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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.

How to choose a sample space ?
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.

How to choose a sample space ?

o Elements should be mutually exclusive. (Example: Roll of dice then "one or two"
or "two or four" would be not so good as elements of Sample space). DO NOT
MIX ELEMENTS AND SUBSETS (events).
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.

How to choose a sample space ?

o Elements should be mutually exclusive. (Example: Roll of dice then "one or two"
or "two or four" would be not so good as elements of Sample space). DO NOT
MIX ELEMENTS AND SUBSETS (events).

o Elements should be collectively exhaustive (i.e. include everything that you may

need for the study of your experiment). Example: assume we toss a coin ten
times.
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.

How to choose a sample space ?

o Elements should be mutually exclusive. (Example: Roll of dice then "one or two"
or "two or four" would be not so good as elements of Sample space). DO NOT
MIX ELEMENTS AND SUBSETS (events).

o Elements should be collectively exhaustive (i.e. include everything that you may

need for the study of your experiment). Example: assume we toss a coin ten
times.

o Game 1: We receive $ 1 each time a head comes up.
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.

How to choose a sample space ?

o Elements should be mutually exclusive. (Example: Roll of dice then "one or two"
or "two or four" would be not so good as elements of Sample space). DO NOT
MIX ELEMENTS AND SUBSETS (events).

o Elements should be collectively exhaustive (i.e. include everything that you may
need for the study of your experiment). Example: assume we toss a coin ten
times.

o Game 1: We receive $ 1 each time a head comes up.
o Game 2: We receive $ 1 each toss when head comes up. If a head come up twice in a
row we receive an additional $2. If three times in a row - additional $3...
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Probabilistic Model

@ The sample space Q2 is the set of all possible outcomes of an experiment we are
trying to study (yes! Q is our Universal set).

o Probability law assign to subset A C 2 a number P(A) € [0,1] (yes there are more
rules/axioms, we will chat about them soon). P(A) encodes knowledge/believe
about collective "likelihood".

@ Subsets of Q are called events.

How to choose a sample space ?

o Elements should be mutually exclusive. (Example: Roll of dice then "one or two"
or "two or four" would be not so good as elements of Sample space). DO NOT
MIX ELEMENTS AND SUBSETS (events).

o Elements should be collectively exhaustive (i.e. include everything that you may
need for the study of your experiment). Example: assume we toss a coin ten
times.

o Game 1: We receive $ 1 each time a head comes up.
o Game 2: We receive $ 1 each toss when head comes up. If a head come up twice in a
row we receive an additional $2. If three times in a row - additional $3...

Note that for Game 1 it is enough to consider just a total number of heads. For Game
2 we must consider much more complicated sample space.
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Probability Laws

Artem Zvavitch MATH-57091 Probal



Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events).
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlL_JAzUAQ...):P(Al)—f—P(Ag)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlL_JAzUAQ...):P(Al)—f—P(Ag)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—f—P(Ag)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—f—P(Ag)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q={H, T},
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—f—P(Ag)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q@ ={H, T}, then all possible events
(subsets) are 0, {H},{T} {H, T}.
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—‘,-P(AQ)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q@ ={H, T}, then all possible events
(subsets) are 0,{H},{T},{H, T}. We note that (by Normalization) P({H,T}) =1,
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—‘,-P(AQ)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q@ ={H, T}, then all possible events
(subsets) are 0,{H},{T},{H, T}. We note that (by Normalization) P({H,T}) =1,
also (by additivity) P({H, T})=P({H})+P({T}),

Artem Zvavitch Lecture 1.2, MATH-57091 Probability and Statistics for High-School Teach



Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—‘,-P(AQ)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q@ ={H, T}, then all possible events
(subsets) are 0,{H},{T},{H, T}. We note that (by Normalization) P({H,T}) =1,
also (by additivity) P({H, T}) = P({H})+ P({T}), we also agreed that

P({H}) = P({T}), and thus we get

PUHY = PUT) = 5.
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—‘,-P(AQ)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q@ ={H, T}, then all possible events
(subsets) are 0,{H},{T},{H, T}. We note that (by Normalization) P({H,T}) =1,
also (by additivity) P({H, T}) = P({H})+ P({T}), we also agreed that

P({H}) = P({T}), and thus we get

1
PR = Py Sl = 2
It is also interesting to note that

P({H,T})=P({H, Ttub) = P({H, T})+ P(0),
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Probability Laws
Probability Axioms:

Non-negativity: P(A) > 0, for every event A.

Additivity: P(AUB) = P(A)+ P(B) if AnNB=0 (i.e. if A and B are mutually
exclusive events). Moreover,

P(AlUAzUAQ..‘):P(Al)—‘,-P(AQ)-i-..A7

if AinA; =0, for all i # j, i.e. all A; are mutually exclusive.
Normalization: P(Q2) =1.

<

One coin toss, when we agree that head and tail are equally likely to occur.

Our sample space consist of two elements, i.e. Q@ ={H, T}, then all possible events
(subsets) are 0,{H},{T},{H, T}. We note that (by Normalization) P({H,T}) =1,
also (by additivity) P({H, T}) = P({H})+ P({T}), we also agreed that

P({H}) = P({T}), and thus we get

1
PR = Py Sl = 2
It is also interesting to note that

P({H,T})=P({H, Ttub) = P({H, T})+ P(0),

from where we get that P(0)) = 0.
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Discrite Probability model

In this model the Sample Space consists of a finite number of possible outcomes (as
for example in the previous example) and the probability law is specified by assigning
probability of each element, i.e. Q= {si1,...,sn} and P(s;) = p; where each p; € [0,1]

n
and Zp,- =1.
i=1
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Discrite Probability model

In this model the Sample Space consists of a finite number of possible outcomes (as

for example in the previous example) and the probability law is specified by assigning

probability of each element, i.e. Q= {si1,...,sn} and P(s;) = p; where each p; € [0,1]
n

and Zp,- = 1. Then the probability of an event is just a sum of probabilities of

i=1
elements contained in this event, for example

P({s2,54,57}) = p2+ pa + pr-
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Discrite Probability model

In this model the Sample Space consists of a finite number of possible outcomes (as

for example in the previous example) and the probability law is specified by assigning

probability of each element, i.e. Q= {si1,...,sn} and P(s;) = p; where each p; € [0,1]
n

and Zp,- = 1. Then the probability of an event is just a sum of probabilities of

i=1
elements contained in this event, for example

P({s2,54,57}) = p2+ pa + pr-

In some cases (again as in the previous example) we may assume that all s; has the
same probability, then (from Zp,- =1) we get pj=1/n and
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Discrite Probability model

In this model the Sample Space consists of a finite number of possible outcomes (as

for example in the previous example) and the probability law is specified by assigning

probability of each element, i.e. Q= {si1,...,sn} and P(s;) = p; where each p; € [0,1]
n

and Zp,- = 1. Then the probability of an event is just a sum of probabilities of

i=1
elements contained in this event, for example

P({s2,54,57}) = p2+ pa + pr-

In some cases (again as in the previous example) we may assume that all s; has the
same probability, then (from Zp,- =1) we get pj=1/n and thus

Number of elements in A
P(A) = - :

for each event A C Q.
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Example (rolling two dice, see Lecture 1.1)

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements
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Example (rolling two dice, see Lecture 1.1)

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements

(1,1)
(2,1)
(3,1)
(4,1)
(5,1)
(6,1)

(1,2)

Artem Zvavitch

(1,4) (1,5) (1,6)
(2,4) (2,5 (2,6)
(3,4) (3,5 (3,6)
(4,4) (4,5 (46)
(5,4) (5,5) (5,6)
(6,4) (6,5) (6,6)
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Example (rolling two dice, see Lecture 1.1)

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements

(1,1)
(2,1)
(3,1)
(4,1)
(5,1)
(6,1)

(1,2) (1,3)
(2,2) (2,3)
(3:2) (33)
(4,2) (43)
(52) (53)
(6,2) (6,3)

(1,4) (1,5) (1,6)
(2,4) (2,5 (2,6)
(3,4) (3,5 (3,6)
(4,4) (4,5 (46)
(5,4) (5,5) (5,6)
(6,4) (6,5) (6,6)

We assume that dice are "perfect" and thus each outcome above have the same
probability, thus P((i,j)) = 1/36.

Artem Zvavitch
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Example (rolling two dice, see Lecture 1.1)

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements

(L) (1,2) (1,3) (1,4) (L5 (1,6)

(2,1) (2,2) (23) (2,4) (2,5 (2,6)

=) B (32 (33) (34 (35) (3,0
)] 1) (42) (43) (44 (45 (46)
(51 (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)
We assume that dice are "perfect" and thus each outcome above have the same
probability, thus P((i,j)) =1/36. For example
P(at least one dice is 4)
= P({(1,4):(2,4):(3,4):(4,4):(5,4):(6,4): (4,1); (4,2); (4,3):(4,5): (4,6)})
11
T 36
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Example (rolling two dice, see Lecture 1.1)

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements

(1,1)
(2,1)
(3,1)
(4,1)
(5,1)
(6,1)

(1,2) (1,3)
(2,2) (2,3)
(3:2) (33)
(4,2) (43)
(52) (53)
(6,2) (6,3)

(1,4) (1,5) (1,6)
(2,4) (2,5 (2,6)
(3,4) (3,5 (3,6)
(4,4) (4,5 (46)
(5,4) (5,5) (5,6)
(6,4) (6,5) (6,6)

We assume that dice are "perfect" and thus each outcome above have the same
probability, thus P((i,j)) =1/36. For example

P(at least one dice is 4)

= P({(1,4):(2,4):(3,4);(4,4); (5,4):(6,4); (4,1): (4,2); (4,3); (4,5); (4,6)})

1
T 36
or

6 1
P(first roll is equal to the second roll) = — = =

Artem Zvavitch

36

Lecture 1.2, MATH-57091 Probability and Statistics for High-School Teach



Example (rolling two dice, see Lecture 1.1)

Consider the experiment of rolling two dice, then the sample space (universal set)
consist of the following 36 elements

(L) (1,2) (1,3) (1,4) (L5 (1,6)

(2,1) (2,2) (23) (2,4) (2,5 (2,6)

=) B (32 (33) (34 (35) (3,0
)] 1) (42) (43) (44 (45 (46)
(51 (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

We assume that dice are "perfect" and thus each outcome above have the same
probability, thus P((i,j)) =1/36. For example

P(at least one dice is 4)
= P({(1,4):(2,4):(3,4);(4,4); (5,4):(6,4); (4,1): (4,2); (4,3); (4,5); (4,6)})

1
T 36
or
. . 6 1
P(first roll is equal to the second roll) = — = =.
36 6
Be careful with "each outcome above have the same probability" note
2
P(one of dice is 3 and another is 4) = =
but

1
P(one of dice is 3 and another is also 3) = 3%
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Assume S is an event (set) that the sum of dices is an even number and T is an event
that the sum of dices is greater then 7 then
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Assume S is an event (set) that the sum of dices is an even number and T is an event
that the sum of dices is greater then 7 then

5=1{(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5), (4,2),
(4,4),(4,6),(5,1),(5,3),(5,5), (6,2), (6,4, (6,6)}.
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Assume S is an event (set) that the sum of dices is an even number and T is an event
that the sum of dices is greater then 7 then

5=1{(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5), (4,2),
(4,4),(4,6),(5,1),(5,3),(5,5), (6,2), (6,4, (6,6)}.

T ={(2,6),(3,5),(3,6),(4,4),(4,5),(4,6),(5,3),(5,4),(5,5), (5,6), (6,2),
(6,3),(6,4),(6,5),(6,6)},
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Assume S is an event (set) that the sum of dices is an even number and T is an event
that the sum of dices is greater then 7 then

5=1{(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5), (4,2),
(4,4),(4,6),(5,1),(5,3),(5,5), (6,2), (6,4, (6,6)}.

T ={(2,6),(3,5),(3,6),(4,4),(4,5),(4,6),(5,3),(5,4),(5,5), (5,6), (6,2),
(6,3),(6,4),(6,5),(6,6)},

then 1 5 5
PS)=—===and P(T)=— = —
2 36 12

Artem Zvavitch Lecture 1.2, MATH-57091 Probability and Statistics for High-School Teach



Assume S is an event (set) that the sum of dices is an even number and T is an event
that the sum of dices is greater then 7 then

5=1{(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5), (4,2),
(4,4),(4,6),(5,1),(5,3),(5,5), (6,2), (6,4, (6,6)}.

T ={(2,6),(3,5),(3,6),(4,4),(4,5),(4,6),(5,3),(5,4),(5,5), (5,6), (6,2),

(6,3),(6,4),(6,5),(6,6)},
then
15

1 5
P(S)_—_Eand 'D(T)_%_ﬁ

SUT ={sum of dices is an even number, or a number which is greater then 7 or both}
={(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5),(3,6),(4,2),
(4,4),(4,6),(5,1),(5,3),(5,4),(5,5),(5,6),(6,2),(6,3),(6,4),(6,5),(6,6)}.
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Assume S is an event (set) that the sum of dices is an even number and T is an event
that the sum of dices is greater then 7 then

5=1{(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5), (4,2),
(4,4),(4,6),(5,1),(5,3),(5,5), (6,2), (6,4, (6,6)}.

T ={(2,6),(3,5),(3,6),(4,4),(4,5),(4,6),(5,3),(5,4),(5,5), (5,6), (6,2),
(6,3),(6,4),(6,5),(6,6)},

then 1 5 5
P(S)=—==-and P(T)= — = —
() 2an () 36 12

SUT ={sum of dices is an even number, or a number which is greater then 7 or both}
={(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5),(3,6),(4,2),
(4,4),(4,6),(5,1),(5,3),(5,4),(5,5),(5,6),(6,2),(6,3),(6,4),(6,5),(6,6)}.

and P(SUT) = % # P(S)+ P(T) (but this is perfectly fine: SNT # 0).
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Probability Laws:

Artem Zvavitch MATH-57091 Probal School Teach



Some Probability Laws:

If AC B then P(A) < P(B).
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Some Probability Laws:

If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A)
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Some Probability Laws:

If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A) + P((B\ A)) = P(A).
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Some Probability Laws:
If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A) + P((B\ A)) = P(A).

P(AUB) = P(A)+ P(B) — P(AN B).

A\
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Some Probability Laws:
If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A) + P((B\ A)) = P(A).

P(AUB) = P(A)+P(B)—P(ANB).
Proof: Note that AUB = (A\B)U(B\A)U(ANB),

A\
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Some Probability Laws:
If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A) + P((B\ A)) = P(A).

P(AUB) = P(A)+ P(B) — P(AN B).

Proof: Note that AUB = (A\ B)U(B\A)U(ANB), moreover all of those three sets
are mutually exclusive, thus

P(AUB)=P((A\B)U(B\A)U(ANB))=P((A\B))+P((B\A))+ P((ANB)).

A\
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Some Probability Laws:
If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A) + P((B\ A)) = P(A).

P(AUB) = P(A)+ P(B) — P(AN B).

Proof: Note that AUB = (A\ B)U(B\A)U(ANB), moreover all of those three sets
are mutually exclusive, thus

P(AUB)=P((A\B)U(B\A)U(ANB))=P((A\B))+P((B\A))+ P((ANB)).

We also note that A= (A\ B)U (AN B) and again those two events are mutually
exclusive, thus

P(A) = P((A\B)U(ANB)) = P(A\ B))+ P(ANB)

A\
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Some Probability Laws:
If AC B then P(A) < P(B).

Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A) + P((B\ A)) = P(A).

P(AUB) = P(A)+ P(B) — P(AN B).

Proof: Note that AUB = (A\ B)U(B\A)U(ANB), moreover all of those three sets
are mutually exclusive, thus

P(AUB)=P((A\B)U(B\A)U(ANB))=P((A\B))+P((B\A))+ P((ANB)).

We also note that A= (A\ B)U (AN B) and again those two events are mutually
exclusive, thus

P(A) = P((A\B)U(ANB)) = P(A\ B))+ P(ANB)

and
P((A\B))+ P((B\A))+P((AnB)) = P(A)+ P(B)— P(AN B).
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Some Probability Laws:

If AC B then P(A) < P(B).
Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A)+ P((B\ A)) > P(A). )
P(AUB) = P(A)+ P(B) — P(AN B).

Proof: Note that AUB = (A\ B)U(B\A)U(ANB), moreover all of those three sets
are mutually exclusive, thus

P(AUB)=P((A\B)U(B\A)U(ANB))=P((A\B))+P((B\A))+ P((ANB)).

We also note that A= (A\ B)U (AN B) and again those two events are mutually
exclusive, thus

P(A) = P((A\B)U(ANB)) = P(A\B))+ P(ANB)
and
P((A\B))+ P((B\A))+P((AnB)) = P(A)+ P(B)— P(AN B). |

o P(AUB) < P(A)+ P(B).
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Some Probability Laws:

If AC B then P(A) < P(B).
Proof: Note that if AC B then B=AU(B\ A) moreover AN(B\ A) =0 (check it!):

P(B) = P(AU(B\ A)) = P(A)+ P((B\ A)) > P(A). )
P(AUB) = P(A)+ P(B) — P(AN B).

Proof: Note that AUB = (A\ B)U(B\A)U(ANB), moreover all of those three sets
are mutually exclusive, thus

P(AUB)=P((A\B)U(B\A)U(ANB))=P((A\B))+P((B\A))+ P((ANB)).

We also note that A= (A\ B)U (AN B) and again those two events are mutually
exclusive, thus

P(A) = P((A\B)U(ANB)) = P(A\ B))+ P(ANB)

and
P((A\B))+ P((B\A))+P((AnB)) = P(A)+ P(B)— P(AN B). |
o P(AUB) < P(A)+ P(B).
o P(A)=1-P(A).
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Continuous Model
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo's chances to be late and on y-axis Juliet’'s chances to

be late.
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo's chances to be late and on y-axis Juliet’'s chances to
be late. What would be the chances that Romeo is late by 30 min and Juliet is late

by 20 min?
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. What would be the chances that Romeo is late by 30 min and Juliet is late by
20 min? Let me make this question a bit more precise: What would be the chances
that Romeo is late by exactly 30 min and Juliet is late by exactly 20 min?
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. What would be the chances that Romeo is late by 30 min and Juliet is late by
20 min? Let me make this question a bit more precise: What would be the chances
that Romeo is late by exactly 30 min and Juliet is late by exactly 20 min?

P((1/2,1/3)) =0
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo's chances to be late and on y-axis Juliet’'s chances to
be late. What would be the chances that Romeo is late by at most 30 min and Juliet

is late by at most 20 min?
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

AN\

(0,0) 1/2 Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet’'s chances to
be late. What would be the chances that Romeo is late by at most 30 min and Juliet
is late by at most 20 min? This region can be represented by the set x € [0,1/2] and

y€[0,1/3]
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

AN\

(0,0) 1/2 Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet’'s chances to
be late. What would be the chances that Romeo is late by at most 30 min and Juliet
is late by at most 20 min? This region can be represented by the set x € [0,1/2] and
y €[0,1/3] and thus

1
P(Romeo is late by at most 30 min and Juliet is late by at most 20 min) = =
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. Finally, let's go to our original problem!
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. Finally, let's go to our original problem! The different in arrival time must be

at most 15 minutes.
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. Finally, let's go to our original problem! The different in arrival time must be

at most 15 minutes. Thus [x—y|<1/4 or
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

Juliet

(0,0) Romeo

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. Finally, let's go to our original problem! The different in arrival time must be

at most 15 minutes. Thus [x—y|<1/4 or

Lecture 1.2, MATH-57091 Probability and Statistics for High-School Teach

Artem Zvavitch



Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

(1,3/4)

(0,0) 1

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. Finally, let's go to our original problem! The different in arrival time must be

at most 15 minutes. Thus [x —y| <1/4 or

1 1 1 1
——<y—-x<-andx—-<y< —.
47}/ X74 X 47y7x+4
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Continuous Model

Romeo and Juliet has a meeting at given time but each arrive a "bit" late. Say each of
them may be up to one hour late. We assume that all pairs of delays are equally likely.
The first who arrive will wait for 15 minutes and then leave, if the other one is not at
the place. What is the probability that they will meet?

We may model this problem using geometry:

(1,3/4)

(0,0) 1

Where on x-axis we have Romeo’s chances to be late and on y-axis Juliet's chances to
be late. Finally, let's go to our original problem! The different in arrival time must be

at most 15 minutes. Thus [x —y| <1/4 or
1 1 1 1
——<y—-x<-andx—-—<y<x4-.
47)/ 4 47}/7 +4
Finally

1/3\?_ 7
P(Romeo and Juliet arrive within 15 min of each other) =1 —25 (Z) e
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