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Reminder: Point estimator for population proportion

Suppose that we are trying to estimate the proportion of a large population that
satisfy some property Q that we would like to study.

Let p denote the unknown
proportion. To estimate p we should choose a random sample and then we will
estimate p by proportion of the sample that satisfy the property Q:

p̂ =
X
n
,

where X is the number of members of the sample who satisfy the property Q. As we
know from the previous lectures

Ep̂ = p,

and thus p̂ is unbiased estimator of p. Moreover we know that

SD(p̂) = SD(
X
n
) =

1
n

SD(X) =

√
p(1− p)

n
.

The above quantity is called the Standard Error of p̂.
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Interval Estimators of population proportion

Now we would like to provide and interval estimator for p. When n is larger enough we can use the
normal approximation to the binomial distribution (please, check previous lectures) and
approximate that 100(1−α) percent interval estimator of p is given by

p̂± zα/2SD(p̂).

Indeed, if X is a binomial r.v. with parameters p and n (in this case the number of members
satisfying the property we are studying) then Central Limit Theorem gives

X −EX√
Var(X)

is approximately N(0,1).

X −np√
np(1−p)

is approximately N(0,1).

X/n−p√
p(1−p)/n

is approximately N(0,1).

p̂−p
SD(p̂)

is approximately N(0,1).

Finally

P
(∣∣∣ p̂−p

SD(p̂)

∣∣∣≤ zα/2
)
≈ P(|Z | ≤ zα/2) = 1−α.
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Interval Estimators of population proportion

Now we would like to provide and interval estimator for p. When n is larger enough we
can use the normal approximation to the binomial distribution (please, check previous
lectures) and approximate that 100(1−α) percent interval estimator of p is given by

p̂ ± zα/2SD(p̂).

But the standard deviation of p̂ is unknown because it is equal
√

p(1− p)/n and p is
unknown. But we may use p̂ to estimate p and thus estimate SD(p̂):

An approximate 100(1−α) percent confidence interval estimator of p is given by

p̂ ± zα/2

√
p̂(1− p̂)

n
,

where p̂ is the proportion of members of the sample of size n who have the
characteristic of our study.
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Example:

Out of random sample of 100 students at university 82 stated that they were
nonsmokers. Based on this, construct 99 percent confidence interval estimate of p,
the proportion of students who do not smoke.

Solution: Using 100(1−α) = 99 we get α= 0.01 and α/2= 0.005 using the tables
for zα we get

zα/2 = z0.005 = 2.576.

Thus the 99 percent confidence interval estimate of p is

0.82±2.576

√
0.82(1−0.82)

100
or 0.82±0.099.

Finally, we get that with 99 percent confidence that the percentage of nonsmokers is
between 72.1 and 91.9.
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One more Example:

On the December 24, 1991, The New York Times reported that a poll indicated that
46 percent of the population of US was in favor of the way President Bush has
handling the economy, with margin of error of ±3 percent. What does this mean?
Can we try to understand how many people were questioned?

Solution: The tradition is that the news media presents 95 percent confidence
interval. From the table we know that z0.025 = 1.96 so 95 percent confidence interval
for p is given by

p̂ ±1.96

√
p̂(1− p̂)

n
,

But we know that p̂ = .46 thus the confidence interval is actually

.46±1.96

√
0.46×0.54

n
.

But we are told that the error is ±3 so

1.96

√
0.46×0.54

n
= 3.

From where we get that n is about 1060 and thus among 1060 people that were
asked 46 supported President Bush economy politics.
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Length of the Confidence Interval

We know that 100(1−α) percent confidence interval for p is(
p̂− zα/2

√
p̂(1− p̂)

n
, p̂ + zα/2

√
p̂(1− p̂)

n

)
.

Thus

The length of a 100(1−α) percent confidence interval is

2zα/2

√
p̂(1− p̂)

n
,

where p̂ is the population proportion of the sample having characteristics we are trying to study.

Reminder x(1− x)≤ 0.25 for x ∈ [0,1]. Thus, The length of a 100(1−α) percent confidence
interval is actually less then

zα/2√
n
.

Which is really cool! Using the above formula we can easily determine the number of samples we
need to make to have an interval of length less then b:

zα/2√
n
< b

and thus

n >
( zα/2

b

)2
.
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interval is actually less then

zα/2√
n
.

Which is really cool! Using the above formula we can easily determine the number of samples we
need to make to have an interval of length less then b:

zα/2√
n
< b

and thus

n >
( zα/2

b

)2
.
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Example:

How large a sample is needed to ensure that the length of the 90 percent confidence
interval estimator of p is less than 0.01?

Solution: 90 percent confidence interval gives α= 0.1 and α/2= 0.05 and we need to
work with z0.05 = 1.645 i.e.

n >
( z0.05
0.01

)2
=

(1.645
0.01

)2
= 27062.25.

So the sample size should be at least 27063.
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Lower and Upper Confidence Bounds
Using very similar idea as was done during previous couple of lectures we derive:

A 100(1−α) percent lower confidence bound for p is given by

p̂ − zα

√
p̂(1− p̂)

n
,

i.e. with 100(1−α) percent confidence we may say that the proportion of the
population with characteristic we are studying is greater than

p̂ − zα

√
p̂(1− p̂)

n
.

A 100(1−α) percent upper confidence bound for p is given by

p̂+ zα

√
p̂(1− p̂)

n
,

i.e. with 100(1−α) percent confidence we may say that the proportion of the
population with characteristic we are studying is less than

p̂+ zα

√
p̂(1− p̂)

n
.
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example

A random sample of 125 individuals working in a large city indicated that 42 are
dissatisfied with their working conditions. Construct a 95 percent lower confidence
bound on the percentage of all workers in this city whoa are dissatisfied with their
conditions.

Solution: 100(1−α) = 95 thus α= 0.05 and we need to work with z0.05 = 1.645.
Next we compute

p̂ =
42
125

= 0.336

and finally, the 95 percent lower bound is given by

p̂ − zα

√
p̂(1− p̂)

n
= 0.336−1.645

√
0.336×0.664

125
= 0.2665.

Thus we can be 95 sure that over 26.6 percent of all workers are dissatisfied with
their working conditions.
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