7 The Singular Value Decomposition
Lecture 6 discussed the least-squares approximation problem

min [[Ax — b||, (1)
xeR”
where A € R™*" is a matrix with more rows than columns (m > n) and b € R™, and its
solution by QR factorization of A. This lecture describes another factorization, the singular value
decomposition, or SVD for short, which also can be used to solve least-squares problems. The SVD
of a matrix is more complicated and expensive to compute than the QR factorization; however,
the SVD provides more insight into the problem being solved and can be applied also in situations
when QR factorization cannot, such as when the columns of A are linearly dependent. We first
discuss properties and applications of the SVD. At the end of this lecture, we describe some of the
computations required to determine the SVD of a matrix.
The SVD of A € R™*", where we assume that m > n, is a factorization of the form

A=UxvT, (2)
where U = [uj,ug,...,uy] € R™™ and V = |[vq, va,...,v,] € R"™" are orthogonal matrices and
o1 O
o2
Y= e R™™, o1 >09 2> >0y, >0,
On

is a (possibly rectangular) diagonal matrix with the nonnegative diagonal entries enumerated in
decreasing order. The last m —n rows only contain zero entries. The o; are referred to as singular
values, and the u; and v; as left and right singular vectors, respectively. The SVD also can be
defined for matrices with more columns than rows; then the diagonal matrix ¥ has n — m trailing
zero columns. This lecture is concerned with the situation when m > n.

Since the last m —n rows of ¥ only contain zeros, the decomposition (2) also can be written in
the form

A = ZJjUjV?. (3)
7=1

This representation only uses the first n columns of U.
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7.1 The range and null space of a matrix via its SVD

Some singular values of A may vanish. Assume that A has ¢ positive singular values, i.e.,

o1>...20>0p1=...=0,=0. (4)

The range of the matrix A easily can be determined from its singular value decomposition. We
have
range(A) = {Ax :x e R"} = {USVTx:x e R"} = {UXy : y € R"}, (5)
where
y= [y17y27 s 7yn]T = VTX-
Let ¢; = ojy; for j =1,2,...,£. Then the right-hand side of (5) can be written as

L

range(A) = {U¥y :y e R"} = Zujcj :¢; € R p =span{uj,uy,...,us}. (6)
j=1

Hence, range(A) is spanned by the columns of U that are associated with positive singular values
in the representation (3). These columns form an orthonormal basis for the range.

Recall from Lecture 1 that the dimension of range(A) is referred to as the rank of A. It is
denoted by rank(A). It follows from (6) that rank(A) = ¢, i.e., the rank is the number of positive
singular values.

Assume that the columns of the matrix A are linearly dependent. Then A has a nontrivial null
space null(A); see Lecture 1 for the definition of null(A). The null space can be expressed in terms
of the last columns of the matrix V. We have

null(A) = {x eR": Ax =0} = {x e R": UXVTx =0} = {x ¢ R" : ¥VTx = 0},

where the last expression is obtained by multiplying the equation ULV7x = 0 by U” from the left.
Any vector x € R" can be written as a linear combination of the columns v; of the matrix V/,
ie.,x =Y ", v,c; for certain coefficients ¢;. Substituting this expression into

j=1
YVTx=0
and using the orthogonality of the columns v; gives the equation

T
[0161702627"‘7O-€Cf70-f+lc€+17‘ . '7Uncn] =0.

Since o > 0 for 1 < j < 4, it follows that ¢; = 0 for these index values. Moreover, o; = 0 for
¢ < j < n implies that the coefficients c; for these j-values are arbitrary. We conclude that

n

null(4) = ¢ x = Z vicj,¢; € R p =span{vyi1,Veto, ..., Vot (7)
j=t+1



Thus, null(A) is spanned by the columns of V associated with vanishing singular values. If all
singular values are positive, then null(A) = {0}.
The singular value decomposition of AT is given by

AT = (uxvhT = vxTy?
and analogously to equations (6) and (7), we obtain

range(AT) = {VETUTx:xeR™} ={Vxly:y e R™}

l
= Zvjcj t¢j € R p =span{vy,vo,..., v/}

j=1
and
null(AT) = {xeR™: ATx =0} ={xeR":2TUTx = 0}
(9)
m
= Z ujcj,c; € R p =span{upii, usyo, ..., Un}.
j=t+1

Comparing equations (6) and (9) shows that the sets range(A) and null( A7) are orthogonal,
i.e., any vector in range(A) is orthogonal to any vector in null(AT). Moreover, the union of these
spaces is spanned by all the columns of U, i.e., the union is R™. This result is sometimes written

as
range(A) @ null(AT) = R™. (10)

Similarly, a comparison of (7) and (8) shows that the sets null(A) and range(AT) are orthogonal,
and that the union of these sets is R™. This property is sometimes expressed as

null(A) @ range(AT) = R". (11)
The properties (10) and (11) are shown in different, more complicated, ways in standard Linear
Algebra courses. Our reason for discussing these results here is to illustrate that they follow quite
easily from the SVD of A.
Exercise 7.1
What is the singular value decomposition of the matrix
20
— ?
A [ 2 } .

Determine the solution with a paper and pencil! O



Exercise 7.2

What is the singular value decomposition of the matrix
2 0
A= ?
Determine the solution with a paper and pencil! O

Exercise 7.3

Compute the SVD of the matrix

o N =
R CANNC I V)
_ O W

What are the range and null space of A? You may use the MATLAB/Octave commad svd to
determine the SVD. O
7.2 The SVD applied to matrix norm computations

Recall from Lecture 1 the definition of the matrix norm induced by the Euclidean vector norm,

1411 = mmax [l 4x] (12)

Substituting the SVD of A into the right-hand side of (12) yields

|A|| = max |[USVTx].
[Ix[|=1
Using that the Euclidean vector norm is invariant under multiplication by an orthogonal matrix
allows us to discard the matrix U above. Moreover, letting y = VTx and observing that |y|| = ||x||
(since VT is orthogonal), it follows that

|A]| = max HEVTXH = max || Xy|| = o1.
lIx[|=1 \ 1

The last equality is obtained by explicitly writing up the norm of the vector Yy and determining
when the norm is maximal. We have shown that

IA]l = o1 (13)

In words, the norm of a matrix is the largest singular value of the matrix.



Let the matrix A € R™ ™ be invertible. We will use the above result to determine the norm of
A~!. Consider the SVD (2) of A. Since A is square, so are the matrices U, %, and V. Moreover,
since A has is invertable, its smallest singular value, oy, is positive. This follows for instance from
the observation that if o,, = 0, then the right singular vector v,, is in null(A). However, we know
that null(A4) = {0}. Thus, the matrix X is invertible and we obtain

A7 = (v~ = vyluT. (14)

The right-hand side is the SVD of A~! up to a reordering of the columns of U and V; see Exercise
7.4. Reordering does not affect the size of the the singular values, which are the diagonal entries
of ¥71. Thus, A~! has the singular values

-1 -1 -1
0p 20, 12...2071 .

The largest singular value of A~! is o, 1. Therefore,
A7 = ot (15)

In words, the norm of the inverse of a matriz is the reciprocal of the smallest singular value of the
matrix.

Exercise 7.4

Express the SVD of A~! in terms of the matrices U, ¥, and V in the SVD of A; cf. (14). Note
that the columns of U and V have to be reordered suitably. O

7.3 Approximations of A determined by its SVD
Our starting point is the representation (3) of A. Assume that the singular values satisfy (4). Then

each term ajujva with 1 < j < /in (3) is a rank-one matrix. Introduce, for 1 < k < ¢, the matrices

k

T

A = Zcrjujvj . (16)

j=1
Thus, rank(Ay) = k. We also will require the diagonal matrices ¥, obtained by setting the singular

values og41,0%+2,...,0¢ to zero in the matrix 3.
Let 1 <k < /. The difference A — Ay is small if the singular values oy11, 0g12,...,0¢ are small.

We have ,
A— A = Z ouvi =USV! —Un, v’
j=k+1



and, therefore,
|A = Al = IUSVT —US V| = [IT — k]l = okt (17)

In the special case, when k = n, we define 0,11 = 0.

The equality (17) shows that if k is chosen so that ojy; is small, then Ay is an accurate
approximation of A. In some applications with large matrices A, we may choose k to be much
smaller than ¢ and still obtain an acceptable approximation of A. Instead of storing the matrix A,
it therefore suffices to store the first k£ left and right singular vectors and singular values in the sum
(16). This illustrates how the SVD can be applied to data compression.

We have the following remarkable result:

[A—Agl|= min [A—- Bl =0k
BE]Ran

rank(B)<k

Thus, the matrix Ay, is the best possible rank-£ approximation of A. The proof is not very difficult,
but outside the scope of this course.

Z axis

Y axis

X axis

Figure 1: The surface represented by the function of Example 7.1.
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Figure 2: The 50 largest singular values of the 1401 x 1401 matrix A of Example 7.1.

Example 7.1

Let the matrix A = [a;;] € R0 represent a discretization of the surface

z=1—-22—9y2, —07<uz,y<0.7.

Specifically, let

aij =1 —af —yj, @ =y =-07+A(G—1), A=0001, 1<i,j<140L

Figure 1 shows a plot of the surface. The first 50 singular values of the matrix A are displayed
by Figure 2. These singular values are seen to decay to zero rapidly, which suggests that an
accurate approximation of the matrix can be determined by a sum of the form (16) with few
terms. For instance o1 = 1.1-10%, 05 = 1.0 - 1072, and 0 = 1.1 - 1073. Tt follows from (17) that
|A— As|| = 1.1-1073. Therefore the surface represented by Aj is indistinguishable from the surface

represented by A with the resolution of Figure 1. O

Exercise 7.5

J——
Each term o; u;v;

Exercise 7.6

Show equation (17). O

in the right-hand side of (16) is a matrix of rank one. Determine its norm. O



Exercise 7.7

What is the best rank-2 approximation A of the matrix in Exercise 7.37 What is [|[A — As||? O

Exercise 7.8

Reproduce the graphs of Figure 1 and 2. Use the MATLAB commands meshgrid and surface for
the former and semilogy for the latter. The MATLAB command hold also may be useful. O
Exercise 7.9

Investigate whether a 501 x 501 matrix that represents the surface exp(—a2 — 2y?), -1 < 2,y < 1,
can be represented by a matrix of the form (16) of low rank k. Use the MATLAB commands
meshgrid and surface. Verify experimentally that (17) holds. O

7.4 Computation with the SVD

We turn to the application of the SVD to the solution of the least-squares problem (1). Substitute
the SVD (2) into (1), and introduce the vectors

Y= [W1,v2, - yn)t =V, b =[b1,ba,....bn]" =UTD.
We obtain, by using the orthogonality of U, that

min [|Ax — b| = min [|[USVTx — b|| = min |EVTx — UTb|| = min |Zy — b]. (18)
xER™ xER™ xER™ yER™

The least-squares problem on the right-hand side of (18) involves a diagonal matrix and can be
solved explicitly. Assume that the singular values satisfy (4). Then we have

l n
2 72
g5 I = i3 oy = i { S S
j=1 J=t+1
where the last equality follows from the fact that op11 = 0p19 = ... = o, = 0. If null(4) = {0},
then o, > 0 and ¢ = n. The last sum vanishes in this situation.
The least-squares problem (19) has the solution
b; ,
gj
Yj arbitrary, {<j<n. (21)
In many applications one sets the arbitrary components of the vector y = [y1,v2,...,%n]’ to zero.

This gives the least-squares solution y of minimal norm. The associated solution x = Vy of the



least-squares problem also is of minimal norm, since the norm is invariant under multiplication
by the orthogonal matrix V. This solution of the least-squares problem (1) is referred to as the
minimal norm least-squares solution. It is unique.

We remark that when A is of rank less than n, the solution method of Lecture 6 typically
will not give the minimal norm least-squares solution. The upper triangular matrix in the QR
factorization of A will be singular; it will have at least one zero entry on the diagonal. This shows
that the least-squares problem does not have a unique solution; however, it is difficult to determine
the least-squares solution of minimal norm using the QR factorization of A.

When some positive singular values are “tiny,” we see from (20) that the computed solution
may have large components. Assume that the smallest positive singular value is much smaller than
the largest singular value. Then it may be meaningful to set the former to zero. The representation
(3) of A shows that setting a tiny singular value to zero induces a tiny change in A; a term, say,
onu, Ve of tiny norm o, is replaced by the zero matrix. This small modification of A will not
affect the minimum value (19) significantly. However, the modified problem may have a solution
of much smaller norm than the original problem and therefore be more meaningful in the context
of an application. The following section illustrates this for polynomial approximation.

Exercise 7.10

Let A be the matrix of Exercise 7.3 and let b = [1,1,1,1]7. Determine the least-squares solution
of

min ||[Ax — b

xER3

by using the MATLAB command x = A\b. Is this the minimal norm least-squares solution? O

7.5 An application to polynomial approximation

We consider the problem of approximating the function f(¢) = exp(¢) on the interval [0, 1] by a
polynomial of degree at most 10 by using 11 function values at equidistant points. The available
function values are contaminated by error, which, for instance, may stem from poor software for
evaluating the exponential function.

Denote the exact function values, which are assumed not to be available, by f; = exp(t;),
1 < j < 11, where the nodes are defined by t; = (j —1)/10, 1 < j < 11. Thus, the nodes are
equidistant on the interval [0, 1]. Let

fi=fj +nj, 1< <11,

denote the available approximations of f;. Here 7; is the error in fj; the n; are normally distributed
random numbers with zero mean and their variance (scaling) corresponds to a relative error of 1%
in the following sense: Introduce the vectors

f=[f1, fa,-., fu1]%, n=[m,n,...,mi’.
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Figure 3: The function f and the polynomial that interpolates f at 11 equidistant nodes (red
dashed graph), the polynomial that interpolates the error-contaminated approximations f (black
solid graph), the interpolation points (marked by #), and the polynomial obtained by computing
the SVD of the Vandermonde matrix and setting the singular values o; to zero for j > 5 (blue
dash-dotted graph).

The variance (scaling) of n is such that ||n||/[|f]] = 0.01. We refer to the vector n as “noise.” It
easily can be generated in MATLAB in the following way:

n = randn(11,1); n = n/norm(n); n = n x norm(f) « 0.01;
We first compute a polynomial
p(t) =c1 + cot + 03t2 + ...+ Clltlo, (22)

which attains the exact function values f; at the nodes t;. This polynomial will be used for
comparison. Thus, p satisfies

plty) = ft;),  1<j<1L (23)

The polynomial p is said to interpolate f at the nodes t;. The latter are also referred to as
interpolation points.
Substituting (22) into (23) yields a linear system of equations

Ac =f, (24)

10



where

1t 2 0
1ty t3 ...t

A= N C = [61,62,...,611]T. (25)
1oty t2, ...t

Matrices of the above form are known as Vandermonde matrices. They can be shown to be non-
singular when all nodes ¢; are distinct. For instance, 2 x 2 Vandermonde matrices satisfy

1 ¢
det|:1 t;:|:t2—t17é0.

The nonsingularity of n x n Vandermonde matrices with distinct nodes can be shown by induction
and guarantees the existence of a unique interpolation polynomial. In particular, the linear system
of equations (24) has a unique solution.

We measure the approximation error using a discrete uniform norm that evaluates f —p at 101

equidistant nodes in [0, 1]:
j—1 j—1
f(100> p(mo)"

This yields ||f — plloc = 1.8 - 1073, Thus, when using exact function values, the polynomial
determined by solving the Vandermonde system (24) approximates f on the whole interval [0, 1]
very accurately. The dashed red graph of Figure 3 depicts this polynomial as well as the function
f; the graphs are too close to distinguish.

We now determine the polynomial

Hf—Mh=1§gh

P(t) = & + éat + E3t* + ...+ &' (26)
that interpolates the contaminated function values fj, ie.,
Blt)=f;, 1<j<1L (27)
Substituting (26) into (27) gives the linear system of equations
Aé =f, (28)

where f = [fl,fg, .. ,fn]T and ¢ = [¢1,¢2,...,¢11]T, for the coefficients of ¢; of 5. The black
continuous graph of Figure 3 displays p. The points {(¢;, f]) j11:1 are marked by .

The graph shows the polynomial p to be a poor approximation of f. Moreover, the error in p
is seen to be larger between the nodes ¢; than at the nodes. We have

If = Blloc =1.6-107"

11



and
. — fj|=37-107%
1%%}%1 |f] f]|

There are two fairly simple approaches to determining a better polynomial approximant from
the available data: i) fit a polynomial of lower degree using the least-squares method, or ii) compute
the SVD of the Vandermonde matrix and set a few of the smallest singular values to zero in order
to avoid division of by tiny numbers, cf. (20), and the possible resulting error propagation. We
will use the latter approach.

Consider the SVD of the Vandermonde matrix (25),

A=UxvT
with the orthogonal matrices
U =[uy,uy,...,u;] € RIXL V = [vi,va,...,vi1] € RIX
and the diagonal matrix
¥ = diag[oy, 02, ..., 011], o1 > 09> ...>011 > 0.

Using this decomposition, the solution of (28) can be written as

11
1z TR f;
=AM =VvsUTE=) vy, (29)

o

with

N

fz[flvau"'vfll]T ::UTE..

Figure 4 displays in logarithmic scale the singular values of A. The singular values can be seen
to decrease faster than exponentially with increasing index j (exponential decrease would result in
a straight line with negative slope).

The presence of tiny singular values implies that we divide by tiny numbers in the sum in (29).
In order to gainAfurther understanding of whether this causes error propagation, we also plot the

the numerators f ; of this sum.

Figure 5 shows in logarithmic scale the magnitude of the components of the vectors f=UTf
and f = UTf. The magnitude of the components of the former vector is seen decrease to zero much
more rapidly with increasing index j. The difference in magnitude of the components of f and f

depends on the error in the latter vector. The error in the components of f with large index is
divided by small singular values. This amplifies the influence of the errors in the function values
fj on the computed polynomial coefficients.

12
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Figure 4: Singular values o; of the Vandermonde matrix A versus j.

*O

Figure 5: Magnitude of the components f ; of the vector f in the numerator in the sum in (29)

versus j (black ) and magnitude of the components of the error-free vector fj versus j (red circles).
The magnitude of the latter components is seen to decrease to zero faster.

A remedy for this problem is to ignore the last terms with tiny singular values in the sum (29).
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¢ =
0.162
0.136
0.035
0.026
0.025
0.022
0.020
0.019
0.020
0.134
0.985

— =
O O =

N W OO N

Table 1: Approximation error for polynomials O determined by the entries of the vector ¢ given
by (30).

We therefore determine the approximate solution
¢ };
a0 — E ' Jy.
c\ = v 30
el (30)

to the linear system of equations (28) for some ¢ < n. Choosing the number of terms ¢ is equivalent
to replacing the Vandermonde matrix A by a nearby matrix of rank /.

Let () denote the polynomial determined by the coefficients in the solution vector ¢!¥). Table
1 shows how well the p¥) approximate f for different values of £. The table shows the error to be
the smallest for ¢ = 4, i.e., when the Vandermonde matrix A is approximated by a matrix of rank
4. The blue dash-dotted graph of Figure 3 displays $*). This graph is much closer to the graph of
f than the graph for the interpolating polynomial p.

These computations illustrates that the SVD may be used to determine accurate polynomial
approximants when interpolation does not. The determination of the value of £ in (30) that yields
the polynomial that best approximates f is often is not easy when f is not explicitly known. A

graph for the components of the vector f often is helpful for choosing an appropriate £. We may,

for instance, choose ¢ small enough to exclude terms associated with coefficients f ; that do not
decrease in magnitude. This approach applied to the present problem gives the value ¢ = 6; see
Figure 5. This value is not optimal; however, Table 1 shows the error for the polynomial 5 to be
almost as small as for the best polynomial p®.

14



Exercise 7.11

Carry out the computations of Subsection 7.5 with relative noise ||n||/||f|| = 0.1 and ||nl|/||f|| =
0.001. Determine analogs of Table 1. What are the optimal values of ¢ for these noise levels? O

Exercise 7.12

Discuss how one might be able to determine a suitable value of ¢ in Exercise 7.11 when the errors
fj — f; are not known? O

Exercise 7.13

Solve the polynomial approximation problem of Section 7.5 by using QR factorization of the matrix
A. Polynomials of lower degree can be fitted by removing the last column(s) of A. How does the
QR factorization change when the last column of A is removed? Compare the quality of computed
polynomial of different degrees. See Example 6.5 of Lecture 6 for more details on polynomial
least-squares approximation. O

7.6 Computation of the SVD

The computation of the SVD (2) of an m x n matrix A with m > n requires about 10mn? arithmetic
floating point operations and therefore is quite expensive for large matrices. The first phase of
the computation is to reduce A to a bidiagonal matrix using Householder transformations. The
first Householder transformation, Hy, is applied from the left-hand side to create zeros below the
diagonal in the first column, just like the first step of QR factorization. Let for notational simplicity
A be a 5 x 4 matrix and denote entries that may be nonzero by *. Then

*

H A=

I I S G O
E I S S
* Xk X X X

We next apply the Householder matrix Hs from the right-hand side to create zeros in all but the
first two entries of row one. This yields

H{AH, =

O R
* K X K
E I R

15



We refer to the matrix Hy as a Householder matrix, but strictly speaking it is of the form H®
in formula (11) of Lecture 6. Note that one cannot also zero out the (1,2)-entry of H1 A without
risking fill-in of nonzero entries in the first column. Therefore, we determine a bidiagonal matrix
instead of a diagonal one.

Another Householder matrix, Hs, is applied from the left-hand side to set all elements below the
diagonal in the second column to zero. This matrix is of the form H®) in formula (13) of Lecture
6. The matrix H3 does not affect the first row and first column of H; AH5. Thus,

* ok
* ok X
H3H1AH2 = * ok
* %
k%

We now apply the Householder matrix Hy from the right-hand side to set the (2,3)-entry to zero
and the Householder matrix Hs from the left-hand side to zero out all entries below the diagonal
in the third column of the resulting matrix. This gives the matrix

k%
k* ok
H5H3H1AH2H4 = * ok s
*
*

which is almost bidiagonal. It remains to apply a Householder matrix, Hg, from the left-hand side.
The matrix Hg acts on the last two rows of Hs H3Hy AHoH,4 and is designed to set the (5,4)-entry
to zero. This gives the desired bidiagonal matrix

H6H5H3H1AH2H4 = * % . (31)

The next phase of the computation of the SVD of A is to transform the bidiagonal matrix
(31) to diagonal form. This will give ¥. The transformation of the matrix (31) to diagonal form
is carried out by application of orthogonal matrices from the left-hand side and from the right-
hand side. This is an iterative process, which requires the application of quite a large number
of orthogonal matrices. The product of all orthogonal matrices applied from the left-hand side,
including HgHsH3Hy, makes up the matrix U7 in (2). Similarly, the product of all orthogonal
matrices applied from the right-hand side, including Hs Hy, makes up the matrix V.

This method for computing the SVD of a matrix is closely related to methods for determining
eigenvalues and eigenvectors of a symmetric matrix. The latter methods will be discussed in a later
lecture, and we will return to the computation of the SVD at that time.

16



Exercise 7.14

Reduce the matrix

A=

o N =
N Ut W N
DY = W

to bidiagonal form by application of Householder matrices. O

Exercise 7.15

The reduction to bidiagonal form can be sped up when the matrix A has many more rows than
columns by first computing its QR factorization and then reducing the triangular matrix to bidi-
agonal form as descibed above.

Assume that the QR factorization of the matrix A € R'9%3 is available. Describe how a
bidiagonal matrix can be determined from the upper triangular matrix in the QR factorization by
application of only two Householder-type matrices. What is the analog of (31)7 O

Exercise 7.16

What is the computational effort required to compute the bidiagonal form (31)? You may assume
that m =n. O

Exercise 7.17

What is the computational effort required to compute the bidiagonal form (31) when m > n? The
computations can be arranged as in Exercise 7.15. O
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