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χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables.

Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1, so EZ2
i − (EZi )2 = 1, but EZi = 0, thus EZ2

i = 1. So
Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables. Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1, so EZ2
i − (EZi )2 = 1, but EZi = 0, thus EZ2

i = 1. So
Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables. Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1,

so EZ2
i − (EZi )2 = 1, but EZi = 0, thus EZ2

i = 1. So
Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables. Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1, so EZ2
i − (EZi )2 = 1,

but EZi = 0, thus EZ2
i = 1. So

Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables. Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1, so EZ2
i − (EZi )2 = 1, but EZi = 0,

thus EZ2
i = 1. So

Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables. Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1, so EZ2
i − (EZi )2 = 1, but EZi = 0, thus EZ2

i = 1. So
Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



χ2- Random Variable

Let Z1,Z2, . . . ,Zn be independent N(0,1) random variables. Then the random variable

χ2n =

n∑
i=1

Z2
i

is said to be a Chi-square random variable with n degree of freedom (df).

Note that Var(Zi ) = 1, so EZ2
i − (EZi )2 = 1, but EZi = 0, thus EZ2

i = 1. So
Eχ2n = n.

Artem Zvavitch Lecture 10.1, MATH-57091.



Suppose now that we have a sample X1,X2, . . . ,Xn from a normal population with
mean µ and variance σ2 (i.e. Xi are N(µ,σ2)).

Consider the sample variance

S2 =

∑n
i=1(Xi − X̄)2

n−1
.

Theorem:

(n−1)S2

σ2
=

∑n
i=1(Xi − X̄)2

σ2
,

has a chi-square distribution with n−1-degrees of freedom.

We will not provide a proof (also it is cool)..... But let us provide some "explanation". We first
note that (Xi −µ)/σ are independent N(0,1) random variables. Thus∑n

i=1
(Xi −µ)2

σ2

has a chi-square distribution with n degrees of freedom. What we do we "change" µ to an
estimator X̄ : ∑n

i=1
(Xi − X̄)2

σ2

and the theorem claims that random variable will remain to be χ2 but would loose one degree of
freedom.
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Interval Estimators of the Mean of a Normal Population with unknown
population variance

We are back to our estimators! Suppose that we have a sample X1, . . . ,Xn from a
(normal) population having an unknown mean µ and unknown standard deviation σ,
and we want to obtain an interval estimator for µ.

We remind that the main idea comes from the Central Limit theorem we have

√
n

X̄ −µ
σ

has (approximately) a standard normal distribution. But now σ is unknown so we can
not use zα tables! We will do most logical thing: we will replace σ with estimator S,
the sample standard deviation, and thus to base our confidence interval of a NEW
random variable

Tn−1 =
√

n
X̄ −µ

S
.

The random variable Tn−1 is said to be a t random variable with n−1 degrees of
freedom (df).
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The random variable

Tn−1 =
√

n
X̄ −µ

S
.

is said to be a t random variable (or Student’s distribution) with n− 1 degrees of freedom (df).

The reason for "n− 1 degrees of freedom" is that the sample variance S2 as we know is connected
to χ2 distribution with (n− 1) degrees of freedom. The density of t random variable as the
density of N(0,1) is symmetric with respect to the origin. It also "looks" like the standard normal
variable (and actually becomes "closer and closer" to it with large n).
Integration approximation and computer techniques were used to create tables that help us to
evaluate (approximate) the values corresponding to t distribution with fixed degrees of freedom.
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The quantity tn,α is defined to be such that

P(Tn > tn,α) = α.

where Tn is a t-random variable with n degrees of freedom.

Since

P(Tn < tn,α) = 1−α.

It follows that tn,α is the 100(1−α) percentile of the t distribution with n degrees of
freedom. For example P(Tn < tn,0.05) = 0.95. Yes, the idea is very similar to zα.
Here the picture and the table is on the next slide.
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Examples

Find t8,0.05.

Solution: Look for 8 degrees of freedom and "1-tail" - 0.05 get t8,0.05 = 1.860.

Find t6,0.005.

Solution: Look for 6 degrees of freedom and "1-tail" - 0.005 get t6,0.005 = 3.707.
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Symmetric Interval
Quite often we will be interested to find symmetric interval estimator for µ.

Note that
P(|Tn| ≤ tn,α/2) = P(−tn,α/2 ≤ Tn ≤ tn,α/2) = 1−α

Now we are ready to go back to applications, indeed Tn−1 =
√

n X̄−µ
S . Thus

P
(
√

n
|X̄ −µ|

S
≤ tn−1,α/2

)
= P(|Tn−1| ≤ tn−1,α/2) = 1−α.

So
P
(

X̄ − tn−1,α/2
S
√

n
≤ µ≤ X̄ + tn−1,α/2

S
√

n

)
= 1−α.
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√

n
≤ µ≤ X̄ + tn−1,α/2

S
√

n

)
= 1−α.
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A 100(1−α) percent confidence interval estimator for the population mean µ is given
by the interval

X̄ ± tn−1,α/2
S
√

n
.

That is with 100(1−α) percent confidence the population means belongs to interval(
X̄ − tn−1,α/2

S
√

n
, X̄ + tn−1,α/2

S
√

n

)
.
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Example

The Environmental Protection Agency (EPA) is concerned about the amounts of
PCB, a toxic chemical, in the milk of nursing mothers. In a sample of 20 women, the
amounts (in parts per million) of PCB were as follows

16,0,0,2,3,6,8,2,5,0,12,10,5,7,2,3,8,17,9,1.

Use this data to obtain a 95 and 99 percent confidence intervals of the average
amount of PCB.

Solution: Direct calculations give X̄ = 5.8 and S = 5.085. Since 100(1−α) equals 95
when α= 0.05 and equals 99 when α= 0.01, we get from our table (note we are
working with 20−1 = 19 degrees of freedom):

t19,0.025 = 2.093 and t19,0.005 = 2.861.

Finally the 95 percent confidence interval for µ:

5.8±2.093
5.085
√
20

= 5.8±2.38

and the 99 percent confidence interval for µ:

5.8±2.861
5.085
√
20

= 5.8±3.25.
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Lower and Upper Confidence Bounds

A 100(1−α) percent lower confidence interval estimator for the population mean µ is
given by

X̄ − tn−1,α
S
√

n
,

that is with 100(1−α) percent confidence the population means is greater than

X̄ − tn−1,α
S
√

n
.

A 100(1−α) percent upper confidence interval estimator for the population mean µ
is given by

X̄ + tn−1,α
S
√

n
,

that is with 100(1−α) percent confidence the population means is less than

X̄ + tn−1,α
S
√

n
.
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Example.

The Environmental Protection Agency (EPA) is concerned about the amounts of
PCB, a toxic chemical, in the milk of nursing mothers. In a sample of 20 women, the
amounts (in parts per million) of PCB were as follows

16,0,0,2,3,6,8,2,5,0,12,10,5,7,2,3,8,17,9,1.

Use this data to obtain a 95 upper confidence interval and 99 lower confidence
interval for the average amount of PCB.

Solution: Direct calculations give X̄ = 5.8 and S = 5.085. Since 100(1−α) equals 95
when α= 0.05 we use the table to find

t19,0.05 = 1.729.

Thus the 95 percent upper confidence interval is

5.8+1.729
5.085
√
20

= 7.77.

That is, we can be 95 percent sure that the average PCB level will be below 7.77.
We also use the table to get t19,0.01 = 2.539. Therefore the the 99 percent lower
confidence interval is

5.8−2.529
5.085
√
20

= 2.91.

That is, we can be 99 percent sure that the average PCB level will be above 2.91.
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