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Hypothesis Testing: Normal Population the case of unknown variance

In lecture 11 we have done hypothesis testing when the only unknown parameter was
the mean (and the variance is known).

But clearly, on practice (as we learned before)
there are a lot of cases when the variance is also unknown. And this is the case we
would like to study now!
Assume we have a sample of size n

X1,X2, . . . ,Xn

from a normal population having unknown mean µ and unknown standard deviation
σ. Suppose that we are interesting using this data to test

H0 : µ= µ0 against the alternative H1 : µ 6= µ0.

As in Lecture 11, it is logical to reject H0 if the point estimator (in this case X̄) is far
from µ0, and the question is how to define "far". In the case of known standard
deviation σ we agreed to reject H0 depending on

√
n(X̄ −µ0)

σ

(i.e reject if absolute value of above is greater then zα/2). BUT σ is unknown....
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So we will use the estimator!

Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S
We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true). For this, we need to know its probability distribution of T when H0 is
true. But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom. Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So we will use the estimator! Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S
We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true). For this, we need to know its probability distribution of T when H0 is
true. But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom. Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So we will use the estimator! Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S

We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true). For this, we need to know its probability distribution of T when H0 is
true. But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom. Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So we will use the estimator! Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S
We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true).

For this, we need to know its probability distribution of T when H0 is
true. But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom. Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So we will use the estimator! Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S
We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true). For this, we need to know its probability distribution of T when H0 is
true.

But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom. Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So we will use the estimator! Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S
We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true). For this, we need to know its probability distribution of T when H0 is
true. But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom.

Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So we will use the estimator! Consider the sample standard deviation:

S =

√∑n
i=1(Xi − X̄)2

n−1
.

We will use the test that will reject H0 depending on value

T =

√
n(X̄ −µ0)

S
We need to determine how large |T | needs to be to justify rejection at the level of
significance α (i.e. probability of error of the first type - to reject something which is
actually true). For this, we need to know its probability distribution of T when H0 is
true. But we done it in Lecture 10 (Lecture 10.1, slides 17 and after) , indeed when
µ= µ0 we get that T has a t distribution with n−1 degrees of freedom. Using logic
of lecture 11 we define tn−1,α/2 to be a number such that P(|T | ≥ tn−1,α/2) = α.

Artem Zvavitch Lecture 12, MATH-57091.



So here the plan: If we want to make significance-level-α test of

H0 : µ= µ0 against the alternative H1 : µ 6= µ0.

with σ unknown

we do two-sided t test

Reject H0 if |T |=
∣∣∣√n(X̄−µ0)

S

∣∣∣≥ tn−1,α/2

Not Reject H0 otherwise.
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p value

Assume we have computed T =
√

n(X̄−µ0)
S as we agreed we will reject H0 if

|T |=

∣∣∣∣√n(X̄ −µ0)

S

∣∣∣∣≥ tn−1,α/2.

Clearly, our decision depends on α: as larger probability of error we allow (larger α)
as greater tn−1,α/2 becomes and thus there is a greater chance to reject H0. From
another point of view we will not reject H0 when α is very small. Thus it is logical to
ask what is the minimal α for which we will be able to reject the error, i.e. α such
that ∣∣∣∣√n(X̄ −µ0)

S

∣∣∣∣= tn−1,α/2.

Or (formally):

Let the value of test statistics
√

n(X̄−µ0)
S = ν then

p value = P(|Tn−1| ≥ |ν|) = 2P(Tn−1 ≥ |ν|)

where Tn−1 is a t random variable with n−1 degrees of freedom.
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Example
Among clinic’s patients having high blood cholesterol levels, volunteers were recruited
to test a new drug designed to reduce blood cholesterol. A group of 40 volunteers
were given the drug for 60 days, and the changes in their blood cholesterol levels were
noted. If the average change was a decrease of 6.8 with a sample standard deviation
of 12.1, what conclusion can we draw? Use 5 percent level of significance.

Solution: Let us first test the hypothesis that any change in blood cholesterol level
were purely due to chance. That is, let us use the data to test the null hypothesis

H0 : µ= 0 against the alternative H1 : µ 6= 0,

where µ is the mean decrease in cholesterol. The value of the test statistic T is

T =

√
n(X̄ −µ0)

S
=

√
40(6.8−0)

12.1
= 3.554.

Using the table on the previous slide we get tn−1,α/2 = t39,0.025 = 2.023 and the null
hypothesis is rejected at 5 percent level of significance. In fact we may also compute
p value:

p value = P(|Tn−1| ≥ |ν|) = 2P(T39 ≥ 3.554)≈ 2∗0.0005 = 0.001.

So at any significance level greater then 1/10 of the percent we will reject the
hypothesis that the change in levels is due solely to chance.
SPECIAL NOTE: we would not be justified at this point in concluding that the
change in cholesterol levels are due to the specific drug!
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In fact we may also compute
p value:

p value = P(|Tn−1| ≥ |ν|) = 2P(T39 ≥ 3.554)≈ 2∗0.0005 = 0.001.

So at any significance level greater then 1/10 of the percent we will reject the
hypothesis that the change in levels is due solely to chance.
SPECIAL NOTE: we would not be justified at this point in concluding that the
change in cholesterol levels are due to the specific drug!
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Example

Historical data indicate that the mean acidity (pH) level of rain in certain industrial
region in West Virginia is 5.2. To see whether there has been any recent change in
this value, the acidity levels of 12 rainstorms over the past year have been measured,
with the following results:

6.1,6.4,4.8,5.8,6.6,5.3,6.1,4.4,3.9,6.8,6.5,6.3.

Do you think that this data strong enough, at the 5 percent level of significance, to
conclude that the acidity level has changed from the historical data?

Solution: We will test the hypothesis that acidity level have not changed:

H0 : µ= 5.2 against the alternative H1 : µ 6= 5.2.

Using calculator, or computer we find out that X̄ = 5.667 and S = 0.921. Thus, the
value of test statistics is

T =

√
n(X̄ −µ0)

S
=

√
12(5.667−5.2)

0.921
= 1.76.

We use the table to find tn−1,α/2 = t11,0.025 = 2.201, thus the null hypothesis is not
rejected at the 5 percent level of significance, and the data is not strong enough! We
can also compute the p value:

p value = P(|Tn−1| ≥ |ν|) = 2P(T11 ≥ 1.76)≈ 2∗0.05 = 0.1

and thus null hypothesis is not rejected even at 9 percent level of significance.
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One-sided tests

Absolutely the same ideology should be used for one sided test!

Before we were
studying hypothesis of type µ= µ0. Quite often we are interested to test

H0 : µ≤ µ0 against
H1 : µ > µ0

We will want to reject H0 when the sample mean X̄ is much larger than µ0, it can be
shown in exactly the same way as in two-sided case that the significance-level-α test is
to

Reject H0 :
√

n
S (X̄ −µ0)≥ tn−1,α

Not Reject H0 :
√

n
S (X̄ −µ0)< tn−1,α.

We can also compute the p value (i.e.the smallest significance level at which the data
lead to rejection of H0). For this, we first compute the statistical data

√
n(X̄ −µ0)/S

(assume it takes value ν), then the p value is equal to

p value = P(Tn−1 ≥ ν),

where Tn−1 is a t random variable with n−1 degrees of freedom The null hypothesis
is then rejected at any significance level greater than or equal to the value p.
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Summary for the Hypothesis test concerning the mean µ of a Normal
Population with Unknown Variance σ2.

Let X1, . . . ,Xn are a sample data and X̄ = 1
n
∑n

i=1 Xi and S2 = 1
n−1
∑n

i=1(Xi − X̄)2.
Then

H0 : H1 Test Statistics (TS) Significance-level-α test p Value if TS= ν

µ = µ0 µ 6= µ0
√

n
S (X̄ −µ0) Reject H0 if |TS| ≥

tn−1,α/2. Do not reject H0
otherwise

2P(Tn−1 ≥ |ν|)

µ≤ µ0 µ > µ0
√

n
S (X̄ −µ0) Reject H0 if TS ≥ tn−1,α.

Do not reject H0 otherwise
P(Tn−1 ≥ ν)

µ≥ µ0 µ < µ0
√

n
S (X̄ −µ0) Reject H0 if TS ≤−tn−1,α.

Do not reject H0 otherwise
P(Tn−1 ≤ ν)
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Example
The manufacturer of new fiberglass tire claims that the average life of a set of its tires
is at least 50 thousand miles. To verify this claim, a sample of 8 sets of tires was
chosen and tested. If the resulting values of the sample mean and sample standard
deviation were, respectively 47.2 and 3.1 thousand miles, test the manufacturer’s
claim.

Solution: We will test the hypothesis that acidity level have not changed:

H0 : µ≥ 50 against the alternative H1 : µ < 50.

Then the value of the test statistics

T =

√
n(X̄ −µ0)

S
=

√
8(47.2−50)

3.1
=−2.55

Since t7,0.05 = 1.895 and the test tell us to reject H0 when T less than or equal to
−t7,0.05, it follows that H0 is rejected at 5 percent level of significance. On the other
hand, since t7,0.01 = 2.998, H0 would not be rejected at 1 percent level. Playing with
tables we get that p value is about 0.02, illustrating that the data strongly indicate
that the manufacturer claim is invalid!
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