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Instead of Introduction

It is quite hard to say just in a few words what Probability is. One can say that
Probability is used to measure (or discuss) the uncertain, but then we, clearly, must
explain what is it "to measure" something and what "uncertain" is (actually we will do
it).

One may say that quite often, probability tell us about "frequency of
occurrence". One of our goals is to try to understand what scientists/people try to say
when they make probabilistic statements/questions. For example:

"What are the chances that this drug would work for me?”
"The chances of precipitation is 80 percent.”
"Iliad was composed by the same person with probability 90 percent.”

Our first goal is to give main definitions and at least try to construct some
mathematical base for Probability Theory (and Statistics). We will start with some
discussion of set theory.
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Set Theory.

Set - Collection of elements

A = {a,b,c,d} a set A consists of elements a,b,c,d , i.e.

c is an element of A (in math to save time we will denote it as c ∈ A).
x is not an element of A ( x 6∈ A).

Other examples.

S = {1,2,7}.
S = {6,7,8, · · ·}. Then 7 ∈ S, but 1 6∈ S, 45 ∈ S and 67.5 6∈ S.
S = {n : n is natural number, which is greater then 71 and divisible by 6}. Then
66 6∈ S, 73 6∈ S, but 72 ∈ S.
S = {x :−5 < x ≤ 7}.

More Definitions:
If every element of S is an element of T , then S is a subset of T and we denote it as
S ⊂ T . If S ⊂ T and T ⊂ S, then S = T .
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Set Theory.
When we start a modeling a certain question/problem it is useful to understand the
objects we need to deal with (and make sure not to deal with objects we are not
interested to deal with):

Ω - Universal set (Sample Space).

A set containing all object that of any interest for particular context.

∅ - empty set or the set containing no elements.

Set operations.

S ∪T (union of sets S and T )- all elements that are ether in S or in T or in both
of them.
S ∩T (intersection of sets S and T )- all elements that are in both S and T .
Sc (compliment of S) all elements of universal set Ω which are not in S.
T \S (set minus or relative complement of S in T ) - are all elements of T which
are not in S.
Note that Sc = Ω\S.

Example: Ω = N = {1,2,3, . . .},S = {2n : n ∈ N},T = {3n : n ∈ N}.

Then S ∪T = {2n or 3n : n ∈ N};S ∩T = {6n : n ∈ N} and Sc just a set of positive
odd numbers. T \S = { all positive odd numbers devisable by 3}.
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Example

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements

Ω =


(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
(2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
(3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)
(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)
(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

 .

Assume S is an event (set) that the sum of dices is an even number and T is an
event that the sum of dices is greater then 7 then

S = {(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5),(4,2),

(4,4),(4,6),(5,1),(5,3),(5,5),(6,2),(6,4),(6,6)}.

T = {(2,6),(3,5),(3,6),(4,4),(4,5),(4,6),(5,3),(5,4),(5,5),(5,6),(6,2),

(6,3),(6,4),(6,5),(6,6)},

then
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S-the sum of dices is an even number; T - the sum of dices is greater then 7

S ∪T ={sum of dices is an even number, or a number which is greater then 7 or both}
={(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5),(3,6),(4,2),

(4,4),(4,6),(5,1),(5,3),(5,4),(5,5),(5,6),(6,2),(6,3),(6,4),(6,5),(6,6)}.

and

S ∩T = {sum of dices is an even number and it is greater then 7}
= {(2,6),(3,5),(4,4),(4,6),(5,3),(5,5),(6,2),(6,4),(6,6)}.

Finally

T c = (1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3),(2,4),(2,5),(3,1),(3,2),

(3,3),(3,4),(4,1),(4,2),(4,3),(5,1),(5,2),(6,1)}.

Let A be an even that the sum of dices is less then 5. Then A∩T = ∅ (indeed if the
sum is less then 5 it can not be greater then 7).

A and T are disjoint sets if A∩T = ∅.
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Many Sets:

Definition
∞⋃

n=1

Sn = {x : x ∈ Sn, for at least one n}

∞⋂
n=1

Sn = {x : x ∈ Sn for all n}

Example:

Let R be a set of real numbers and let Sn = {x ∈ R : |x | ≤ n}, then
∞⋃

n=1
Sn = R and

∞⋂
n=1

Sn = [−1,1].
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Algebra of Sets or Many fun properties of intersection and union:

Consider sets S,T ,U which are subsets of universal set Ω, then

1 S ∩T = T ∩S.
2 S ∪T = T ∪S.
3 S ∩ (T ∪U) = (T ∩S)∪ (S ∩U).
4 (Sc )c = S.
5 S ∪Ω = Ω.
6 S ∪ (T ∪U) = (S ∪T )∪U.
7 S ∪ (T ∩U) = (T ∪S)∩ (S ∪U).
8 S ∩Sc = ∅.
9 S ∩Ω = S.

De Morgan’s laws

First:
(⋃

n
Sn

)c

=
⋂
n

Sc
n .

Second:
(⋂

n
Sn

)c

=
⋃
n

Sc
n .

For example, (A∩B)c = Ac ∪Bc .
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You can prove all of those properties!

Let’s prove
(⋃

n
Sn

)c

=
⋂
n

Sc
n .

By definition we need to show that
(⋃

n
Sn

)c

⊂
⋂
n

Sc
n and

(⋃
n

Sn

)c

⊃
⋂
n

Sc
n .

We start with the proof of the first inclusion.

Assume x ∈
(⋃

n
Sn

)c

, then x ∈ Ω but x 6∈
⋃
n

Sn. Thus x ∈ Ω but x 6∈ Sn for all n.

Which is equivalent to say that x ∈ Ω and x ∈ Sc
n for all n. Which is exactly

x ∈
⋂
n

Sc
n . So we are done with the first inclusion!

Writing, the above logical statements in reverse direction we get the second inclusion.
More precisely, assume that x ∈

⋂
n

Sc
n , then x ∈ Sc

n for all n. Which is equivalent to

say that x ∈ Ω but x 6∈ Sn for all n. But then x ∈ Ω and x 6∈
⋃
n

Sn, which is exactly

the same as x ∈
(⋃

n
Sn

)c

and we are finished with second inclusion.
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