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Hypothesis Testing

Many people/companies/.. love to make claims -produce hypothesis:

56 percent of people in Kent State support party X .
The average grade among high school seniors in Kepts High over 3.89.
An average person in Aurora eats at most two bananas per week.
Computers made by AZ factory will (in average) work for at least 7 years.
A new cigarettes contains at most 1.5 milligrams of nicotine.

So, how should we check such statement? Some claims may be checked precisely
(just check all members of the "population") for another it is simply impossible to
check it "precisely", and more probabilistic/statistical approach is required.
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Hypothesis Testing

A statistical hypothesis is a statement about the nature of a population. It is often
presented in terms of population parameters.

To test the hypothesis, we first need to collect a sample data and after decide whether
that hypothesis appears to be consistent with the collected sample. Assume we want
to check the claim of AZ factory about computers (that the work, in average, for at
least 7 years). The statistical hypothesis to be tested, which is called the null
hypothesis and is denoted by H0, is that the mean working life of AZ computer is 7
years. In math symbols we denote it as

H0 : µ≥ 7.

The alternative to the null hypothesis is called alternative hypothesis and is denoted
by H1. In our example H1 will claim that the average work life of AZ computer is less
then 7 years:

H1 : µ < 7.
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Hypothesis Testing

The null hypothesis, denoted by H0 is a statement about population parameter. The
alternative hypothesis, denoted by H1. The null hypothesis is rejected if it is
inconsistent with the sample data and will not be rejected otherwise.

So in our example we need to sample (select a random sample of ) a few AZ
computers and to see if the data is "consistent" with the claim that they may work
over 7 years. So if the resulting data is not consistent we will say that the null
hypothesis is rejected, if the data is consistent with the null hypothesis, then the null
hypothesis is not rejected.

A test statistics (denoted by TS) is a statistic whose value is determined from the
sample data. Depending on the value of this test statistics, the null hypothesis will be
rejected or not.

So for example, it is very logical to reject the hypothesis about AZ computers if we
find that TS is much less then 7 years, but this is not the mathematical statement we
need to define "much less":

The critical region, also called rejection region, is that set of values of the statistics for
which the null hypothesis is rejected.
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Hypothesis Testing

After we make an exact statement abut the rejection region (denoted by C) then we
reject or do not reject the null hypothesis, depending on if test statistics (TS) belongs
to C or not:

Reject H0 if TS is in C .
Do not reject H0 if TS is not in C .

So back to AZ company if we know that the standard deviation of life a computer is .8
years then the possible test of the null hypothesis is to use the test statistics X̄ equal
to the sample mean of working life of AZ computers, and to define critical region as

C = {X̄ ≤ 7−
1.312
√

n
}.

That is, the null hypothesis is

Rejected if X̄ ≤ 7− 1.312√
n .

Not rejected if X̄ > 7− 1.312√
n .

where n is the size of sample.
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Hypothesis Testing

So we need to collect random sample of size n, compute X̄ and then our hypothesis
that AZ computers can work well over 7 years is

Rejected if X̄ ≤ 7− 1.312√
n .

Not rejected if X̄ > 7− 1.312√
n .

For example if the sample is 30 then null hypothesis is rejected if X̄ is less then 6.76
and note rejected if it is greater.

The rejection of the null hypothesis H0 is a strong statement!! That H0 is not
consistent with the observed data. But the result that H0 is not rejected is a weak
statement that should be interpreted to mean that H0 is consistent with currently
collected data.

More precisely

Not Rejected 6= Accepted!
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There is always a chance to make an error when you make the decisions about the
hypothesis using the data we obtain from the sample! Logically there could be two
types of errors:

Type I error:
To reject H0 when it is true.

Type II error:
H0 not rejected when it is false.

Again, please, note that our goal is not to say that H0 is true or not, but to see if it is
consistent with the data! A classical way to do so is to fix a small α and require that
whenever we test H0 which is true the probability that we reject H0 ( i.e. would made
an error of the first type ) is less or equal then α. The value α then is called the level
of significance of the test, it is usually selected in advance and tradition is to take α
to be 10, 5 or 1 percent.
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Suppose we now want to develop a test of a certain hypothesis about θ, which is some
parameter in population distribution.

For example, we trying to check if θ belongs to
some region R (for example interval). I.e.

H0 : θ ∈ R
H1 : θ 6∈ R

The algorithm to develop a test of H0, at level of significance α is then
Select/create point estimator.
The test will reject H0 if the point estimator is far away from R.
But you must decide what is "far away".
For this we need to understand the probability distribution of our estimator when
H0 is true.
This would let us to specify the appropriate critical region ("far away") so that
probability that estimator fall in this region when H0 is true is smaller then α.
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Back to formulas: Case of known variance

Suppose that X1, . . . ,Xn is the sample from a normal distribution with unknown mean
µ and known variance σ2.

Our goal is to check the null hypothesis that µ is equal to
some specified value µ0 against the alternative the hypothesis that µ is not equal to
µ0:

H0 : µ= µ0
H1 : µ 6= µ0

The classical estimator for µ is X̄ = 1
n
∑n

i=1 Xi and so we will reject H0 is X̄ we get
from our sample is "far away" from µ0. Next we need to define "far away". Consider
a region

C = {X1, . . . ,Xn : |X̄ −µ0| ≥ c},

where c is a constant, which shows how "far" X̄ from µ, thus our goal is to select c.
But we want the significance level to be α (α is given to us!!). SO

P(|X̄ −µ0| ≥ c) = α, when µ= µ0.

Yes, the above line is EXACTLY the statement that the chances for H0 to be rejected
(i.e. for X̄ ∈ C) when µ is actually equal to µ0 is α.
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Our goal is to select c so that

P(|X̄ −µ0| ≥ c) = α, when µ= µ0.

But when µ= µ0, we have that X̄ is normally distributed with mean µ0 and standard
deviation σ/

√
n and so

Z =
X̄ −µ0
σ/
√

n

is our lovely standard normal random variable N(0,1). We notice that

|X̄ −µ0| ≥ c is equivalent to
√

n
σ
|X̄ −µ0| ≥

√
n
σ

c.

So find c we need to solve
P(|Z | ≥

√
n
σ

c) = α.

Using that Z is symmetric r.v. (density is an even function) we get

P(Z ≥
√

n
σ

c) = α/2

or
√

n
σ

c = zα/2. Finally
c =

σ
√

n
zα/2.
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We provide that

The significance-level-α test of the null hypothesis that the population mean is equal
to µ0 against the alternative that is not equal to µ0 is to be rejected if

|X̄ −µ0| ≥
σ
√

n
zα/2.

equivalently

Reject H0 :
√

n
σ
|X̄ −µ0| ≥ zα/2

Not Reject H0 :
√

n
σ
|X̄ −µ0|< zα/2.
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EXAMPLE!!!

Suppose that if a signal of intensity µ is emitted from a particular star, then the value received at
an observatory on earth is a normal random variable with mean µ and standard deviation 4. In
other words the value of the signal emitted is altered by a random noise, which is normally
distributed with mean 0 and standard deviation 4. It is suspected that the intensity of the signal is
equal to 10. Test whether this hypothesis is plausible if the same signal is independently received
20 times and the average of the 20 values received is 11.6. Use the 5 percent level of significance.

Solution: If µ represents the actual intensity then the null hypothesis and alternative are

H0 : µ = 10
H1 : µ 6= 10

Thus the first step is to compute
√

n
σ
|X̄ −µ0| =

√
20
4
|11.6− 10| = 1.79

Next we check the tables to find out that for α = 0.05

zα/2 = z0.025 = 1.96> 1.79.

Thus the null hypothesis is not rejected and we conclude that the data is not inconsistent with
the null hypothesis. Note, that if we would take α = 0.1, then

zα/2 = z0.05 = 1.645< 1.79

and the hypothesis would be rejected! So the rejections or not rejection of the hypothesis do
depends on the level of significance we use! A larger significance level gives smaller zα/2 and
thus more chances for hypothesis to be rejected. It is, thus logical to ask for a smaller significance
level at which the data lead to rejection of H0.
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Thus the first step is to compute
√

n
σ
|X̄ −µ0| =

√
20
4
|11.6− 10| = 1.79

Next we check the tables to find out that for α = 0.05

zα/2 = z0.025 = 1.96> 1.79.

Thus the null hypothesis is not rejected and we conclude that the data is not inconsistent with
the null hypothesis. Note, that if we would take α = 0.1, then

zα/2 = z0.05 = 1.645< 1.79

and the hypothesis would be rejected! So the rejections or not rejection of the hypothesis do
depends on the level of significance we use! A larger significance level gives smaller zα/2 and
thus more chances for hypothesis to be rejected. It is, thus logical to ask for a smaller significance
level at which the data lead to rejection of H0.
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