecture concerning character degrees of some
p-groups, Arch. Math. (1995)
(Similar results for character degrees of certain p-subgroups of the
symplectic, orthogonal, and unitary groups (for p odd). The key to
Previtali's proof is that certain sections of the groups are strong.)

o C.A.M. André, Irreducible characters of groups associated with finite
algebras with involution, J. Algebra (2010)
(Gets stronger and more general versions of the above results using
the fact that certain fixed-point subgroups are strong.)
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Strong subgroups as point stabilizers

Theorem (Isaacs 1995)
Under certain conditions, character stabilizers are strong.

e If JP =0, N QG is an ideal subgroup, and 6 € Irr(N), then the
stabilizer in G of 0 is strong.

e If N < G is an ideal subgroup, and X is a linear character of N, then
the stabilizer in G of \ is strong.

Theorem (2010)

Let H be an algebra subgroup of G =1+ J.
o If JPTL =0, then Ng(H) is strong.

o If JPTL £ 0, then examples exist for which |Ng(H)| = p- q?, and so
Ng(H) need not be strong.
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Example when JP = 0: F-exponent subgroups

o If JA =0, defineexp:J— 1+ Jandlog:1+ J— J by the usual
power series.

e For x € Jand a € F, define (1 4 x)“= exp(« log(1 + x)).
@ We define an F-exponent subgroup to be a subgroup of the following
form:
o (1+x)F={(1+x)¥ae F}
or equivalently
o exp(FX)= {exp(aX)|a € F}

F-exponent subgroups are strong.
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Intersections of strong subgroups need not be strong.

Next, we construct an example to show that the collection of strong
subgroups is not closed under intersection.

Suppose
e g>p>2
e x € Jwith xP =0but x2#0
@ ¢: F — F is a nonzero additive map with ¢(1) =0
e H= {(1 + x)* (1 +X2)€(a)‘ a€ F}
Then
@ H is an abelian subgroup of G of order g
@ 14+ x € Hsincee(l)=0

@ H is strong, as we will show.
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To show H is strong (i.e., |H N K| is a g-power V algebra subgroups K):

o Let A C J, subalgebra, such that HN (1 + A) # 1.

o Then Jap € F, ag # 0 such that (1+ x)2 (1 4+ x2) c1+ A

o le, (1+aox+ --)(1+elag)x®+---)el+A

@ Soagx+---€A

So HN (1+ A) = H.

@ Conclude: H is a strong subgroup of G.
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This generates the algebra xF[x], so xF[x] C A.

Therefore, V algebra subgroups K of G, HNK=1or HNK =H
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Now consider the F-exponent group (1 + x)f = {(1 + x)¥| a € F}:

@ A strong subgroup of G of order gq.

@ Distinct from H since € is not the zero map.
Then we have

o l+xe(l+x)FnH.

e Sol<|(1+x)fnH|<q

@ Thus, (1+ x)F N H is not strong.

@ Conclude: the intersection of strong subgroups need not be strong.
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Ideal frames

Let J be a nilpotent F-algebra with dimg(J) = n. An ideal frame of J is a
basis {vi, ..., vy} of J satisfying

vid, Jvi C Span{vji1,...,Vn}

foralli=1,...,n.

Such bases always exist. For example,

@ Refine the chain JD> J2D>...D>Jm 15 m=0
to a maximalflag J=V1D>W,D>:---DV,.1DV,D0.

@ Choose v e V;\ Vi foralli=1,... n

@ Then {vi,..., vy} is an ideal frame of J.
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Stringent power series

We call a power series J — 1 + J stringent if it is of the form

x—=14+x+apx®+asx3+ -

where ap, a3,... € F.

Example

exp(x) =1+ x+ ’E—T + ’;—T + -+ is stringent.

Let S: J — 14 J be a stringent power series.
@ Then S(ax) ™t =1—ax+---.
o Define S(Fx) = {S(ax) |a € F}.
@ S(Fx) is a subset, but not necessarily a subgroup, of G.
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Expressing elements of G in terms of f(Fx)

For a finite F-algebra group G =1+ J, suppose

® {vi,...,Vn} is an ideal frame of J where n = dimg(J)
@ S:J— 1+ Jis a stringent power series
e Vi=Span{v;,..., vy}

Then

o 1+ V;=S(Fvi)(1+ Viyq) foralli=1,...,n—1;

o Every element of G has a unique representation of the form
S(aaivi)S(aava) - - - S(apviy) where aq, ... ,an € F.

o In particular, G = []7_; S(Fv;).
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Description of strong subgroups

For a finite F-algebra group G = 1+ J, suppose

@ {vi,...,vn} is an ideal frame of J where n = dimg(J)
@ S:J— 1+ Jis a stringent power series
o Vi=Span{v;,..., vy}
If H is a strong subgroup of G, then there exist
e a partition U] = {1,...,n}
o functions ¢;j : F — F forall i € | and j € T with j > i
such that, Va € F, hi(a) = S(awvi) [[;¢; S (€ij(a)vj) is an element of H.
Moreover, every h € H has a unique ;e?resentation of the form
h = [1i¢; hi(ci) where aj € F.
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Suppose H is a strong subgroup of G + 1+ J where JP =0, dimg(J) = 6,
S(ax) = (1 + x)%, and the partition given by the theorem turns out to be
I ={1,3,5} and | = {2,4,6}.

Then there are functions €15, €1 4,€16,€34,€36,¢56 : F — F so that

hl(al) = (1 + Vl)al(l + V2)61,2(a1)(1 + V4)61,4(a1)(1 4 V6)61,6(oz1)
hs(as) = (14 v3)*3(1 + V4)63v4(0‘3)(1 + V6)63,6(a3)
hs(as) = (1 + vs)** (1 + v6)65a6(0‘5)

are all elements of H.

Moreover, every h € H is of the form h = hy(a1)h3(a3)hs(as) for unique
ai,a3,a5 € F.
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