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I. INTRODUCTION

It is widely recognized by many educators that students do not master the post-
secondary mathematics curriculum—concepts such as composition of function,
limits, continuity, compactness of sets, and proof by induction (Moise, 1984).
Efforts to facilitate leaming generally take the form of revising curricula, utiliz-
ing new technology in teaching, or trying to find ways in which teachers can
better convey course material through classroom lectures (Strasbourg Document
de Travail, 1985). What is usually lacking is an attempt to orient instruction
around the actual process of learning (see, however, ADAPT, 1976; and
DOORS, 1979). Instead of hoping that students will leam new material by
imitating the teacher’s behavior or listening to a lecture, it may be more fruitful
to consider the mental processes by which new abstract concepts are acquired.
This latter approach requires an understanding or at least a theory of the psychol-
ogy of concept acquisition.

In our efforts to develop a psychology of instruction for post-secondary math-
ematics we have found the genetic epistemology of Jean Piaget to be of use.
Most attempts to apply Piaget's ideas to teaching have been restricted to primary
and secondary school (e.g., Duckworth, 1979; Schwebel & Raph, 1978). Piaget,
however, argued that cognitive development could be conceived as a life-long
process, consisting of an ever-ascending hierarchy of interdependent concepts
(Beth & Piaget, 1966). Thus, an educator who is attempting to teach new
conceptual material, as in mathematics, is in effect trying to induce cognitive
development.

At the center of Piaget's work is a fundamental cognitive process which he
termed “‘equilibration.’” Speaking informally, we can describe equilibration as
the process by which a knower attempts to understand a given item of informa-
tion by situating that item in the knower’s overall cognitive system. Such situat-
ing occurs as the knower cognitively constructs an understanding of the item
through a process called *‘reflective abstraction’® (to be described in detail be-
low). We believe Piaget's epistemology is rich enough to provide a framework
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for a general psychology of instruction. not only for mathematics. However, our
concern in this essay is with post-secondary mathematics, in particular with two
fundamental concepts of the undergraduate mathematics curriculum, proof by
induction and the compactness of sets.

In this paper, we use Piaget's cpistemology to explore how students either
learn, or fail to learn, these two concepts. Through an application of the model of
equilibration to a series of student interviews, we have been able, we believe, to
generale an account of the arrangements of component concepts and cognitive
connections prerequisite to the acquisition of these concepts. These arrange-
ments, which we call *‘genetic decompositions,’” do not necessarily represent
the way in which trained mathematicians understand these concepts; rather, they
map the way in which students empirically formulate their understandings for the
first time. The implications of such decompositions for pedagogy are, we feel,
quite important.

The structure of the paper, then, will be as follows. Given the importance of
Piaget’s work to our own, we begin with an interpretation of his epistemology,
focusing on the model of equilibration and the concept of reflective abstraction.
We then, in the second part, offer a detailed analysis of our empirical work,
apply Piaget’s epistemology to it, and describe our genetic decompositions. In a
final part of the essay, we explore some of the implications for pedagogy of our
findings.

The last section stops short of offering detailed suggestions for classroom
implementations of our ideas. We do, however, propose an approach to teaching
concepts such as induction and compactness that can be translated into specific
activities with students. Work along these lines is in progress and will be re-
ported elsewhere. It includes both the development of teaching methods that are
based on the epistemology described in this paper and the results of using those
methods in classroom as well as experimental situations.

It might be useful for the reader to know how we conceive our project with
respect to the vast amount of theoretical and empirical work focusing on Piaget
over the last two decades. We are especially concerned that our understanding of
the concept of stages be clear. We believe that we take a fairly orthodox position
in conceiving of the concept of stages as heuristic. (Though in order to avoid
possible misunderstanding, we prefer to call the phases of comprehensuon which
we found *‘levels.’’) As Piaget noted in 1955:

One tries to construct stages because this is an indispensable instrument for
the analysis of formative processes. Genetic psychology attempis to en-
visage the construction of mental functions, and stages are a necessary
instrument for the analysis of these formative processes. But | must vig-
orously insist on the fact that stages do not constitute an aim in their own
right. (Piaget, 1977a, p. 817)

The focus of Piaget's thinking has always been on the dynamics of epistemology,
and the stage conception was simply a means of provisionally organizing a
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massive amount of data. *‘l would compare them to zoological or botanical
classification in biology which is an instrument that must precede analysis'" (p.
817). This perspective has become increasingly clear since the mid-1970s, with a
body of research by Piaget and his Geneva associates focussed explicitly on
reflective abstraction and equilibration.

On the other hand, equilibration, even when recognized as a factor of central
importance for epistemology, requires further specification than that given by
Piaget (Boden, 1982). A variety of neo-Piagetian analyses have been developed
as a consequence. These have taken several forms, including attempts to provide
more careful articulations of the process of reflective abstraction itself (e.g.,
Campbell & Bickhard, 1983; Moshman & Timmons, 1982); attempts to include
related variables such as cognitive style (Neimark, 1981), memory load, and
organization of strategies (Case, 1980; Pascual-Leone, 1984); attempts to articu-
late stage concepts more complex than those entailed by formal operations (Com-
mons, Richards, & Armon, 1984); and re-formulations of cognitive development
in terms of information-processing models (Greeno, 1976; Klahr & Wallace,
1976; Resnick & Ford, 1981). We have found all this work to be useful, and see
this essay as a further contribution to the exciting task of specifying the implica-
tions of Piaget's work for epistemology and education. Perhaps the most impor-
tant of these implications, and one we wholeheartedly affirm, is that the Piage-
tian perspective leaves final authority for an individual's cognitive growth with
the individual, not with the peer, parent, teacher, or any one else. It is the
student’s responsibility to construct knowledge for herself or himself, not to
duplicate the knowledge structure of someone else, however expert they may be.

However, we should also say what all this work, including our own, does not
and probably can not do. These various attempts specify, not the structure of the
cognitive moment in which the reflective abstraction itself occurs, but the variety
of pre-disposing structures and influences which come into play at that moment.
In other words, an optimal specification for equilibration seems only able to
explicate all the prerequisite structures, both necessary and sufficient, for the
cognitive act to occur. It can provide the readiness, but the act itself remains
inaccessible and idiosyncratic, dependent on the particular way in which a given
subject notices and organizes her/his experience. It would seem one never has
direct access to cognilive processes—thought is an unconscious activity of
mind—but, at best, only to what an individual can articulate or demonstrate at
the moment of insight itself. Precisely what occurs at that moment seems as
inaccessible as it is essential.

Il. PIAGET’S EPSTEMOLOGY

Piaget's epistemology is genetic in that it is concemed with describing how
cognitive structures develop over time according to general rules. Since his
epistemology is explicitly concerned with the individual only insofar as that
individual is a knower (and not, for instance, as a member of a society or
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family), it is convenient to refer to this abstracted entity as an *“epistemic
subject.”’ Implicit in Piaget's analysis is the idea that knowledge and understand-
ing are acquired only as the epistemic subject applies its existing cognitive
structures to that of which it becomes aware, which we will refer to as “‘cog-
nitive aliments.”” Aliments are integrated by making the appropriate modifica-
tions in one or more cognitive structures. Piaget has consistently argued that we
must look at knowledge not in terms of the primacy of the knower (which would
imply some version of rationalism or innatism) nor in terms of the primacy of
that which lies outside the knower (which would imply simple empiricism or
associationism, or a Platonism), but in terms of the primacy of the interaction of
the knower with cognitive aliments, as mediated through cognitive structures.

It may be difficult to appreciate how radical Piaget’s conception is, wedded as
we tend to be to the naive realism of the natural attitude. Few would have trouble
agreeing that knowledge is not exclusively a product of our minds, that there is a
“‘real world'" out there. But many are less willing to acknowledge that such
knowledge as they believe they possess does not correspond to how things
“really’” are in a fundamental way, but only coheres systematically so that the
experience of self and world seems integrated and whole. The difficulty of seeing
how extensively our knowledge of the world is a construction can mislead us in
our apprehension and attempted applications of Piagetian theory (and much else
besides). Descriptors such as “‘object,’” “‘event,”” ‘‘situation,”” *‘world,”" *‘re-
ality,”" *‘environment,”" and even such apparently neutral terms as *‘informa-
tion™ or “‘energy’’—everything, in short, of which we claim to have ‘‘experi-
ence’’—must be understood, insofar as we discuss Piaget, to refer to the
outcome of cognitive activity. It is the conclusion, the result, of operations, not
their starting point. (This reading of Piaget as a radical constructivist is devel-
oped by von Glasersfeld, 1985.)

Piaget’s epistemology shares with Kant's the central insight that knowers
construct their knowledge of the world. Let us clarify what *‘construction’
means in this instance. What is not meant is that knowers create the world
solipsistically, so that there is believed to be no reality outside that which a
knower has constructed. Rather, while there is a world that exists independently
of the knower (the Kantian noumenon) it is argued that it cannot be known *‘in
itself,”” with pure and direct immediacy, but is known only mediately, through
the various capacities—biological, neurological, cognitive—of the knower.
Knowledge of the world, then, is *‘phenomenal,” only representing how things
are constructed by the knower,

What we directly experience is (in Kant’s terms) a sensory manifold, or (in
our terms) cognitive aliments, that is, *‘objects,”” ‘‘events,"” *‘experiences,"
and so on which in the instant of their recognition are already unified, accorded a
locus in time and space, and situated with respect to a variety of prior *‘experi-
ences’’ in the mind of the knower. The task Kant set for himself was to try to
understand the conditions under which such unified experience came about,
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which he believed he had found in a variety of hypothesized structures—the
schemata of space and time, the Categories of the Understanding, the Transcen-
dental Unity of Apperception—which collectively guaranteed the organized
quality of lived-experience.

Thinking of Piaget’s epistemology as a development within the Kantian tradi-
tion is a useful first step in understanding it. Piaget too, saw that the unity of
experience was a phenomenon to be explained rather than naively assumed,
However, a necessary second step is to see in what ways Piage| differs from
Kant. He combined an epistemological perspective compatible with Kant with an
explicitly biological orientation, and thus expanded Kant's problem from that of
accounting for the possibility of experience through hypothesized mechanisms to
that of explaining the genesis of these mechanisms themselves. Thus, Piaget
tumned toward empirical psychology as a means of investigating epistemology.
The task of his epistemology becomes that of describing the operation and
construction of those cognitive structures through the application of which expe-
rience itself is constituted. In understanding the development of knowledge from
Piaget's perspective, we are concerned with how the knower's interaction with
the world leads it to construct such categories as *‘object’” and *‘event,”” on the
one hand, and with how this interaction leads it to re-construct and modify these
same cognitive structures, on the other hand. As Piaget observed some 30 years
ago, “‘It is by adapting to things that thought organizes itself and it is by
organizing itself that it structures things'' (Piaget, 1963, p. 8).

The important differences between Kant and Piaget can be stated succinctly.
First, the Kantian schemata and categories are innate and fixed, unchanging over
time, while the Piagetian cognitive structures are constructed from the outset and
undergo systematic changes of increasing differentiation and hierarchic integra-
tion. (Hence, Piaget's epistemology can be described as a ‘‘genetic construc-
tivism''.) Second, the Kantian structures are better conceived in analogy to
neurophysiology than psychology. That is, they organize the activity of the
knower into experience, but do not themselves perform actively. They simply
structure the sensory manifold in accordance with their nature. (While Kant did
not trace this nature into evolutionary biology, contemporary neurophysiologists,
such as Warren McCulloch and Humberto Maturana, whose work is compatible
with that of both Piaget and Kant, have.) Piagetian cognitive structures, in
contrast, are most analogous to psychological ones. They are modes of action on
the world which function as organized systems of transformation. They are
progressively constructed through interaction with cognitive aliments and pro-
gressively re-constructed as a result of continued interactions with later cognitive
aliments in a process called *‘reflective abstraction. " It is, in fact, the process of
reflective abstraction, and the related concept of equilibration, that lies at the
heart of Piaget’s epistemology. In the following paragraphs, we will explore
equilibration and reflective abstraction, and describe what we see as their key
implications for epistemology and psychology.
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Iii. EQUILIBRATION AND REFLECTIVE ABSTRACTION

Piaget distinguishes four factors affecting cognitive development: maturation,
experience of the physical world, influence from the social world, and equilibra-
tion. The first three of these are widely recognized and are given a place within
virtually all developmental theories. The fourth factor, equilibration, represents
Piaget’s unique contribution to developmental theory. He accords equilibration a
position of central importance in his theory because it is the organizing principle
of cognitive development. Without it, the other three factors would be ineffec-
tive—present, but not integrated. The necessity of acknowledging a factor like
equilibration follows from Piaget’s constructivism: If the epistemic subject con-
structs its knowledge of the world, then equilibration expresses the means by
which it does so.

Having created a place for equilibration in the cognitive system, we can
specify its meaning more precisely. Equilibration refers to a series of cognitive
actions performed by a knower seeking to understand cognitive aliments. The
aliment as such, is experienced as novel, resistant, perturbing, disequilibrating—
terms which are roughly synonymous—to the cognitive system of the knower.
This experience of disequilibration motivates the knower to attempt to re-equili-
brate;, it is like an itch that must be scratched. In a process called *‘assimilation,"”
the knower will apply to the aliment the set of cognitive operations which the
knower has previously constructed. In general, the aliment will offer resistance
to assimilation, leading the knower to modify its cognitive structures (a process
called *‘accommodation’’) until the aliment is no longer experienced as resistant.
At this point, the knower has ‘‘understood" the aliment, and the cognitive
system has re-equilibrated through having re-constructed and re-organized itself.
In any given equilibration, there will be a greater or lesser degree of assimilation
and accommodation, though both will always be present to some extent. There
must always be assimilation, for all construction begins with existing cognitive
structures, even if they prove inadequate for the task at hand. And there is always
accommodation, for even in the most trivial and automatic cognitive acts, the
particular aliment under consideration is understood only as cognitive structures
are applied to it. Even in cognitive acts as simple as recognition, that which is
recognized must be ‘‘re-cognized,"’ that is, situated within an already existing
system of cognitive identifications.

What are some of the implications of equilibration for epistemology?

Since cognition begins with the epistemic subject, equilibration is only moti-
vated when the subject apperceives that a cognitive aliment requires assimilation;
it does not occur automatically. Once an aliment is recognized as disequilibrat-
ing, the success of re-equilibration will depend, at least in part, on how adequate
already existing cognitive structures are to accommodate the aliment. Thus, the
integration of novelty can be achieved with greater or lesser degrees of internal
reorganization and reconstruction. For instance, if a student’s existing system of
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mathematical structures includes quantification of logical propositions and a
strong notion of function, then it may be possible to construct the concept of
continuity. If these prerequisite structures are not present, however, then the
leaming experience may have to begin with their construction. This latter situa-
tion often leads to long periods of development during which the student may
have difficulty in accepting the relevance of this prerequisite academic activity.

Further, since the experience of being disequilibrated and of being re-equili-
brated resides in the knower, not in the aliment, it is possible for the knower to
err in that he or she might simply fail to perceive the aliment, or to perceive that
attempts to integrate the aliment are not succeeding. Moreover, the knower can
also be ““‘wrong™" in believing he or she has successfully re-equilibrated, while
from the perspective of an external observer, it may be clear that he or she has
not. That is, a knower can perform the epistemic activity of reflective abstrac-
tion, and still be *“incorrect’ in terms of an observer’s *‘real-world** knowledge.
This is indeed a curious result, but it is one that follows directly from the
proposition that knowers construct their knowledge for themselves.

Attempts at re-equilibration can be more or less successful, depending on a
variety of factors. For our purposes, there are two factors in particular that need
to be isolated: (1) the adequacy of already existing cognitive structures to adapt
to the novel aliment; and (2) the degree to which the subject recognizes her/his
adequacy or inadequacy, and thus the extent of the effort which the subject is
prepared to make in order to equilibrate, if existing structures are not sufficiently
advanced. (It is precisely at this point that influence from the social milieu of
teachers and peers can have the most impact, whether positively or negatively.
But note that social influence becomes an important variable only in the context
of the attempt to equilibrate; it has no independent operative value.)

The most powerful, and cognitively, the most interesting form of equilibra-
tion is that in which particular cognitive structures re-equilibrate to a disturbance
by undergoing a greater or lesser degree of re-construction, a process known as
"‘reflective abstraction.”’ We would argue that in those cases in which successful
learning occurs, reflective abstraction has taken place. Since this concept is
so central to our explanation of the cognitive behavior of our students in try-
ing to learn induction and compactness, we would like to offer a fuller discus-
sion of it.

There are two facets to reflective abstraction. The first is a reflection of one or
more structures onto a higher plane in which the structures function in greater
generality by being applied to new aliments which can even be structures func-
tioning on lower planes. The second is a reconstruction of these reflected struc-
tures into new structures that are distinct from the old ones, although important
similarities may continue to be apparent. As we discuss various ways in which
reflective abstraction takes place it will be seen that each form of this process is
some combination of these two facets. We will mention some examples here, but
the illustrations of these ideas that are most important for us in considering
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advanced mathematical concepts will occur later in the paper when we discuss
induction and compactness.

A simple form of reflective abstraction consists of restriction to essential
attributes. This occurs when the subject realizes that a new aliment, initially
considered to be disequilibrating, can in fact be accommodated. The key factor is
a recognition that in applying particular existing structures, it is necessary that
the aliment have only certain attributes, no matter how different the aliment
seems otherwise. This form of reflective abstraction can be called *‘generaliza-
tion'’ or ‘‘extension.’’ For example, a child’s understanding of commutativity of
addition could be easily extended to multiplication. Later it can be generalized to
include operations on sets such as union and intersection. However, generaliza-
tion is not an invariably comrect strategy. For example, this form of reflective
abstraction allows the structure of commutativity to be applied to matrix addi-
tion, but not to matrix muitiplication.

When this form of reflective abstraction is applied to aliments that are phys-
ical objects, as opposed to operations, the process is called empirical abstraction.
This distinction between objects and actions is often taken as expressing the
essence of the difference between empirical and reflective abstraction, respec-
tively. However, this is not the full story because, as we shall see, there is much
more to reflective abstraction than generalization.

A second form of reflective abstraction is the coordination of two or more
existing structures to obtain a new structure. This construction can be made in
several ways. When a baby leams to obtain a desired object by first reaching and
then grasping, two schemas are coordinated in a series. When a child constructs
the concept of number by coordination of seriation and classification (in particu-
lar, inclusion), the linkage is more in parallel. When we turn to our examples of
induction and compactness, we will see much more complicated ways in which
structures can be coordinated.

It is often the case that different forms of reflective abstraction can be com-
bined. For instance, one or more structures can be reflected onto a higher plane
through generalization and then coordinated to form a new structure whose
components are recognizable as, but different from, previously existing struc-
tures. Again, we will see examples of this in induction and compactness.

Perhaps the most important and powerful form of reflective abstraction in-
volves a process of encapsulation. At any point in time, an epistemic subject
possesses a number of structures which perform processes implicitly, in the sensc
that inputs are processed to obtain the appropriate output, but the subject is not
able to explain what is being done, much less understand the total process. This
is what is going on when children use the *‘INRC group' (as described by
Piaget) long before they are capable of understanding mathematical groups. That
is, the child begins by developing the ability to perform acts which require each
of the four actions 1, N, R, and C (i.c., identity, negation, reciprocity, and
comrelation) separately. Next, they are coordinated into a single system which,
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with its two kinds of reversibility, forms an operation. This operation is in fact a
mathematical group (the Klein 4-group), but the child is not aware of it as such.
It is only later (and it may not happen for everyone) that the epistemic subject
sees the operation as a total structure. Reflective abstraction includes the act of
reflecting on one's cognitive actions and coming to perceive a collection of
thoughts as a structured whole. As a result, the subject can now encapsulate the
structure, and can see it as an aliment for other structures.

When combined with the previous two forms of reflective abstraction, this
leads to a highly complex and very non-linear organization of structures (e.g.,
see Chart I). A structure is, in some sense, a form, acting on various aliments as
content. After encapsulation this form can become content for other structures
which, when generalized, can act upon the encapsulated structure as an aliment.
The encapsulated structure still exists on a lower plane, and can act on aliments
appropriate for it when necessary. In this way, the process of reflective abstrac-
tion can construct the very complicated structures required to handle extremely
abstract logico-mathematical entities.

We should mention, to conclude our description of reflective abstraction, that
this process takes time. It can take time before a subject realizes that the existing
structures are not really sufficient to assimilate an aliment and the disequilibra-
tion has not been removed. More time is spent in generalizing and reconstructing
an existing structure or in coming to see it consciously as a structured whole
(i.e., encapsulating it). Coordinating different structures may not be in-
stantancous. Finally, once a new structure has been constructed and the system
can re-equilibrate by assimilating the disequilibrating aliment, this experience
may have to be repeated a large number of times with variations of the aliment
before the new structure becomes stable and permanent.

Retumning now to our discussion of equilibration, we describe a detailed
model which Piaget developed in the mid-1970s (Piaget, 1977b). Although
imperfect, it is a valuable first attempt to specify exactly what happens in cog-
nitive development. In this model, he distinguished three distinct types of cog-
nitive behavior—called alpha, beta, and gamma behavior—employed by the
knower as it seeks to comprehend novelty.

At the most naive level, cognitively speaking, a subject can simply deny that
its already existing cognitive system cannot integrate the novely in question, or
alternatively, can recognize that the aliment is challenging, but integrate it in an
unstable or inadequate way which cannot withstand criticism, or which shifts
from moment to moment. This type of cognitive activity is referred to as “*alpha
behavior'; in it, no reflective abstraction occurs, for there is only the ap-
pearance, but not the reality, of cognitive re-construction. One of our findings
was the frequency with which alpha behavior occurs. That is, we found with
disheartening regularity instances in which students thought they had understood
and mastered a particular concept that they in fact had not.

are many examples of the results of instruction in the literature that can
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be described as alpha behavior. One is the well-known *‘reversal problem’” (see,
e.g., Clement, Lochhead, & Monk, 1981). In elementary algebra, Rosnick and
Clement (1980) report that student misconceptions regarding the use of variables
for unspecified numbers are deep seated and strongly resistant to several different
teaching methods. They even document situations in which college students will
distort “‘objective reality’’ (such as relative amounts of oil and vinegar in a
bottle) in order to assimilate aliments without revising their existing, inadequate
structures. The difficulties persist even with more advanced topics in mathemat-
ics, such as limits and continuity. Tall and Vinner (1981) observed cases in
which the formal definition of a concept was very different from the internal
cognitive structures which students seemed to have available for working with it,
By the simple expedient of ignoring the resulting conflict, students repeatedly
produced incorrect answers which they considered satisfactory. Again, it was
found that traditional teaching methods did not correct these errors.

Alpha behavior is not limited to mathematics education, however. The use of
phenomenological primitives among physics students (diSessa, 1985) appears to
be another instance of this phenomenon, and we suspect that alpha behavior in
general is widespread across the curriculum,

The most recent work of the Geneva School (Inhelder, Sinclair, & Bovet,
1974; Karmiloff-Smith & Inhelder, 1975: Piaget, 1978) has suggested why alpha
behavior should be so common. Their work with preschool and school age
children has shown that it seems to be the natural tendency in the construction of
knowledge to focus first on the most obvious perceptual features of a phe-
nomenon, quite literally, to notice in a naive way *‘what happens.’” But merely
focussing on the positive aspect—what Piaget calls **affirmations’'—is not
sufficient for attaining operational knowledge, for such a focus does not entail
reversibility. It is not until the child compensates for affirmations by mentally
constructing what Piaget calls *‘negations,”" or an anticipated negative which
would restore the situation to its original state, that an equilibration has taken
place. The work of the Geneva School has shown how slowly such an awareness
develops (and again, it is at this point that social interaction can be crucial) for
understanding frequently lags behind successful performance (Piaget, 1978). We
belicve we have found analogous phenomena in our work with mathematics
concepts, where students are only able to perform explicit calculations in well
rehearsed situations (imitative behavior) but are not capable of seeing the cal-
culation as an implementation of an idea which can be applied as well in other,
unfamiliar situations (autonomous behavior).

A second type of cognitive behavior occurs when the subject succeeds in
assimilating a novel aliment through cognitive construction. This is **beta behav-
ior""; in it, reflective abstraction occurs as (1) the cognitive system as a whole is
enriched by being re-organized to accommodate the new structure, and (2) the
novel aliment is understood in that it is located within the re-constructed domain
of concepts. Beta behavior is the paradigm case of successful leamning.



