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Abstract

We determine the minimax optimal expected regret in the classic non-stochastic multi-
armed bandit with expert advice problem, by proving a lower bound that matches the upper
bound of [Kall4]. The two bounds determine the minimax optimal expected regret to be
@(1 /TK log %)7 where K is the number of arms, IV is the number of experts, and T is the

time horizon.

1 Introduction

The seminal work [ACBFS02| presented the fundamental non-stochastic multi-armed bandit with
expert advice problem (BwE, for short), which is defined as follows. Let T, N, K € N where K is
the number of arms, NV is the number of experts, and T is the time horizon. On each round
t € [T, each expert j € [N] selects an advice e;(j) € [K] which is presented to the learner. Then,
the learner pulls an arm I; € [K] and the adversary simultaneously assigns a loss ¢;(r) € {0, 1}
for each arm r € [K]. The learner observes only the loss it suffers, namely ¢;(I;), and the other
losses remain unrevealed. Generally, the expert advice and losses are allowed to be fractional,
that is, e;(j) is a probability distribution over [K], and ¢;(r) € [0, 1]. However, for the sake of
proving the lower bound, the simpler discrete version of the problem suffices. Note that the
adversary is adaptive: the assignment of expert advice and losses to arms in each round may
(and will, in our construction) depend on the learner’s past choices. The learner’s goal is to
minimize the expected regret: the difference between its cumulative loss and the cumulative loss
of the best expert, which is the expert with minimal cumulative loss.

1.1 Previous results

Throughout the paper, we assume that 7' > Q(K'log(2N/K')), where K’ = min{K, N}; in the
complementing case, the lower bounds proved in this work and in [ACBFS02| imply that the
minimax optimal expected regret is ©(7T"). We further assume that N > K; in the complementing

case, it is known that the minimax optimal expected regret is @(\/ TN> |[ACBFS02,Kall4].
The seminal work [ACBFS02| came up with the Exp4 algorithm, which has been used as a

building block or inspiration for many partial feedback algorithms. A partial list of examples
include [MS09,SASt™11,[DH13,[RRS™24]. The analysis of [ACBFS02] bounds the pseudo-regret
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(see Section [3| for a formal definition) of Exp4 by O(\/T Klog N ) This upper bound remained
the best known for this problem, until the work [Kall4] which considered a generalization of the
problem where the expert advice is only partially observed by the learner, which, as a by-product,

improved the upper bound in the general case as well to O(N/T Klog(N/K )) Furthermore,

this quantity upper bounds the optimal expected regret of the problem, not just the weaker
pseudo-regret.

As for lower bounds, until the work [SL16], the best known lower bound was €2 (\/T(\/E + +/log N) ) ,

where the left summand is from the lower bound for the multi-armed bandit (without experts)
problem given in [ACBFS02|, and the right summand is from the lower bound on the full-info

prediction with expert advice problem, given e.g. in [CBL0O6]. The work [SL16] significantly

improved the lower bound to Q<1 /TK {gg%), only off by a log K factor from the upper bound.

They conjectured that this lower bound is tight, which is refuted in this work.

The works [MT04, CHZ24] identified a useful connection between minimizing regret problems
(such as BwE), and identification of best arm/expert problems. Such identification problems
are often referred to as the pure-exploration variations of the regret minimization problems
[EDMMO02,MT04]. Intuitively, the idea is that in settings where a single entity (arm/expert)
is significantly better than all other entities throughout the game, a learner who minimizes
regret must identify this entity in an early stage of the game. This idea allows us to consider
identification problems instead of regret minimization problems. Armed with this approach, and
inspired by a problem instance presented in [CHZ24], the two recent works [[to24,|CBEEO25]
have managed to prove a tight lower bound of Q(x/TK log(N/K )) against a restricted learner,
having the property that its choice in round ¢ is independent of the expert advice of round ¢
(the result of [CBEEO25| is somewhat weaker, as they consider a slightly even more restricted
learner). This setting is sometimes referred to as proper online learning [HLM21|, while the
general setting is known as improper learning.

1.2 Our contribution

Building on the ideas and the hard problem instance used in [Ito24], we manage to prove the
same Q(« /TKlog(N/K )) lower bound for the classic problem, without placing any restrictions

on the learner. The formal statement of the bound appears in Theorem A summary of
the bounds proved for this problem may be found in Table[I} In the following subsection, we
describe the proof sketch.

1.3 Proof Sketch

Our proof proceeds in four steps, described in high-level in the following subsections. Many of
the ideas we build on were discovered by [Ito24], but there are a few key differences between the
proofs, which we discuss in Section

1.3.1 Step 1: Reduction from Special Batch Identification (SBI) to BWE

The first idea used in the proof, originated from [CHZ24|] and further used in [Ito24] is to reduce
some sort of an identification problem to BwE. We call the specific identification problem we
use Special Batch Identification or SBI, for short. This problem is well defined in the setting
we consider, in which we partition the N experts to roughlyE] k = K/2 many batches, where
each batch contains roughly n = N/k experts. Every batch u € [k] is a distinct “world” in the

n the formal proof we use one more “dummy” batch, which we add for technical reasons.



Setup Reference Bound

Standard (pr) |ACBFS02] O (VTKIlogN)
Standard [Kall4] 0] ( TK log %)
Standard [SL16] o (\/TKER)
Proper* [CBEEO25| Q(/TKlog%
Proper [Tto24] Q TK log %
Standard [This work] TK log %

Table 1: Upper (O(+)) and lower (€2(-)) bounds on the expected regret for the multi-armed
bandit with expert advice (BwE) problem. The Standard (pr) setup refers to the standard setup
considered in this paper, but where the bounded quantity is the weaker pseudo-regret, and not
the expected regret. The proper setup refers to a restricted learner whose choice of arm in round
t does not depend on the advice of round ¢t. The proper* setting refers to the setting considered
in [CBEEO25], in which the learner is slightly more restricted than in the proper setting.

sense that the experts in batch u € [k] can only advise one of two arms associated with their
batch: (u,0) or (u,1). Furthermore, in every round, precisely one arm of each batch is “correct”
(has loss 0) and the other is incorrect (has loss 1). This creates a situation of k£ many distinct
binary “worlds”. The adversary chooses in advance precisely one of those batches to be “special”.
The special batch behaves slightly different from the other batches. In the standard batches,
all experts have probability 1/2 to choose the correct label in every round. The special batch,
however, contains a special expert e*, for which the adversary makes sure that in every round,
the arm advised by e* is chosen to be correct with probability 1/2 4 €, where € is some small
parameter. The point here is that a learner who wishes to minimize regret essentially competes
with this special expert. Therefore, it must identify the special expert with high probability, and
then repeatedly copy its advice. We show that the bottleneck of this process is the identification
of the special batch. This gives the reduction from SBI to BwE in our setting.

1.3.2 Step 2: The one-batch SBI game

Intuitively, since every batch functions as a separate “world”, in order to find the special batch,
the learner has no choice but to go through the batches one by one and query them for some
time, until it finds the special batch. Therefore, the learner essentially must solve Q(k) one-batch
SBI instances in expectation, until it finds the special batch (In a one-batch SBI game, the
learner should decide for a given batch, if it is special or not).

Since in every batch, and in every round, precisely one arm is correct, the special case of a
single batch is a full-information problem: the learner receives all relevant information in every
round, no matter which of the two arms it picks. This makes the problem reasonable to analyze:
we need to compare between the distributions on the input generated by the adversary when
the batch is special, and when it is not special. This was done by [Ito24], by bounding the
KL-divergence between the two distributions. We use the same bound in our proof as well. This
bound shows that as long as the learner sees the information produced by the adversary for

fewer than cloggzn many rounds (for some constant c), the cases where the batch is special or not




are essentially indistinguishable.

1.3.3 Step 3: From the one-batch SBI game to the general SBI game

As mentioned before, the adversary can force the learner to solve (k) many one-batch instances
until it identifies the special batch. Therefore, the learner must run for Q(kli#) many rounds
in order to identify the special batch with high probability.

1.3.4 Step 4: From the general SBI game lower bound to a BWE lower bound

Fix K, N,T. We assume that for the setting we have defined in Section there exists a
learner A with expected regret at most O(eT). By Step 1, this intuitively means that A must
have (with high probability) identified the special batch at some round 77 < T', and it is imitating
the predictions of the special expert since then. However, from Step 3, we know that to identify

the special batch, A must run for at least 7" = kloegz"> many rounds. Therefore, for small

enough €, we get 77 > T, which means that the special batch is not identified, and every learner

has expected regret at least 2(e7"). Choosing ¢ = © <\ / kloﬁ") is small enough to get 7" > T,

and the lower bound Q(eT") = Q <« /TK log g) is implied.

1.4 Key differences from the proof of [Ito24]

We prove the same lower bound that [[to24] proved against a restricted learner whose predictions
in rounds ¢ are independent of the expert advice of round ¢ (that is, against a proper learner).
While our proof is based on the ideas of [[t024], there are a few key differences, allowing us to
prove the same lower bound against a non-restricted learner. Below, we briefly describe the
main differences between our proof and the proof of [[to24].

1. To make Step 3 possible, we have to make sure that the £ “one-batch” problems are
“identical but independent” even when the learner is improper (not restricted as in [Ito24]).
This forces the learner to solve from scratch at least an (k) one-batch problems in order
to identify the special batch. To implement it, we adapt the expert advice to the learner’s
choices of arms. This is where we use the adaptiveness of the adversary, which is not used
in [Ito24]. The formal implementation of the adversary is described in Section

2. In [Ito24], the reduction to BWE (Step 1) is proved from the more standard problem of
Best Expert Identification (BEI), in which a specific special expert needs to be identified,
not only the batch containing it, as in SBI. However, the adaptive adversary we have
defined to make Step 3 feasible, makes such a reduction infeasible, and therefore we
prove the reduction from the seemingly easier SBI problem, and for an improper learner.
Nevertheless, we observe that SBI is still difficult enough, and the lower bound proved in
[[to24] for BEI holds for SBI as well. This is done in the formal proof of Step 2 (Section [4).

1.5 Rest of the paper organization

The rest of the paper (except for Section [7| which discusses future work), is dedicated to the
formal proof. To avoid any confusion, we stress here that in the formal proof, we add another
“dummy batch”, which is not mentioned in the proof sketch. Therefore, in the formal proof,
the “one-batch” instance of the problem mentioned in the above sketch is referred to as the



“two-batch” instance (including the dummy batch). The exact construction is provided in the
following section.

2 A reduced setting of BWE (Step 0)

To prove the lower bound, we consider only the following set of instances of the problem. We
assume that k = (K — 1)/2 € N, and that n = (N — 1)/k € N. Note that for the lower bound
that we prove, this assumption is without loss of generality: for other values of N, K, we may
simply use only the maximal number of arms K’ and experts N’ that fits the above requirements,
and let the other arms and experts always suffer loss 1. This will result in the same bound as if
N, K fit the above requirements, up to a multiplicative constant.

Under the assumption above, we may partition N — 1 of the experts to k disjoint batches,
each of size n. The experts in the u’th batch (where u € [k]) will only set their advice to one
of two arms: (u,0) or (u,1). Each of the N — 1 experts in the k batches is identified by a pair
(u,v) where u € [k] identifies the batch, and v € [n] identifies the index of the expert inside the
batch. Note that we have one unused expert and one unused arm. We identify this expert with
0 and this arm also with 0. Expert 0 can only set its advice to 0.

Within this reduced setting, we only consider the following possible strategies of the adaptive
adversary.

Expert advice assignment. We denote the advice in round ¢ (of all experts other than 0)

by a vector A; = (agl), ey agk)), where agu)

is a binary vector of length n setting the advice of
batch u in the natural way: the v’th index of aiu), denoted agu’v) sets the right value of e;(u,v).
In all the adversarial strategies that we consider, the expert advice A; of each round ¢ is chosen

as follows.
1. Initialize A; by choosing every entry iid from Ber(1/2).
2. Forround t =1,2,...:

(a) Use the advice A; for the course of this round.
(b) Upon the choice of I; by the learner, for each u € [k]:

i. If I € {(u,0), (u,1)}, draw a binary vector b of length n, each entry iid from
Ber(1/2), and set agi)l =b.
ii. Otherwise, set agi)l = agu).
In simple words, the advice of every batch u € [k] is initialized by a vector of entries drawn
iid from Ber(1/2). Only after rounds where an arm of batch w is pulled, new expert advice is
picked for this batch u, again by a vector of entries drawn iid from Ber(1/2). After rounds in
which an arm of « is not pulled, the same advice is reused for the next round.

Loss assignments. For any fixed 0 < € < 0.1, we define NV different randomized loss assignment
strategies that depend on e. Formally, a strategy is a randomized algorithm that the adversary
uses to draw the expert advice and the loss of each arm. In the reduced setting that we consider,
the adversary may choose precisely one of those strategies to be used throughout the entire
game. The learner does not know which strategy is chosen by the adversary. If an adversary
follows strategy S, it is called an S-adversary. Fix 0 < € < 0.1. In all strategies we define, the
loss of all arms is always taken from {0, 1}. Furthermore, for any batch u € [k] and any round ¢,



¢(r) equals O for precisely one r € {(u,0), (u,1)}. We refer to this arm as the correct arm in
batch u and round t. Let us define the strategies. First, any of the strategies we define draws
2:(0) ~ Ber(1/2 — €/2). We describe the differences between the strategies below.

e The first strategy is called Sp. An Sp-adversary draws ¢;(u,0) ~ Ber(1/2) for all u €
[k],t € [T]. Note that this determines ¢;(u, 1) for all u € [k] and all ¢t € [T].

e The other NV — 1 strategies are {S(y) uelk],vefn]: AN S(u»,ox)-adversary draws £;(u,0) ~
Ber(1/2) for all ¢, and for all u € [k]\{u*}. It draws £;(u*, agu*’”*)) ~ Ber(1/2 —¢).

In simple words, in Sy all experts are equally handled, and S, ,+) gives a slight advantage
to the predictions of (u*,v*).

3 A reduction from Special Batch Identification (SBI) to BWE
(Step 1)

We say that u € [k] is the special batch if there exists v € [n] such that the adversarial strategy
is Sy, If there is no such u, then 0 is the special batch. Note that in our reduced setting, there
is always precisely one special batch.

In this paper, we lower bound the pseudo-regret of the learner (which can only be smaller
than the expected regret):

T

T
Rr = max B> 4(L) = > l(e()].
t=1

el
g€Vl i

Further discussion on standard measures of regret in bandit problems may be found in [BCB*12).
Note that from linearity of expectation, the pseudo-regret against any fixed expert j € [N] can
be seen as a sum of T per-round pseudo-regret values, the t™* of which is E[¢;(I;) — £:(e:(5))].

In this section, we prove that in our reduced setting, any algorithm achieving pseudo-regret
at most €7'/1000, must identify the special batch with high probability. Note that this rather is
intuitive: a learner who does not know which batch is the special one, and thus keeps pulling
arms not from the special batch in at least, say, half of the rounds, will suffer at least €/2
per-round pseudo-regret against the best expert in at least half of the rounds, resulting in at
least €1'/4 cumulative pseudo-regret.

We call this problem of identifying the special batch Special Batch Identification (SBI).
Formally, an algorithm A’ for SBI is an algorithm which is being executed in the same setting
as BwE. The difference is that the goal of A’ is different from the goal of an algorithm for BwE.
The goal of A’ is to identify the special batch with high certainty, after running for the least
possible number of rounds. That is, in SBI, the algorithm may stop the game at any point, and
it is required to output a prediction of the special batch’s identity that is correct with high
probability. In particular, it does not make any predictions or suffer any loss; it only chooses
an arm to pull in each round, in a way that maximizes output accuracy, in the least possible
number of rounds. Therefore, note that:

1. Expert 0 and arm 0 behave the same under all strategies, and thus its per-round expected
loss is known to always be 1/2 — ¢/2. That is, pulling 0 does not provide any information
required to estimate if 0 is the special batch or not. We can thus assume w.l.o.g that A’
never pulls 0.

2. We can say that A’ “pulls a batch” u instead of a specific arm (u,0) or (u, 1), as pulling
(u,0) or (u,1) gives A’ the exact same information. Indeed, ¢¢(u,0) =1 — £(u, 1).



We say that A’ is good if for every possible strategy from our pool, A" outputs the correct special
batch with probability at least 0.95. We denote by T'(A4’, S) the expected number of rounds A’
is executed before outputting its estimate, when the adversarial strategy is S. The expectation
is taken over the randomness of A’, as well as the randomness of S.

Lemma 3.1. Suppose that A is an algorithm for BwE, such that for any S from our pool of
strategies, the pseudo-regret of A is bounded by Ry < r(T) for all T. Let T* > 10007 (T™*)/e.
Then, there exists a good algorithm A’ for SBI such that for any strategy S from our pool,
T(A,S) < T~

Proof. Let us define a good algorithm A" with T'(A’,S) < T* for all S. A’ executes A for T*
many rounds. For any u € [k] U {0}, let T}, be the number of rounds where A pulls an arm
of batch u. A’ outputs arg max,cpuoy Tu- Clearly, T(A',S) < T* for all S. It remains to
show that A’ is good. Let u* be the special batch. We show that T, is likely to be very large
compared to other T,’s:

Pr[Ty+ < 0.75T*] = Pr[T* — Ty» > 0.25T*]

AE[T* — Ty»
< [ v (Markov)

IN

(Rpe > SE[T* — T,])

IN

IN
2 3l 3

IA
o F
_ .

To see that Ry« > SE[T™ — T)+], note that if the special batch is 0, then the per-round pseudo-
regret of any arm other than 0 against expert 0 is exactly €/2. If the special batch is some
u € [k], then when pulling an arm of some other v’ € [k] the per-round pseudo-regret against the
special expert is exactly €, and when pulling 0, the per-round pseudo-regret against the special
expert is exactly €/2.

Note that Ty > 0.757* implies u* = arg max,cjufoy Tu- Therefore, A’ outputs u* with
probability at least 0.99, as required. O

4 Lower bound for the two-batch game (Step 2)

In this section we consider the case K = 3, in which £ = 1, and we only have the batch containing
only 0, and another single batch. We prove a lower bound on T(A’, Sp), for any good algorithm
A’ for SBI. First, observe that in the case k = 1, the learner is fixed to always choose batch 1.
Therefore, for any adversarial strategy, the learner is completely passive throughout the game.
Its only choice is for how many rounds to play, and which batch, 0 or 1, to output at the end
of the game. Therefore, for any fixed strategy, the adversary draws the expert advice and arm
losses from the same distribution in all rounds. For a strategy S, let P, be the distribution
from which the adversary pulls the advice and losses in every round when the strategy is ;.
For any distribution P, let PT be T iid draws from P. So, if the adversary uses strategy S,
and it is given that the learner runs for 7" many rounds, then the distribution over all expert
advice and losses throughout the game is P. Since the learner depends only on the observed
advice and losses, P! induces a distribution on the learner’s choice of good batch, when running
for " many rounds against an S,-adversary. Let S,,,,r be the adversarial strategy where the



adversary draws in advance v from [n] uniformly at random, and then uses the strategy S )
for T" many rounds. Likewise, denote P, v = %Zve[n} P(TLU). In all notation defined above,
when T is replaced with oo, this is interpreted as a product of unbounded length. We denote
the KL-divergence between two distributions P, Q@ by Dkr,(P||Q).

We begin with the following lemma, which was proved in [[t024] for equivalent distributions
that were defined slightly differently in [Ito24]. For completeness of the paper, we provide the
proof below.

Lemma 4.1 (|Ito24]). If 0 < e < 0.1, then for any T > 1,n > 1:

(1+4e)T -1

Proof. By definitions of P,,;,r, Pl , we have
DKL(Ppipr||Pg ) = Dk, Z Pi P
ve[n

Let p, and pg be the probability mass functions for P( 1,0) and P0 , respectively. By definition of
the KL-divergence and linearity of expectation, the above is equal to

1 pu(9) 1 1 pu(9)
n Z 9P o) I n Po(9) =5 Z n n ZEgNP(Tl,m [po(g)] ’ W)

v €[n] vE([n] v*€E[n] vE[n]

where the inequality is due to Jensen’s inequality combined with concavity of In, and linearity of

expectation. It remains to calculate the expectation E, P [f) gggg

for every round ¢, let ¢; € {0, 1} such that in round ¢, the correct arm is (1, ¢;). For every round
t and v € [n], define ¢;, = 1]e¢(v) = (1, ¢;)]. Now, note that:

pu(g) (1/2)"(1/2 + (2c1 — 1)e)
polg) tl—[% (1/2)n+1 = tg](l + (2¢10 — 1)2e).

} for every v,v*. Fix g, and

Therefore, if v # v* then:

pv(g)]
By = 11 E., ,~Ber(1/2)[1 + (210 — 1)2¢] = 1.
9~Ph ey |:p0(g) tl_[% t,v~B (1/2)[ (2¢¢ )2¢]

Otherwise, if v = v* then:

pv(g)} -
E ~ - EC v~ber € 1 + 26 v 1 26 == 1 + 46 .
9~PL e [po(g) tg] s orBer(1/24¢) [1 + (2¢ )2€] = ( )

Plugging this into the RHS of which upper bounds Dkr,(P,,;,7||P{), we obtain:

(n—1+u+4éﬂ>

1

v*€n]

1+4e2)T -1
— 1n<1 + HE))
n

<(1+%%T—1

n

n

as claimed. O



We now prove an upper bound on T'(A’, Sp) for the two-batch case (k = 1) that holds under
the assumption that A" is good for any strategy S from our pool of strategies.

Lemma 4.2. Suppose that k=1, 0 < e <0.1, and n > 10. Let A" be good. Then T(A’,Sy) >
* .__ In(n/10)

T2 := =gk

Proof. Let T be a random variable counting the rounds for which A’ is being executed. We will

show that P;°[T" > T*] > 1/2, which implies the claim. Let J € {0,1} be the output of A". Let

E be the event where A’ stops after T < T* many rounds and outputs J = 0. By Pinsker’s

inequality, we have that:

. 1 N
Py [E] = P, ,r [E]‘ < \/2 Dxr (P |1 P

_ \/1(1+4e2)T* -1

(Lemma

V2 n

LeteT — 1
“V2 a0
< 1/4.

Note that for P, induced by S, from our pool, we have PX(A) = PI"(A) for any event A
contained in the event T' < T™*. Indeed, determining whether A occurs or not can be done after
T* draws from P,. Since A’ is good, we also have

m
Again since Al is good, we have:
)

1—-PIEl =PI [T > T+ P [T <T*AJ #0)
= PI[T > T*| 4+ PP[T < T* A J #0]
< PI[T > T*] + 0.05.
Now, note that P°[T > T*] = P{"[T > T*], as the occurrence of the event T > T* is already
determined after 7* many rounds. Combining this identity with the three inequalities above, we
obtain:
PIT > T = PI[T > T7)
>0.95 - PL[E]
>0.95—1/4— P . [E]
>0.95-1/4—-0.05
= 0.65.

This concludes the proof. O

5 The general case (Step 3)

We now bootstrap the result to the general case, where there are k£ + 1 > 2 many batches.

Lemma 5.1. Let A’ be a good algorithm for SBI. Then T(A’,Sy) > k‘ln%go).




Proof. Let T,(A’,Sy) be the expected number of rounds where A" pulls u € [k] against an
So-adversary. That is, T'(A’, Sp) = Zue[k] Tu(A',Sy) (from linearity of expectation, and since

we assume that A’ never pulls 0). Suppose towards contradiction that T(A’,Sy) < k%.

Therefore, there exists u so that T, (A’,Sy) < %. Based on the queries of A’ on batch u,
we will construct a good algorithm B’ for SBI for the case k& = 1, which we call the “small
instance”. The instance of the problem that A’ solves is called the “big instance”. We stress
that the adversary is unaware of A’, and produces input for the small instance, handled by B’.
However, B’ will simulate input for A’, and use its decisions after adapting them to the small
instance. The non-0 experts in the small instance will be treated as the experts of batch v in the
big instance. Expert 0 in the small instance remains expert 0 in the big instance. B’ operates as
follows.

1. In rounds t =1, ...

(a) B’ receives advice for the small instance from the adversary.

(b) B’ generates the advice of all batches of the big instance, except from 0, u, according
to the policy described in Section [2l It passes to A’ the advice of 0, u generated by
the adversary, and also the self-generated advice for the other batches.

(¢) B’ checks what A’ wishes to do.
(d) If A" queries a batch v’ # u:

i. B’ draws the correct arm of u’ according to Ber(1/2) and passes the outcome to
A
ii. B’ generates advice for all batches of the big instance according to the policy
described in Section [2|, and passes it to A’.
iii. Return to Item [Id

(e) Else, if A’ queries u: pass the correct arm received from the adversary to A’, as the
correct arm for batch wu.

(f) If A’ stops, then:

i. If A’ outputs u or 0, B’ outputs the same output as A" (where u refers to the
non-0 batch in the small instance).

ii. Else, if A’ outputs some batch other than u or 0, B’ outputs batch 0.

Since the adversary must choose a strategy from the pool for the small instance, the big
problem instance generated for A’ is also from the pool, and note that the special batch in the
small and big instances is the same batch: it is one of the two batches of the small instance. When
A’ stops and outputs a batch, B’ stops as well. If A’ outputs a valid batch for the small instance
(u or 0), B’ outputs the same batch, and otherwise it outputs 0. Since A’ is good, it outputs
the correct batch with probability at least 0.95, and therefore B’ also outputs the correct batch
with probability at least 0.95. Thus, B’ is good for the small instance. However, we also know

that T, (A’, Sp) < ln(;égo), and T,(A’, Sp) is the expected number of rounds that B’ is executed

for against an Sp-adversary. This contradicts Lemma . Therefore, T'(A’, So) > kln%é %0). ]

6 Concluding the lower bound for BWE (Step 4)

Theorem 6.1. Let N, K be positive natural numbers such that N > 2K. Then, for any
T > KIn(N/K), and for any BwE algorithm, there exists an adversarial strategy for which

Ry = 0 yTK1og(N/K)).
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Proof. Assume without loss of generality that N, K match our reduced setting (k := (K —1)/2 €

L L k1n(n/10)
N and n := (N —1)/k € N), and that n > 10. Let T > K In(N/K) and fix € := /2200),
Therefore, k% = 5T and € < 0.1. Let A be an algorithm for BwE, and suppose it has

Ry < /TkIn(n/10)/100000 := r(7T"). Thus:
10007 (T") _ VTklIn(n/10)/100 _T/10<T

€ k1n(n/10)
100T

Then, by Lemma there exists a good SBI algorithm A’ with T(A’,S) < T = klnl(g({;o) for
any strategy S from the pool. This contradicts Lemma thus

Ry > \/TkIn(n/10)/100000 = Q(y/TK log(N/K)),

as desired. ]

7 Future work

While in its full generality, the BwE problem allows the adversary to be adaptive, previous lower
bounds hold also against an oblivious adversary who sets the advice and losses for all rounds
in advance. We conjecture that the tight lower bound proved in this work holds against an
oblivious adversary as well. More specifically, we conjecture that the oblivious adversary used in
[[to24] achieves the desired lower bound even against an improper learner.
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