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WEIGHTED RATIONAL APPROXIMATION
IN THE COMPLEX PLANE *

By I. E. PRITSKER and R. S. VARGA

ABSTRACT. — Given a triple (G, W, v) of an open bounded set & in the complex plane, a weight function W(z)
which is analytic and different from zero in G, and a number  with 0 < + < 1, we consider the problem of
locally uniform rational approximation of any function f(z), which is analytic in G, by weighted rational functions
{W’"i+7"i(z)Rmi,nl(z)}zo, where R, n, (%) = Pm,(2)/Qn,; () with deg P,,,;, < m; and deg Q,, < n; for
all ¢ > 0 and where m; + n; — 0o as i — oo such that lim m;/[m; + n;] = 7. Our main result is a necessary

100
and sufficient condition for such an approximation to be valid. Applications of the result to various classical
weights are also included. © Elsevier, Paris

1. Introduction and general results

In this paper, we shall develop the ideas of [11] and apply them to the study
of the approximation of analytic functions in an open set G by weighted rationals
W™+ (2) Ry n(2). Specifically, we examine triples of the form

(1.1) (G, W),
where
(4) (G is an open bounded set in the complex plane C, which can
be represented as a finite or countable union of disjoint simply
o
connected domains, ie., G = U Gy (where 1 <o < x0),
=1 ’

ii) W(z), the weight function, is analytic in G with W (z) # 0
for any z € G, and

(1.2)

iti) -y satisfies 0 <y < 1.
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178 I. E. PRITSKER AND R. S. VARGA

We say that the triple (G, W, ) has the rational approximation property if:

( for any f(z) which is analytic in G and for any compact

subset £ of G, there exists a sequence of rational func-
tions { Ry, n, (2) 1520, Where Ry, . (2) = P, (2)/Qn,(2), with
deg P, < m; and deg J,,, < n; for all ¢ > 0, and where

(1.3) 4 (m; + n;) — 0o as ¢ — oo, such that
i)  lim =,
) P00 M + Ny K
and

) Jim |f — WTR,

e=0,

where all norms throughout this paper are the uniform (Chebyshev) norms on the indicated
sets.

Given a triple (G, W, ), as in (1.1) which satisfies the conditions of (1.2), we state
below our main result, Theorem 1.1, which gives a characterization, in terms of potential
theory, for the triple (G, W, ) to have the rational approximation property. Also, let M(E)
be the set of all positive unit Borel measures on C which are supported on a compact set
E, ie., for any y € M(FE), we have 4(C) = 1 and supp 4 C E. Also, G denotes the
boundary of the set (7, and the logarithmic potential of an arbitrary compactly supported
signed measure p is defined (see Tsuji [18], p. 53) by

1
(1.4) Ut(z) == /10g————— du(t).
|2 — ]
THEOREM 1.1. — A triple (G, W,~), satisfying (1.2), has the rational approximation
property (1.3) if and only if there exist a signed measure

(1.5) WG W,y) =yt (G, W,y) = (1 =y (G, W,7),
with pH (G, W, ), p~ (G, W,~) € M(0G), and a constant F(G, W, ~) such that
(1.6) UGN (2) —log |W(2)| = F(G,W,~), foranyz € G.

Below, we state some consequences of Theorem 1.1, while in Section 2, we state
applications of Theorem 1.1 in a number of specific cases. The proofs of all results in
Sections 1 and 2 are given, respectively, in Sections 3 and 4.

Remark 1.2. — Results on weighted rational approximation of analytic functions in
open sets with multiply connected components (as opposed, in (1.2i), to unions of simply
connected domains) will be considered elsewhere.

Remark 1.3. — The condition in (1.2ii) that W (z) # 0 for all z € G cannot be dropped,
for if W(z) = 0 for some 2o € Gy, where G = |J;_, Gy, then the necessarily null
sequence {W™it" (20) Ry, n, (20) }iop trivially fails to converge to any f(z), analytic in
G, with f(zo) # 0; whence, the rational approximation property fails.

COROLLARY 1.4. — A triple (G, W, ), satisfying (1.2), has the rational approximation
property (1.3) if and only if (1.3) holds for f(z) = 1, i.e., if and only if this single function
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WEIGHTED RATIONAL APPROXIMATION IN THE COMPLEX PLANE 179

is locally uniformly approximable on compact subsets of G by a corresponding sequence
of the weighted rational functions.

Remark 1.5. — The function f(z) = 1 in Corollary 1.4 can be replaced by any function
which is analytic in G and not equal identically to O in G.

CorOLLARY 1.6. — Given a triple (G, W,~), which satisfies (1.2) with o finite, assume
that there exist a constant F' and a signed measure [ with

(1.7) supp p C 0G  and p(C) =2y -1,
such that
(1.8) Ur(z) —log|W(z)| = F, foranyz € G.

Then, the triple (G, W,~) has the rational approximation property (1.3) if and only if the
signed measure p can be decomposed as

(1.9) p=yut =1 =y,
with pt,u= € M(9G).

Furthermore, let a Jordan decomposition of the signed measure [i, satisfying (1.7) and
(1.8), be given by ‘

(1.10) p=1t—77,

where TV and T~ are positive measures with

(1.11) supp 77, supp 7~ C G and pu(supp 7T Nsupp 77) = 0.

Then, the triple (G, W,~) has the rational approximation property (1.3) if and only if
(1.12) 77(C) < 7.

If (1.9) or (1.12) holds true for a signed measure . satisfying (1.7) and (1.8), then
(1.13) WG, W,y)=p and F(G,W,v)=F.

The study of weighted rational approximation has recently been introduced in papers
by Borwein and Chen [1], Borwein, Rakhmanov and Saff [2], and Rakhmanov, Saff, and
Simeonov [12]. The last two papers deal with weighted rational approximation only on
the real line. Certain special cases of the triples (G, W, ), in the notation of (1.1), were
considered in the complex plane in [1], but that research did not attack the general question
of necessary and sufficient conditions for (G, W, ) to have the rational approximation

property of (1.3), as in Theorem 1.1.
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180 I. E. PRITSKER AND R. S. VARGA
2. Applications

Finding the signed measure (G, W, ) of Theorem 1.1, or verifying its existence, is a
nontrivial problem in general. Since U*(%W:Y)(z) is harmonic in C\ supp u(G, W, ~) and,
since it can be shown from (1.6), if log |W(z)| is continuous on G and if G is a finite
union of G, £ = 1,2, ..., £, that UGV (2) is equal to log |[W(2)| + F(G,W,~) on
suppu(G, W,~) C G, then UMW) () can be found as the solution of the corresponding
Dirichlet problems. The signed measure u(G, W,~) can be recovered from its potential,
using the Fourier method described in Section IV.2 of Saff and Totik [13].

However, we next consider a different method, dealing with specific weight functions,
which allows us to deduce “explicit” expressions for the signed measure u(G, W,~v) of
Theorem 1.1. For simplicity, we assume throughout this section that G is given as in (1.2i),
but with o finite. We denote the unbounded component of C\G by . Let v* and v~ be
two positive Borel measures on C, with compact supports satisfying

(2.1) suppr™ € C\G and suppr~ C C\G,
such that
(2.2) vH(C)=v(C) =1.

For real numbers « > 0 and 8 > 0, assume that the weight function W (z), satisfying
(23) log [W(2)] = —(al"" (2) = U () = ~U"(2), #€G,

with v := av™ — v~ being a signed measure, is analytic in (. Then, we state, as an
application of Theorem 1.1, our next result as

TurOREM 2.1. — Given any pair of real numbers oo > 0 and 3 > 0, given an open
bounded set G = J,_, Gq, as in (1.21) with o finite, and given the weight function W (z)
of (2.3), then the triple (G, W, ~) has the rational approximation property (1.3) if and only
if the signed measure

(2.4) po=(2y -1+ a— Bw(co, Q) —abt + G~

can be decomposed as

(2.5) p=pt — 1=y,

where pt,u~ € M(OG). Here, w(co, -, Q) is the harmonic measure at co with respect to

0O, and 0t and 0~ are, respectively, the balayages of v and v~ from E\—C—;— to G.
Furthermore, if 1 of (2.4) satisfies (2.5), then (see Theorem 1.1)

(2.6) (G, W, y) = .

We point out that the harmonic measure w(oo,-, 1) (defined in Nevanlinna [8] or
Tsuji [18]) is the same as the equilibrium distribution measure for &, in the sense of
classical logarithmic potential theory [18]. For the notion of balayage of a measure, we

refer the reader to Chapter IV of Landkof [6] or Section I1.4 of Saff and Totik [13].

In the following series of subsections, we consider various classical weight functions
and we find their corresponding signed measures, associated with the weighted rational
approximation problem in G, as given in Theorem 1.1.
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WEIGHTED RATIONAL APPROXIMATION IN THE COMPLEX PLANE 181

2.1. Incomplete rationals

With Ng and N denoting respectively the sets of nonnegative and positive integers, the
incomplete polynomials of Lorentz [7] are a sequence of polynomials of the form

(2.7) {2 Py ()12, deg Pagiy < n(d), (m(i),n(i) € No),
where it is assumed that lim %(%2 =: o, where « > 0 is a real number. The question
(amge el

of the possibility of the approximation of functions by incomplete polynomials is closely
connected to that of the approximation of functions by the weighted polynomials:

(2.8) {z°"Py(2)},y, degP, < n.

The approximation question for the incomplete polynomials of (2.7) was completely
settled, by Saff and Varga [14] and by v. Golitschek [4], for the real interval [0,1] (see
Totik [17] and Saff and Totik [13] for the associated history and later developments),
and by the authors [11] in the complex plane. We consider now the analogous problem
for incomplete rational functions in the complex plane. A special case of incomplete
rational approximation in the complex plane was studied by Borwein and Chen in [1]. The
latest such developments, on the real line, are in Borwein, Rakhmanov and Saff [2] and
Rakhmanov, Saff and Simeonov [12].

Since the weight W (z) := z* in (2.8) is multiple-valued in C if oo ¢ N, we then restrict
ourselves to the slit domain S} := C\(~0o0, 0] and the single-valued branch of W (z) in
S, satisfying W(1) = 1. Thus,

(2.9) W(z):=2% 2z¢€8 = C\(—00,0],
where « > 0 is a real number.

THEOREM 2.2. — Given an open set G, as in (1.21) with o finite, such that G c 9y,
and given the weight function W(z) of (2.9), then the triple (G,z%,v) has the rational
approximation property (1.3) if and only if the signed measure

(2.10) p= (27 -1+ a)w(oo,, ) — aw(0,-,Q)
can be decomposed as

p=yput — (1=,

where pt, n~ € M(9G). Here, w(co,-, Q) and w(0,-,$Y) are the harmonic measures with
respect to the unbounded component § of C\G, respectively, at z = oo and at z = 0.

In special cases where the geometric shape of G is given explicitly, it is possible to
determine the explicit form of the signed measure in (2.10). As a simple example, we
consider below the special case of a disk and v = 1/2.

COROLLARY 2.3. — Given the disk D.(a) := {z € C: |z —a| <r}, where a € (0, +00)
and where D,(a) C S; = C\(—00,0], i.e., v < a, and given the weight function of (2.9),
then the triple (D, (a), z%,1/2) has the rational approximation property (1.3) if and only if

a, @€ (0,1/2],

2’1]‘ < max ) = .
( ) T < Tmax(@, @) {asmi%, a € (1/2,+00).
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182 1. E. PRITSKER AND R. S. VARGA

Furthermore, if (2.11) is satisfied, then the associated signed measure j1(D,(a), z*,1/2)(see
Theorem 1.1) is given by

«

(2.12) du(Dy(a), 2%,1/2) = (1 - M) ds,

2y |2|?
where ds is the arclength measure on the circle |z — a| = r.

Remark 2.4. — More generally, it is possible to show that the triple (D,(a), 2%, v), as
in Corollary 2.3 but with any v € [0, 1], has the approximation property (1.3) if and only if

) 3 O‘+"Y>17

where 4o € (0,1] is the largest solution of the equation

1=2y—(2y—1+2a)u?
2u(2y -1+ a)

(2y—142a)V1 — u?

2y a2y -1+ )

(2y-1) arccos{ ] + 2 arccos { =,

in the interval (0,1].

2.2. Exponential weight

Consider the weight function
(2.13) W(z):=e7* zeC.

This section is devoted to the study of weighted rational approximation, with respect to
the exponential weight of (2.13), in disks centered at the origin and in certain domains,
arising in connection with Padé approximations of the exponential function. Our next
result treats the case of disks.

THEOREM 2.5. — Given D,.(0) := {z € C : |z| < r} and given the weight W (z) of (2.13),
then the triple (D,.(0),e™*,~) has the rational approximation property (1.3) if and only if

(2.14) r < Tmax(7)7 0<~y <1,

where Twax () is the unique positive solution, for v in the interval [|y — 3|, +00), of the
Jfollowing equation:

(2.15) WJr2 - («y—gf— (’y——%) arccos <7;%> =—72£(1——fy).

Moreover, if (2.14) holds, then the associated signed measure ji(D,.(0),e™*, ) is given by

(2.16) du(D,(0),e™*,v) = (2y = 1 — 2rcos 9)(21—;2,

where df is the angular measure on |z| = r and where z = re®®.

In particular, rpax(1) = % (see also Theorem 3.8 of [10]), rmax(—;-) = T and
Tmax(0) = %
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WEIGHTED RATIONAL APPROXIMATION IN THE COMPLEX PLANE 183

We remark that the solution, 7max(7y) of (2.15), can be verified to be symmetric about
v = i, as a function of v in the interval [0, 1].

Next, we again consider the weight function W(z) := e™* of (2.13), but we now

consider the triple (G, e™*, ), where G, a generalized Szegd domain, is defined below.

To begin, first assume that 0 < v < 1. Then following [15], the two conjugate complex
numbers, defined by,

(2.17) zf = exp {£ tarccos(2y — 1)},
have modulus unity, and we consider the complex plane C slit along the two rays
(2.18) R,:={z€C:z=2z+irorz =2z, —ir forany 7 > 0}.

This is shown below in Figure 1. (For readers who are familiar with [15], the quantity

o := lim - in that paper and v of (1.3i) are related through v = ﬁl_—‘;.) Next, the function

i

(2.19) G4(2) = 1+ 22 = 22(2y — 1)

has zj and z7 as branch points, which are the finite extremities of R,. On taking the
principal branch for the square root, i.e., on setting ¢, (0) = 1 and extending g., analytically
on the doubly slit domain C\R,, then g, is analytic and single-valued on C\R,. It can
also be verified that 1 + z + §,(z) does not vanish on C\R,.

* O
R

Fig. I: The set C\R,.

Next, we define the functions (1 + z + §,(2))? and (1 — 2 + §,(2))?2 =) so that their
values at z = 0 are respectively, 227 and 22(1=7), with remaining values determined by

analytic continuation. These functions are also analytic and single-valued on C\R,. With
these definitions, we then set:

4/‘}/(1—%)1”7’269’7('2)

(142 + §4(2))77(1 = 2+ g ()7

(2.20) wy(z) = 0<y<1),
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184 I. B. PRITSKER AND R. S. VARGA

and it follows that w.(z) is also analytic and single-valued on C\R,. For the omitted cases
v = 0 and ~y = 1, it can be verified that w; (z) = 1im1 w-(z) and wo(z) = lin% w~(z) satisfy
y— y—>

wy(z) = ze'™* for Re z < 1, and
(2.21)
wo(z) = ze'™*  for Re z > —1.

(Again, for those familiar with [15], the function w, (%) of (2.20) is exactly the function
wy(z) in [15], eq. (2.5).)

It is known (see [15], [Lemma 4.1]) that w.(z) is univalent in |z| < 1, for any v with
0 < v < 1, and this allows us to define the domain

(2.22) G,:={z€C:|wyz) <land|z| <1}, forany 0 <~ <1

Its boundary, 9G., is a well-defined Jordan curve which lies interior to the unit disk,
except for its points z$ of (2.17). This is shown in Figure 2. We call G, an extended
Szegd domain, as the special case v = 1 corresponds to a domain originally treated by

Szegd in [16] in 1924.

Fig. 2: The set G,.

We now have all the necessary definitions for the statement of our next result.

THEOREM 2.6. — For any v with 0 < v < 1, let G., be the domain of (2.22), and let
W (z) = e be the weight function of (2.13). Then, the triple (G, e™*,~) has the rational
approximation property (1.3).

To conclude this section, we note that, except for the final result of Theorem 2.6, all
preceding results stated in Sections 1 and 2 are of the “if and only if” type, ie., these
results are by definition sharp. The result of Theorem 2.6, however, leaves open the
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WEIGHTED RATIONAL APPROXIMATION IN THE COMPLEX PLANE 185

possibility that for a given v with 0 < v < 1, there could be a larger domain H, with
G, C H, such that the triple (H,e™*,~) has the rational approximation property (1.3),
but we strongly doubt this.

Also of general interest is the extension of the results of this paper to triples (G, W,~)
of (1.1), where one has the sharpened rational approximation property, that is, for any f(z),
analytic in G and continuous in G, there is a sequence of rational functions { R, n, }52,
satisfying (1.3i), such that

.hnl Hf - ermemz_’m
i—00

==0.

For the essentially polynomial case of v = 0 and W (z) := e~%, this is treated in part
in [10], Theorem 3.2. Some general results in weighted polynomial approximation on
compact sets are obtained in [9]. To our knowledge, general results on the sharpened
rational approximation property have not as yet been treated in the literature.

3. Proofs of results of Section 1

Proof of Theorem 1.1. — Assuming that a signed measure (G, W, ) exists and satisfies
the conditions (1.5) and (1.6) of Theorem 1.1, we first prove that the triple (G, W, ) has the
rational approximation property (1.3). To show this, we consider the following three cases:

Case vy = 1. — The hypothesis (1.5) with v = 1 implies that u(G, W, 1) = p* (G, W,1) €
M(OG). As (1.6) is also valid by hypothesis, applying Theorem 1.1 of [11] gives that
the pair (G, W) has the polynomial approximation property, i.e., for any f(z), which is
analytic in G, and for any compact subset £ of G, there exists a sequence of polynomials
{Pm(2)}25_ 4, with deg P, < m for all m > 0, such that

(3.1) lim ||f — W™P,|lg = 0.
On simply setting Ny, 2= 0 and Qn,.(z) = 1, the sequence of rational functions
{Ryn,.(2) i= Pp(2)/Qn, (2) = Prn(2)}oo_, clearly satisfies (1.31) with v = 1, and (3.1)

shows that (1.3ii) is also valid, i.e., the triple (G, W, 1) has the rational approximation
property.

Case v = 0. — Let f(z) be any function analytic in G. If f(z) = 0 in G, it suffices to
define the sequence {Ro(z) := Po(2)/Qn(2)}52y, Where Py(z) = 0, i.e., deg Py = 0,
and for each n > 0, deg Q,, < n. Clearly, (1.3i) is satisfied with v = 0, and (1.3ii) is
trivially satisfied for any compact subset E of G. If f(z) # 0 in G, then for any given
compact subset I/ of G, f(z) has only a finite number of zeros, say {z,(F)}j,, in E,
where m = m(FE) is a fixed nonnegative integer depending on E. Then, we can write
(3.2) 1(2) = g(2)W" (2)Pu(z), with Pu(z) = [] (2 = 21(E)),

k=1
where g(z) is analytic and nonzero in E. Consequently, 1/g(z) is also analytic in £.

In this case v = 0, hypothesis (1.5) implies that (G, W,0) = —p~ (G, W,0), where
w (G, W,0) € M(9G), and similarly, hypothesis (1.6) implies, with the definition of (1.4),
that

(3.3) Ur GEW0 () —log ——— = —F(G,W,0), forany z € G.

lW( i
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186 I. E. PRITSKER AND R. S. VARGA

Because of the form of (3.3), it follows from Theorem 1.1 of [11] that the pair (G,1/W)
now has the polynomial approximation property, and this can be applied to the analytic
function 1/g(z) on FE. Thus, there is a sequence of polynomials {Q,(z)}52,, with deg
Q. < n for all n > 0, such that

(3.4) lim

Since {Qn(2)/W™(2)}22, tends uniformly to 1/g(z) on E, it follows from Hurwitz’s
Theorem that @Q,,(z) has no zero in E, for, say, all n > Ny. Moreover, it also follows
from (3.4) that

(3.5) lim

n—oo

b

= 0.
E

Hence, using (3.2), we have

F(2) = W™ (2) Pou(2)/Qn(2) = W™ (2) Pn(2) (9(2) - g:((;))

and as m = m(F) is a fixed integer, (3.5) gives us that
(3.6) lim ||f = W™ P /Qul 5 = 0.

Thus, (1.31) is satisfied with v = 0 and (3.6) shows that (1.3ii) is also satisfied, i.e., the
triple (G, W, 0) has the rational approximation property.

Case 0 < v < 1. — Recall from (1.2ii) that G = J,_, G, is a bounded open set
where {G,},_, are disjoint simply connected domains, and consider the Jordan domains
Gy C Gy, j €N, which exhaust the domain G, for each £ with 1 < £ < 0. A convenient
way to define the sequence {Ge;}._; is to set:

(3.7) Gy = {z eC:lpe(z) <1— %}, jeN,

where ¢, : G, — D = {w e C:|w| <1} is a canonical conformal map of domain
Gy onto the open unit disk D, where 1 < £ < o. Thus, each G, ; is bounded by the
analytic Jordan curve

Iy ;= {z eEC:|pe(2))=1—- %},
which is a level curve of ;. Let E C G be an arbitrary compact set. Because £ is compact,
it is clear that F is contained in the finite union of G ;,¢ = 1,2,...,4,, for some £y € N,
provided that j is large enough. Set H; := ﬁ”zl Gy, and T := |Ji°, Ty,. Then,
I' =0H; and H; C G for all j € N, and also &£ C H; for all sufficiently large j € N.

Introducing the domain ), := C\H;, j € N, we observe, from the existence of the
Borel measure p* (G, W,v) of (1.5), that the balayage u;_ of ut(G,W,), out of Q;
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to 0Q); = 0Hj, is such that, for each j € N, the following statements are true (see
Theorem I1.4.4 of [13]):

(3.8) UM () = UP @WN () 4 ¢, ze T,
and
(3.9) U (2) < U @WN () 4¢;, zeC,

where ;L;F(C) = 1, supp u;f C 0Hj and ¢; > 0. (We remark that equality in (3.8) holds
on J€; since each point of 9€); E regular (see [18], Theorem 1.11).) As (1.6) holds by
hypothesis for any z € G and as H; C G, then (3.8) and the hypothesis (1.5) give

(3.10) YU (2) = (1= )U CTD(2) —log W (z)| = F;, = € Hj,
where
(311) Fj = F(QW»’Y) + ey,

for any 7 € N.
Fixing a sufficiently large 7 € N so that £ C Hj, consider the function

(3.12) u(z) = U" (2) — U @WN () €T,
which is subharmonic in €2; with v(0c0) = 0, and satisfies, by (3.9), the inequality

(3.13) v(z) <¢j, zeC.

Observe that if we had equality in (3.13) for some 2o € €2;, then, by the maximum principle
for subharmonic functions and (3.8), this would give

v(z) =¢; >0, z€Q,
which is in contradiction with the fact that v(oc) = 0. Thus, it follows from (3.12) that
UM (2) < UM @WN () 1 ¢;, z€Q

Multiplying the above inequality by -, adding —(1 — y)U* (GW(2) — log |W(z)] to
both sides of it, and using (1.6) and (3.11), we obtain that

(3.14) fyU“;(z) — (1 =)UP EWD () —log |W(2)| < Fj, z€GNQ;.

Next, let f(z) by any function analytic in G. To construct a sequence of weighted
rational functions which is uniformly convergent to f(z) on E, we interpolate the analytic
function W~"+)(2)Q,,(2) f(2) by a polynomial P,,(z), where the choice of interpolation

points {z,ﬁmﬂ) wtt ¢ Ty and the choice of the polynomial @, (z) are described below.
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It follows from Krein-Milman theorem that any measure pu € M(B), where B C C is
a compact set, is a weak*-limit of discrete measures

k n
S a5, 50,3 e =1,
=1 ’ i=1

where {z™1k, c B, k € N (see [21], pp. 362-363). Since every agk) can be
approximated arbitrarily closely by rational numbers, there exists a sequence of points
{C;-k)};?:l C B, k € N, which may not all be distinct, such that

El I

k

Zéc“’) —ﬁu, as k — co.
=1 "’

We discretize the measures = (G, W,v) and uj so that

N —
(3.15) vy = kz_:l 6t§¢n> — p (G, W,v), asn — oo,
where {ti")};‘:l C supp (G, W,v) C 9G for any n € N, and

1 %
(3.16) = — Z 8 (my — pf, asm — oo,
m

zy 77
k=1

where {z,(cm)};c”:1 C supp u;r C I'; for any m € N. Then, we define

n

(3.17) Qn(2) = H (z - t,(:’)>, neN,

k=1

so that Q,,(z) is not zero in G for any n, and we define a basic polynomial of Lagrange
interpolation

m-1

(3.18) Wmat(z) = H (z - z,(cmﬂ)), m € N.
k=1
Lo
On setting L; := U L, where each Ly ; C Gi\Gyj, £ =1,2,---, Lo, is a rectifiable

=1
Jordan curve containing Gy ; in its interior, the polynomial F,(z), which interpolates

W=+t ()Qn(2) f(2) in the points {z,(cm*'l) mtl of Ty, is given by the Hermite
interpolation formula (see [20], p. 50):

W0 (2)Qn (2) () ~ Par(2)

(3.19) _ wmpa(z) [ WO, () f()dE
21y, (t — 2)wm1(t) ’

z € k.
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Multiplying (3.19) by W™+(2)/Q,(z) gives

F() - Wt () o)
(3.20) @n(2)
' _ W (@) wm (2)/Qn(2) / f(t)dt
2mi 1, (t=2)WmHn (wp41(8) /Qn(t)’
for z € E. Using (3.15) and (3.17), we have that
(3:21) Jim (Qu(2)" = exp { U @M (z) |

holds locally uniformly in C\OG, and similarly, using (3.16) and (3.18), we have that
(3.22) i fwn (2)]™ = exp {—U%+ (z)}

holds locally uniformly in C\I';. Next, choose any sequence {(m;,n;)}2, of pairs of
nonnegative integers such that lim (m; + n;) = oo and lim m;/(m,; + n;) = ~, and let

{ P, (2)/Qn.(2)};~, be the associated rational functions from (3.17) and (3.19). From
(3.10)-(3.11), we obtain that

(3.23) B [W (2w, 41(2) ) Qi ()[4 = 755
uniformly on E. Also, by (3.14) and the compactness of L,

(3.24) min Hm [W™ (2w, 11(2)/ Q. (2)| M) > 75
z€L; i—oo

since YU (2) — (1 — y)UF (EW(z) — log [W(2)| is harmonic in G(€;. Thus,
from (3.20) and on using (3.23) and (3.24), it follows that

. P 1/(mi+n;)
lim sup 1][ — Wit T
71— 00 Qm E
i 1/{(m;+n;)
< limsup W (2)wm,+1(2)/@n: (2) ||

22 T (W (2,11 (2)/Q () [T

Hence, the sequence {W ™+ (2) Py, (2)/Qn, (2)};o, converges (geometrically) to f(2),
uniformly on E, and the sequence of rational functions { Ry, ., () := P, (2)/Qn, (%)}
satisfies (1.3i) and (1.3ii), i.e., (G, W, ) has the rational approximation property. This
completes the first part of the proof of Theorem 1.1.

Now, suppose that a triple (G, W, ), satisfying the conditions of (1.2), has the rational
approximation property (1.3). To show that a signed measure p(G,W,), satisfying
the conditions of Theorem 1.1, exists, let {P,,(2)/Qn,(2)};2, be a sequence of
rational functions such that W™+ (2) P, (2)/Qn,(z) converges to the particular function
f(z) = 1, locally uniformly in G, and such that lim; ... m;/(m; + n;) = . We may
assume, without loss of generality, that deg P,,,, = m; and deg @),,, = n;. Otherwise, one
may define new sequences of polynomials

P (2) = P (2) + am. 2™, i €N,
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and
Qn;(2) = Qn,(2) + bp, 2™, P €N,

in such a way that W™t (2)P,, (2)/Qn,.(2) also converges to f(z) = 1, locally
uniformly in G, with a,,, # 0 and b,, # 0 for any ¢ € N, by choosing a,,, # 0
and b, # 0 to be sufficiently small. (This will be used in (3.29) below.)

Let a,,, # 0 be the leading coefficient of P,,,(z) and let
b i 1
(3.25) vho=— > b
Y P, (2:)=0

be the normalized zero counting measure for P, (z), where 6,, is a unit point mass at zy.
We count all zeros of P,,.(z) in (3.25), according to their multiplicities, so that

(3.26) vt (€)=1, ieN,

my

i.e., these measures are unit positive Borel measures. Analogously, we take b,,, # 0 as the
leading coefficient of @Q,,(z) and define

1

(327) V; = E Z 52k7
Qni(zk)‘—‘o

so that

(3.28) vo(€)=1, ieN.

Hence, as W™t (2) P, (2)/Qn,(z) — 1 locally uniformly in G, then taking logarithms
and using the definitions of (1.4), (3.25), and (3.27), we have

m,

+ n; -
1 |- Y : Vi - log |b,,
(3.29) m; + N; oglamz mi+niU (Z)+m¢+niU (z) m; -+ n; og| ‘
' 1 s P (2) .
log |W = log |Wmitni () 22 0
+ log [W (2)| e + 7, 0g (2) 0. () — 0, asi-— 00,

locally uniformly in G.

If 07 denotes the balayage of v}, out of the open set C\G to G (note that the part
of z/;gi supported on G is kept fixed), then

(3.30) UPni(z) = Ui (2) + mys 2 € G,

where ¢,,, > 0, supp 7, C G and 7}, (C) = v}, (C) = 1 (see Theorem IL.4.7 of [13]).
Similarly, we have, for the balayage of v, from C\G to G, that

(3.31) UPni(z) = Ui (2) + dn,, z€G,
where d,,, > 0, supp 7, C G and ¥, (C) = v, (C) = 1.
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By Helley’s Theorem (Theorem 0.1.2 of [13]), we have that the sequences {ﬁ;i}zl
and {ﬁ,’; }Zl contain weak® convergent subsequences, so that

A K

(3.32) o —pt and Dp —pT,  asj oo, jeJCN,

where T and p~ are positive Borel measures with p*(C) = p~(C) = 1. One can
immediately see, from the locally uniform convergence in G of W™t (2)P,, (2)/Qn.(2)
to unity, that

(3.33) supput C G and supppu” C IG.

Furthermore, by (3.32),

(3.34) lim U™ (z)=U" () and lim U™ (2)=U" (2), z€G.
JjEJd JEJ

It follows from (3.29), (3.30) and (3.31) that

mj mj

788 iy o
— loglam,| + Crn; — Ui (2) + —2—U"i (z)
(3.35) " + Tomytmg T my g mj +1n;
’ n; 1 . .
- dy, — log |b,,.| +log |[W(2)| — 0, as j — o0,j € J,
m ™ T m 8 |bn, | + log [W(z)| J j
for any z € (G. Consequently,
s .
T 10 Ayp, + —ijA - J n. T ].O bTL ] & J,
m; +n; glam,| m;+n; 0 mij+n; 7 mj+n; 8 lbnyls g
converges, as J — oo, to a finite limit by (3.34). On defining:
ining
1 ) ; 1
F = hm (— IOg |amj| + e Cmy; — & dnj - ].Og |bn_7 |)a
ey \mytn; mj+mng T my+n, mj +n;

we obtain from (3.34) and (3.35) that
YU (2) = (L= 1)U (2) —log [W(2)| = F, z€G.

Finally, from the above equation and (3.33), we see that (1.6) of Theorem 1.1 is satisfied
with
(G W) =yt = (1=y)u™,

and with
F(G7 W7 r‘y) = F7

which completes the proof of Theorem 1.1. [J

Proof of Corollary 1.4 and Remark 1.5. — If the rational approximation property (1.3)
holds, then f(z) = 1 is, in particular, locally uniformly approximable by weighted rational
functions in G. On the other hand, the second part of proof of Theorem 1.1 shows that if
f(2) = 1 can be locally uniformly approximated by weighted rationals, then there exists
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a measure p(G,W,v) satisfying the conditions of Theorem 1.1. But this immediately
implies the rational approximation property (1.3).
Concerning Remark 1.5, one can easily see that the second part of proof of Theorem 1.1

holds without change for any fixed f(z), which is analytic and is not equal identically
to 0 in G. 0O

Proof of Corollary 1.6. — Note that if (1.9) holds true for a signed measure pu,
satisfying (1.7) and (1.8), then the triple (G, W, ) has the approximation property (1.3)
by Theorem 1.1, so that (1.13) is valid.

Suppose now that the triple (G, W,~) has the approximation property (1.3). Then
by Theorem 1.1, there exists a signed measure u(G,W,v) = yu™ (G, W,v) — (1 —
V)~ (G, W, ), with @+ (G, W, ), u= (G, W,v) € M(9G), such that

(3.36) UHEWN () —log |W(2)| = F(G,W,v), z€QG.
It follows from (1.8) and (3.36) that
(3.37) UHEWD () = Uk (z) +¢, z€QG,

where ¢ := F(G,W,v) — F is a constant. Since potentials are continuous in the fine
topology (see Section L5 of [13]) and since the boundary of each Gy, £ =1,...,0, in
the fine topology is the same as the Euclidean boundary (see Corollary 1.5.6 of [13]),
then (3.37) also holds for any z € OG. Thus,

(3.38) w(z) = UGN 1 () =¢, 2z €.

Observe that u(z) is harmonic in the unbounded component of C\G, denoted by €
(including z = oo) with u(oo) = 0, and that u(z) = ¢ on 9Q C dG. Therefore,

(3.39) u(z) =0, 2z€QUG,

by the minimum-maximum principle for harmonic functions and by the continuity of _u(_z;)
in the fine topology. Applying a similar argument to the bounded components of C\G,
we obtain from (3.39) that

(3.40) w(z) = UHEWI=r(z) =0, 2€C,
where
(341) (1(G,W,7) = 1)(C) =0.

Integrating (3.40), the logarithmic energy of u(G,W,v) — p satisfies
TG W) = ) = [ VRO ()G, W) = i)(z) =0,
which implies by (3.41) and Theorem 1.16 of [6] that (G, W,~) — o = 0. Thus,

(3.42) p=p(G,W,v) =yut(G,W,y) = (L =y)u (G, W,),

and (1.9) is established.
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Assume, in addition to (1.7) and (1.8), that x also satisfies (1.10) and (1.11). Clearly,
(3.43) 7H(C) - 77(C) = u(C) = 2y — 1.
We shall show that (1.12) and (1.9) are equivalent. Indeed if (1.9) holds, then
(3.44) 7H(C) = 7" (supp 7F) = p(supp 7F) < ypF(supp 1) <7,

which gives (1.12). Conversely, if (1.12) is valid, then, for any measure w € M(IG),
we have by (1.10) and (3.43) that

p=rt =1 = (P (= O — (7 + (=7 () =
= (T+ + (v - T"'(C))w) - (T_ +(1—vy— T_(C))w).
Thus, (1.9) holds, for 0 < v < 1, with

ut = %—(7* + (- T+(C))W) and u” = I i’y (7" +(1=-v- T‘(C))w).

Obviously, if v = 0 then
pt =1t = and p =77,
and if v = 1 then

+ o+

ur=rT and u” =7 =0

Hence, we conclude that the rational approximation property (1.3) holds for (G, W,~) if
and only if (1.12) is satisfied. [
4. Proofs of results of Section 2

Proof of Theorem 2.1. — First, we recall, by the results of Section IV.2 of [6] (see also
Theorem I1.4.7 of [13]), that the following are valid:

(4.1) U (2) =U"" (2) + /gg(t, oo)dvt(t), z€G,
and
(4.2) U (2) =U" (2)+ /gg(t,oo)dz/‘(t), z € G,

where gq(t,00) is the Green function for €2 with pole at co. Using (2.3), (4.1), (4.2)
and Frostman’s theorem [18], p. 60, it follows, for the measure y defined in (2.4) and
for z € G, that

U*(z) = log |[W(2)| =
(27 = 1+ a— BU () — alU?" (2) + BU” (2) — log |[W ()| =

(2v—1+a-0)log 1_~ —a [ ga(t,00)dv™(t) + B [ galt,c0)dv™(t),
cap@

(4.3)

where cap G denotes the logarithmic capacity of G (see [18], p. 55).
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Observe that p, defined by (2.4), satisfies (1.7). Thus, Theorem 2.1 follows from
Corollary 1.6 and (4.3). O

Proof of Theorem 2.2. — Tt is clear that, for W(z) = 2%, we have:

1
(4.4) log |W(2)| = ~~ozlogm = —alU%(2), ze C\(~o0,0],
where ép is the unit point mass at z = 0 and o > 0 is a real number. Since the balayage
do of &y out of Q) to G is given (see [6], p. 222) by
(4.5) bo = w(0,-,9),

then Theorem 2.2 is an immediate consequence of Theorem 2.1 with 5 = 0. [

Proof of Corollary 2.3. — We have already shown in the proofs of Theorems 2.1 and 2.2
that the measure p of (2.10) satisfies (1.7) and (1.8) of Corollary 1.6, with W(z) = 2.
Note that, for v = 1/2, (2.10) reduces to

(4.6) p = aw(oo, -, 1) — aw(0,-, ),

which can be explicitly determined for = C\D,.(a). Indeed, by (4.46) and (4.47) of [11],
we have

dw(0,-,Q) _a?—r? _
T ds () = 27r|z]?’ |z —al=r,
and oo Q) )
W O, *, _ N —
o ds (z) = 27y’ lz—al=r.
This gives, for p in (4.6), that
m o a? —r?

. —_ = ] - —al=r
(4.7) ds ?) 27(9"( 2|2 >’ z—al=r
Observe that

dp iy _ dp ~ifo) _
E—g(a+re )—ds(a—l—'re ) =0,

where
i . T
Ay := — + arcsin —.
2 a

Also, one can immediately see that

du )
(4.8) E’gj(a + re'®) > 0 for 8 € (—0y,6y),
and that
dp if
(4.9) E(a +re’) <0 for 8 € (fy, 27 — ).
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As we next show, (4.8) and (4.9) give the desired Jordan decomposition (1.10) for u
of (4.7). Recall that, for any Borel set B C C,

w(0, B, Q) = m(®(B N Q)

where "
dm:%on{weﬂ::hﬂ:l}

and where

r? +a(z — a)

Tz

B(z) =

is the conformal mapping of 2 = C\D,(a) onto D’ = {w € C : |w| > 1}, with ®(0) = oo
(see [8], p. 37). Since

®(a+ re’®) = exp <z(—g — arcsin C))

and

®(a+re ) = exp (z (arcsin Lo g)),
a

we obtain from (4.6) that
7H(C) = p({a+re? 0 € (~00,00)}) =

26, o /T T LT T - 2a T
o —> — — | — — arcsin — — { arcsin — — — } ) = — arcsin —.
27 2\ 2 a a 2 T a

It is obvious that the inequality,

i

Do

2a . T

— arcsin — <

T a
which corresponds to (1.12), is equivalent to (2.11). Thus, Corollary 2.3 follows from
Corollary 1.6. [

Proof of Theorem 2.5. — It was shown in the proof of Theorem 4.3 of [10] (see also the
proof of Theorem 2.7 of [11]) that for the measure

1
(4.10) duy = %(1 —2rcos@)dl, |z|=r,
we have
1
(4.11) Utt(z) —logle™®| = U"(z) + Re z = log I D,(0).

Thus, one can immediately see, for the measure p of (2.16), that

1 de

|z — re®| 2m

1 2
U*(z) —logle | = log = + (2v — 2)/ log
(4.12) " 0

1 1 1 —_—
= log . + (27— 2)10g; =(2vy—1)log o # € D.(0).
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Note that the density function of u, given by
1
(4.13) h(0) == 5—7;(2fy ~1-2rcosf), 0€]l0,2r),

satisfies, for r > |2v — 1]/2,

(4.14) h(0) >0, 0y <8 <2m—b;, and h(f) <0, -0y <8 < by,
where
(4.15) 6o := arccos <27 — 1).

2r

Therefore, the Jordan decomposition of y is immediate from (4.14), with

71'—-00

2m=fo de 2r
T+(C):/ (2y —1—2rcos) — = (2y—1) + — sin 6.
0o 27 s

The inequality (1.12) of Corollary 1.6 can be written in this case as

7T--90
™

2
(2v-1) +—T-sin00 <7,
T

which simplifies, with the help of (4.15), to

(4.16) \V4r? — (2y —1)2 = (2y — 1) arccos (272; 1) <7(l-7),

where 7 > |2y — 1]/2. One can verify directly, on denoting the left side of (4.16) by
f+(r), that

472 — (2y —1)2 2y —1
fi(r) = " 57 )>0, forallrE(lfy l,-I-oo).

2
Hence, f,(r) is strictly increasing on (|2y — 1|/2, +oc), with

0, for 2y—-12>0

2v—1
NCEE i
(1l —2y), for 2y—-1<0

and
lim f(r) = +oo.

7 +00

Therefore, the equation (2.15) has the unique solution 7yax(7), with

2y -1
'rmax(fy) 2 l_:lé““_la
such that (4.16) holds if and only if 7 € [|2y — 1]/2, Tmax(7)]. O
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Proof of Theorem 2.6. — To begin, for any pair (m,n) of nonnegative integers, the
(m,n)-th Padé rational approximation to e* is the rational function

Pm,n(z>

(417) Rvn)n(z) = M7

where

(4.18) { i) deg Pmn, <m and deg Qum.n < n,with @ »(0) = 1,and
' i) e* — Rpn(2) = O™ ), as z — 0.

It is well known that, for any pair (m,n) of nonnegative integers, these polynomials are
given explicitly (see [15], p. 242) by

(m+n — k)Imlzk
Prn(2) = Z (m + n)kl(m — k)’

and

L (m+n—k)nl(—2)F
Qm.n(2) = ; ((m -+ n)‘k‘)(n E k))' ’

and these polynomials P, ,(z) and Q., »(z) are called, respectively, the Padé numerator
and Padé denominator of type (m,n) for e”. It is further known (see [15], eq. (4.8)) that

(4.19) (m+n)e*Qmn(z) = / e 't + 2)™t"dt, for any z € C,

where the path of integration in (4.19) is the horizontal ray —z + p for all x > 0, and
similarly (see [15], eq. (4.9)) that

0
(4.20)  (m+n)(e*Qmn(z) — Pun(z)) = / e H(t+z)™t"dt for any z € C,

—z

where the path of integration in (4.20) is chosen to be the line segment from —z to 0.
Thus, on dividing the above two equations, we have, with (4.17), that

0
/ et + z)""dt
/ et + 2)™t"dt

€ Qm n(z) mn(z)
esz,n(z)

(a.21) e Bpals) =

for any z € C, provided that the Q.,.(2) # 0. Replacing z and ?, respectively, by
(m +n)z and (m + n)t in (4.21) gives

0
/ e~ (MmNt 4 )t
(4.22) 1—e MR ((m+n)z) =

/ e—(m+n)t(t + Z)mtndt
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Let v be a fixed number with 0 < v < 1. As the treatment of the special cases v = 0 and

~ =1 is similar (see the proof of Theorem 1.1), assume that 0 < v < 1, and assume that

m;,n;) 32, is an infinite sequence of pairs of nonnegative integers satisfying (1.3i), i.e.,
3115 ) 5 j=0 g yimng

m;
= li ! here i j i) = .
= lim et where lim (mj +nj) = 400
From [19], p. 182, it follows that the rational function R, ,((m; + n;)z) has no zeros

and no poles in the closed set G., of (2.22), for all j sufficiently large. Consequently,
from (4.22), the representation

0
/ e~ (mitna)t(p L )y dy
(4.23) 1—e mitnzg o ((mj +n)2) = 25
/ e~ (mitna)t(y 4 ymaghs dt

holds for all z € GG, provided that j is sufficiently large. Noting that the integrands in
the two integrals in (4.23) are the same, we set

(4.24) hy(t) = h(t; 2) = —t + ( “:j ) log(t + 2) + (-in-—> logt (j >0),

j nj m; + n;

so that (4.23) can be equivalently expressed, for all j sufficiently large, as
0
/ elmitnidh;(®) gt

(4.25) 1—e (mitraiR o ((mj+nj)z) = =5
/ (4 )i () gy

?

when z € G,. Note that if we similarly set

(4.26) ho(t) = hoy(t; 2) := —t + ylog(t + 2) + (1 — 7) logt,

it follows from (1.3i) that

(4.27) h;(t;z) — ﬁy(t; z), as j — oo, for any ¢t # —z and t # 0.

The point of the above construction is to prepare for an application of the steepest
descent method to the two integrals in (4.25), as was earlier done in [15]. As

5 v, =) 2 ¥ (1-17)
W)= -1+ —— g 21 () = — -
L(t) tSt and R//(t) L T

then for z € C\(R, U {0}), the only zeros of iAz’7 can be verified, with the definition
of (2.19), to be the two numbers

A 1 R
(4.28) tf::(z) = 5(1 -z £ §.(2))
and it can be further verified that
(4.29) i¥(z) #15(2), for any z € C\(R, U {0}),
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and that
(4.30) h(t£(z)) # 0, for any z € C\(R, U {0}).

In a completely analogous fashion, the only zeros of h}(t), for z € C\(R, U {0}), are the
two distinct numbers (for all 7 sufficiently large)

(4.31) £(2) = 51— 2% ;(2)),
where

(4.32) 9;(2) = \/1 22— 2%%—;)
and where

(4.33) (5 (2)) # 0.

(The excluded point above, z = 0, is exceptional in that fzﬁy(t; 0) = 0 holds only for the
single point ¢ = 1. On the other hand, the expression in (4.25) is clearly zero for z = 0
for every 7 > 0, which is ultimately what is needed in our quest in Theorem 2.6 to show
that f(z) = 1 can be uniformly approximated, on compact subsets of G.,, by the weighted
rational functions e=(™i*")ZR, . ((m; + n;)z).) To summarize, for 0 < v < 1 and for
any z € C\(R, U {0}), t](2) and t; () are distinct saddle points (of order one) of h;(t),
for all j sufficiently large, and ti (#) are distinct saddle points (of order one) of h S(t). (We
remark that the functions g](z) in (4.32) require analogous cuts R; in the z-plane, where
in (2.18), the numbers z of (2.17) are replaced by z = exp{:i: i arccos (E'ZI%)}
for all j sufficiently Iarge)

Making use of the fact that A/ (ti( )) = 0 and that b (ti( )) # 0, for all sufficiently
large j, the Taylor expansion of the function h; about t (z) shows that there exist real
numbers Oi(z) such that for p real and small,

(4.34) hi(£5(2) + pei®s ) = hy(£(2)) - flh;’ (t7 ()| +0(p%),

as p — 0. Then, this means that there is a local descent path Fi through each of the points
ti(z) such that (cf. [15], eq. (4.22)) with (4.24),

+ — mj+n;)h;(t
I; (Z)._/r#e( i () g
J

1/2

_ (mynghy (£ () 2w i0* { ( 1 ) }
er '’ J e J 1 + O
(my +nj)hY (5 (2)) m; + 1,
(4.35) "
_ —(m+n)tE(2) [k my et nj 27
= T () + 2|7 [t (2)
[] ] [J ] '—I-n]‘)h;-’(t;-t(z))

e""f{1+o( L )}
m; + n;

as j — oo, uniformly on any compact subset of C\(R, U {0}).
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The above expressions give the asymptotic behavior of the local descent path through
the two saddle points fji(z) and, in the usual fashion, these local descent paths are then
continued, beyond the saddle points t;t (2) (on the suitably doubly-cut domain R;), along
descent paths T'F, defined (cf. [15], eq. (4.19)) as points ¢ € C for which

Im h;(t) = Im h;(t7(2)), and

Re h;(t) < Re hj(t;t(z)), for t # t;t(z)

These descent paths, from (4.24), can have endpoints only at ¢t = 0, t = —2, or t = oc.
More specifically, we note that for z small and not zero, it can be verified that a descent
path through ¢; (2) necessarily has endpoints ¢ = 0 and ¢ = —z. For the descent path
through tj(z), one endpoint is at ¢ = oo, but the other endpoint can be either ¢ = 0 or
t = —z. To show that both of these cases can occur, consider the following two cases:

Case 1. z > 0 and z small. The steepest descent path through tj(z) in this case is that
interval of the real axis which extends to the endpoints ¢t = 0 and ¢ = oo, as shown below in
Figure 3, where the arrows indicate the direction of increasing Re h;(t) along these paths.

t;(z) t}(z)
@ -l - - - L
-Z

Fig. 3: Descent paths for z > 0.

Case 2. z < 0 and small. The steepest descent path through t;“(z) is that interval of the
real axis which extends to the endpoints ¢t = —z and ¢ = oo, as shown below in Figure 4,
where the arrows again indicate the direction of increasing Re h,(t) along these paths.

t;(z) t;(z)
S - Py . o .
0 ~Z

Fig. 4: Descent paths for = < 0.

We note, in Case 1, that on integrating from ¢t = —z to t = o0, as is necessary for the
denominator integral of (4.25), we pass through two saddle points, so that the asymptotic
evaluation of this integral involves both contributions If(z) from (4.35). In this case (and
in all cases where the integration path, from ¢ = —z to ¢ = oo, through t;’(z) passes
through both saddle points t;&), the expression in (4.25) is of the form (cf. (4.35))

_ L LI
I (2)+ 1 () 14+ (2)/ 1} (2))

while in Case 2 (and all cases where the integration path from ¢ = —z to £ = oo passes
only through t;’ (z)), the expression in (4.25) is of the form

(4.36)  1—e MR, L ((my +ny)2)

(mytn;)z I (2)
(4.37) 1—e mitmdzg o ((mj +nj)z) = I}(z).
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As in [3], egs. (9.21)-(9.22), we define the function:

g3(6) 41— o )

m; +n;

5 3
zy[1— (——————mj—nj)
mj +n;

which is analytic and single-valued on C\(R; U {0}). Analogously,

(4.38) Nj(z) =

for all z € C\(R; U{0}),

(z)+1—-2(2y-1)
21— 2y -1)72
is analytic and single-valued on C\(R, U {0}). With (4.38), the modulus of the ratio

I7 (2)/I} (z) can be expressed, with the definition of the function w;(z) of (2.20) (where
~ has been replaced by m;/(m; + n;) for all sufficiently large j), as

(4.39) Ny (z) =&

for all z € C\(R, U {0}),

(4.40) | (/1 (2)] = ()™ <1 ' Olg\,W)) ;

as j — oo, uniformly on any compact subset of C\(R; U {0}). But, 1/N;(z) and
1/N,(z) are both analytic in |z| < 1 (cf. [3], Lemma 1) and since 1/N;(z) converges
to 1/N,(z) as j — oo, then 1/N;(z) is locally uniformly bounded in |z| < 1. Thus,
consider any compact set £ in G,. As this compact £ is contained in some level curve
I, :={z¢€C:|wy(z)] =p <1} of G, for p sufficiently close to unity, then on this
set, it is evident that w;(z) — w, (%), as j — oo, where |w,(z)| < p < 1. Recalling that
Ry, n,((m; + nj)z) has no zeros or poles in G, for any j sufficiently large, then the
function 1 — e~ ("™ F)2R, . ((m; + nj)z) is then analytic in E for all j sufficiently
large, and its maximum modulus on F, in either Case 1 or Case 2 of (4.36) or (4.37), is
dominated above by p™it" from (4.40). Thus, we have:

(4.41) Jim |1 - em itz R ((my +ny)2)||e = 0.

But this implies, from Corollary 1.4, that the triple (G,,e %,v) has the rational
approximation property, which completes the proof of Theorem 2.6. [ ‘
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