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Example (rolling two dice, see Lectures 1.1 and 1

)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
17
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Example (rolling two dice, see Lectures 1.1 and 1.2)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
1?

The sample space of rolling two dices consist of the following 36 elements

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (22) (2,3) (2,4) (2,5) (2,6)

=) B (32 (33) (34 (35) (3,0
)] ) (42) (43) (44 (45 (496)
(51) (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)
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Example (rolling two dice, see Lectures 1.1 and 1.2)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
1?

The sample space of rolling two dices consist of the following 36 elements

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (22) (2,3) (2,4) (2,5) (2,6)

=) B (32 (33) (34 (35) (3,0
)] ) (42) (43) (44 (45 (496)
(51) (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

Now consider an event T = {at least one dice is 4}:
T ={(1,4);(2,4);(3,4):(4,4):(5,4):(6,4);(4,1);(4,2);(4,3):(4,5); (4,6) }.
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Example (rolling two dice, see Lectures 1.1 and 1.2)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
1?

The sample space of rolling two dices consist of the following 36 elements

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (22) (2,3) (2,4) (2,5) (2,6)

=) B (32 (33) (34 (35) (3,0
)] ) (42) (43) (44 (45 (496)
(51) (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

Now consider an event T = {at least one dice is 4}:
T ={(1,4);(2,4);(3,4):(4,4):(5,4):(6,4);(4,1);(4,2);(4,3):(4,5); (4,6) }.
Note that now we "do not need to consider our sample set Q", why? Because we

KNOW that we need only to work with elements of T, nothing else exists for us!
Because we know T happened!
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Example (rolling two dice, see Lectures 1.1 and 1.2)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
1?

The sample space of rolling two dices consist of the following 36 elements

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (22) (2,3) (2,4) (2,5) (2,6)

=) B (32 (33) (34 (35) (3,0
)] ) (42) (43) (44 (45 (496)
(51) (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

Now consider an event T = {at least one dice is 4}:
T ={(1,4);(2,4);(3,4):(4,4):(5,4):(6,4);(4,1);(4,2);(4,3):(4,5); (4,6) }.
Note that now we "do not need to consider our sample set Q", why? Because we

KNOW that we need only to work with elements of T, nothing else exists for us!
Because we know T happened! Next consider and event S = {at least one dice is 1}

S={(1,1);(1,2);(1,3):(1,4):(1,5); (1,6); (2,1); (3,1); (4,1); (5,1); (6,1)}).
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Example (rolling two dice, see Lectures 1.1 and 1.2)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
1?

The sample space of rolling two dices consist of the following 36 elements

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (22) (2,3) (2,4) (2,5) (2,6)

=) B (32 (33) (34 (35) (3,0
)] ) (42) (43) (44 (45 (496)
(51) (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

Now consider an event T = {at least one dice is 4}:
T ={(1,4);(2,4);(3,4):(4,4):(5,4):(6,4);(4,1);(4,2);(4,3):(4,5); (4,6) }.

Note that now we "do not need to consider our sample set Q", why? Because we
KNOW that we need only to work with elements of T, nothing else exists for us!
Because we know T happened! Next consider and event S = {at least one dice is 1}

S={(1,1);(1,2);(1,3):(1,4):(1,5); (1,6); (2,1); (3,1); (4,1); (5,1); (6,1)}).

But S is not exactly what we are looking for in our question! We need S if we know
T happened!
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Example (rolling two dice, see Lectures 1.1 and 1.2)

Consider the experiment of rolling two dice, assume that we know that at least one of
the dices in our outcomes is 4. What is the probability that at least one of the dice is
1?

The sample space of rolling two dices consist of the following 36 elements

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (22) (2,3) (2,4) (2,5) (2,6)

=) B (32 (33) (34 (35) (3,0
)] ) (42) (43) (44 (45 (496)
(51) (52) (53) (54) (55 (506)

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

Now consider an event T = {at least one dice is 4}:
T ={(1,4);(2,4);(3,4):(4,4):(5,4):(6,4);(4,1);(4,2);(4,3):(4,5); (4,6) }.

Note that now we "do not need to consider our sample set Q", why? Because we
KNOW that we need only to work with elements of T, nothing else exists for us!
Because we know T happened! Next consider and event S = {at least one dice is 1}

S={(1,1):(1,2):(1,3):(1,4): (1,5); (1,6); (2,1);(3,1); (4,1); (5,1): (6,1)}).
But S is not exactly what we are looking for in our question! We need S if we know
T happened! i.e. we are actually looking for elements in S which are elements of T,

which is exactly SN T. So (see Lecture 1.2). Denote by §T the number of elements in
T, then the probability of an event S, given that we only work "inside" T is

P( at least one of the dice is 1 GIVEN at least one od the cite is 4) = =———+ = —.
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Also we should note that there is a slightly different way to rewrite the above formula
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Also we should note that there is a slightly different way to rewrite the above formula
(the first step is just simple algebra and the second one is the definition of probability):

§SNT)  #(SNT)/tQ  P(SNT)  2/36 2

T 4T/4Q  P(T)  11/36 11°

Now we are ready for more general definition:
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Also we should note that there is a slightly different way to rewrite the above formula
(the first step is just simple algebra and the second one is the definition of probability):

§SNT)  #(SNT)/tQ  P(SNT)  2/36 2

T 4T/4Q  P(T)  11/36 11°

Now we are ready for more general definition:

Conditional Probability:

Assume we are looking for probability of S occur given that the event T occurred,
such probability is denoted by P(S|T) and is called conditional probability of S given

T. The general formula is
P(SNT
P(S|T) = ¥
P(T)

We note that the above definition is only well defined when P(T) > 0 and hence
P(S|T) is only defined when P(T) > 0.
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6,

Artem Zvavitch Lecture 2.1, MATH-57091 Prob: and Statistics for High-School Teach



Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6, and T be an
event that the number on the drawn card is at most 10 then
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6, and T be an
event that the number on the drawn card is at most 10 then

P(SNT) 1/20 1

PSIT) = P(T)  10/20 10’

note that in above calculation we used that SN T = S (indeed, the intersection of
events that the number is 6 and that the number is less then 10 is just that the
number is 6).
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6, and T be an
event that the number on the drawn card is at most 10 then

P(SNT) 1/20 1

P S T)= — = a0

(SIT) P(T) 10/20 10
note that in above calculation we used that SN T = S (indeed, the intersection of
events that the number is 6 and that the number is less then 10 is just that the
number is 6).

Problem: A family has two children. What is the conditional probability that both are
boys, given that at least one of them is a boy?
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6, and T be an
event that the number on the drawn card is at most 10 then

P(SNT) 1/20 1

P S T)= — = a0

(SIT) P(T) 10/20 10

note that in above calculation we used that SN T = S (indeed, the intersection of
events that the number is 6 and that the number is less then 10 is just that the
number is 6).

Problem: A family has two children. What is the conditional probability that both are
boys, given that at least one of them is a boy?

Solution: We note that the sample space Q = {(b, b); (b,g);(g,b);(g,g)} where
b=boy and g=girl.
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6, and T be an
event that the number on the drawn card is at most 10 then

P(SNT) 1/20 1

P S T)= — = a0

(SIT) P(T) 10/20 10

note that in above calculation we used that SN T = S (indeed, the intersection of
events that the number is 6 and that the number is less then 10 is just that the
number is 6).

Problem: A family has two children. What is the conditional probability that both are
boys, given that at least one of them is a boy?

Solution: We note that the sample space Q = {(b, b); (b,g);(g,b);(g,g)} where
b=boy and g=girl. We also assume that all outcomes are equally likely.
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Problem: Suppose cards numbered one through 20 are placed in a hat, mixed up, and
then one of the cards is drawn. If we are told that the number on the drawn card is at
most 10, what is the probability that the card is 67

Solution Let S be an event that the number of the drawn card is 6, and T be an
event that the number on the drawn card is at most 10 then

P(SNT) 1/20 1

PSIT) = P(T)  10/20 10’

note that in above calculation we used that SN T = S (indeed, the intersection of
events that the number is 6 and that the number is less then 10 is just that the
number is 6).

Problem: A family has two children. What is the conditional probability that both are
boys, given that at least one of them is a boy?
Solution: We note that the sample space Q = {(b, b); (b,g);(g,b);(g,g)} where
b=boy and g=girl. We also assume that all outcomes are equally likely. Let S be an
event that both children are boys, and T be an event that at least one of them is a
boy, then

P(SNT) P({(b,b)}) _1/4 1

PO = =57 = P{(6.b)i(bg):(ab)]  3/4 3
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It is interesting to note that conditional probability is extremely useful tool and will be
used many time in those lectures.
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It is interesting to note that conditional probability is extremely useful tool and will be
used many time in those lectures. Some use of conditional probability formula is a
different from examples we just reviewed:

Problem: Suppose an urn contains 9 green balls and 7 red balls. We draw two balls
from the urn without replacement. What is the probability that the both drawn balls
are green?
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It is interesting to note that conditional probability is extremely useful tool and will be
used many time in those lectures. Some use of conditional probability formula is a
different from examples we just reviewed:

Problem: Suppose an urn contains 9 green balls and 7 red balls. We draw two balls
from the urn without replacement. What is the probability that the both drawn balls
are green?

Solution: Let S be an event that the first and the second balls drawn are green.
Moreover, let T be an event that the first ball is green.
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It is interesting to note that conditional probability is extremely useful tool and will be
used many time in those lectures. Some use of conditional probability formula is a
different from examples we just reviewed:

Problem: Suppose an urn contains 9 green balls and 7 red balls. We draw two balls
from the urn without replacement. What is the probability that the both drawn balls
are green?

Solution: Let S be an event that the first and the second balls drawn are green.
Moreover, let T be an event that the first ball is green. Now, given that the first ball
is green, we know that there are only 8 green balls left and thus P(S|T) = 8/15.
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It is interesting to note that conditional probability is extremely useful tool and will be
used many time in those lectures. Some use of conditional probability formula is a
different from examples we just reviewed:

Problem: Suppose an urn contains 9 green balls and 7 red balls. We draw two balls
from the urn without replacement. What is the probability that the both drawn balls
are green?

Solution: Let S be an event that the first and the second balls drawn are green.
Moreover, let T be an event that the first ball is green. Now, given that the first ball
is green, we know that there are only 8 green balls left and thus P(S|T) =8/15. We
also know that P(T)=9/16 thus

P(S)= P(SNT) = P(T)P(S|T) = 96 x 18 _ 3

Artem Zvavitch Lecture 2.1, MATH-57091 Probal and Statistics for High-School Teach



Formula for the union of three events

We know a formula for the union of two events: P(AUB) = P(A)+ P(B)— P(ANB)
(see Lecture 1.2).
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Formula for the union of three events

We know a formula for the union of two events: P(AUB) = P(A)+ P(B)— P(ANB)
(see Lecture 1.2). What about three events? ldea - we will just iterate the formula
for two events:
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Formula for the union of three events

We know a formula for the union of two events: P(AUB) = P(A)+ P(B)— P(ANB)
(see Lecture 1.2). What about three events? ldea - we will just iterate the formula
for two events:

P(H1UH, U H3) =P(H1) + P(H2 U H3) — P(H1 N (H2 U H3))
=P(H1)+ P(H2) + P(H3) — P(H2N H3) — P(Hy N (Ha U H3)).
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Formula for the union of three events

We know a formula for the union of two events: P(AUB) = P(A)+ P(B)— P(ANB)
(see Lecture 1.2). What about three events? ldea - we will just iterate the formula
for two events:

P(H1UH, U H3) =P(H1) + P(H2 U H3) — P(H1 N (H2 U H3))
=P(H1)+ P(H2) + P(H3) — P(H2N H3) — P(Hy N (Ha U H3)).

Now we may use that H; N (H2 U H3) = (H1 N Hz) U(H1 N H3) and thus
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Formula for the union of three events

We know a formula for the union of two events: P(AUB) = P(A)+ P(B)— P(ANB)
(see Lecture 1.2). What about three events? ldea - we will just iterate the formula
for two events:

P(H1UH, U H3) =P(H1) + P(H2 U H3) — P(H1 N (H2 U H3))
=P(H1)+ P(H2) + P(H3) — P(H2N H3) — P(Hy N (Ha U H3)).

Now we may use that H; N (H2 U H3) = (H1 N Hz) U(H1 N H3) and thus

P((HlﬂHQ)U(HlﬂH3)) = P(HlﬂHg)-‘rP(HlﬂHg,)— P(HlﬂHgﬂHg,),

where we used (H1 N H2)N(H1NH3) = HiNHxN Hs.
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Formula for the union of three events

We know a formula for the union of two events: P(AUB) = P(A)+ P(B)— P(ANB)
(see Lecture 1.2). What about three events? ldea - we will just iterate the formula
for two events:

P(HyUHy U H3) =P(H1) + P(H2 U H3) — P(Hi N (H2 U H3))
=P(H1)+ P(H2) + P(H3) — P(H2N H3) — P(Hy N (Ha U H3)).

Now we may use that H; N (H2 U H3) = (H1 N Hz) U(H1 N H3) and thus

P((HlﬂHQ)U(HlﬂH3)) = P(HlﬂHg)-‘rP(HlﬂHg,)— P(HlﬂHgﬂHg,),

where we used (H1 N H2)N(H1NH3) = HiNHxN Hs.

Putting the all above formulas together we get:

P(H1UH> U Hs) =P(Hi1) + P(H>) + P(Hs)
7P(H1 ﬂHz) — P(Hl mH3), P(H2 ﬂH3)
+P(H1 NH>N H3).
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for.
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat.
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat. Then

H€ = {at least one man selects his own hat} = H; U H, U H3.
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat. Then

H€ = {at least one man selects his own hat} = H; U H, U H3.

So our goal, for now, to find P(Hy U H U H3). We will use the formula from the
previous slide.
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat. Then

H€ = {at least one man selects his own hat} = H; U H, U H3.

So our goal, for now, to find P(Hi U H U H3). We will use the formula from the
previous slide. We first note that P(H;) = %, for i =1,2,3. Indeed there are 3 hats
and the only one is correct for a give person.
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat. Then

H€ = {at least one man selects his own hat} = H; U H, U H3.

So our goal, for now, to find P(Hi U H U H3). We will use the formula from the
previous slide. We first note that P(H;) = %, for i =1,2,3. Indeed there are 3 hats
and the only one is correct for a give person. Next we would like to find P(Hi N H>).
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat. Then

H€ = {at least one man selects his own hat} = H; U H, U H3.

So our goal, for now, to find P(Hi U H U H3). We will use the formula from the
previous slide. We first note that P(H;) = %, for i =1,2,3. Indeed there are 3 hats
and the only one is correct for a give person. Next we would like to find P(Hi N H>).
We note that it is easy to see that

1
P(Hz|H1) = 2

Indeed, if we know that the first man selected a correct hat, then there is only two
hats left and one is the hat of the second man.
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Problem: Suppose that each of three men at a party throws his hat into the center of
the room. The hats are mixed up and the each man randomly selects a hat. What is
the probability that none of the man selects his own hat?

Solution: We will first calculate complementary probability, i.e. the probability of
event HS, where H is the event we are looking for. Note that then H€ is the event
that at least one man selects his own hat. Let us denote by H;, i =1,2,3 the event
that the ith man selects his own hat. Then

H€ = {at least one man selects his own hat} = H; U H, U H3.

So our goal, for now, to find P(Hi U H U H3). We will use the formula from the
previous slide. We first note that P(H;) = %, for i =1,2,3. Indeed there are 3 hats
and the only one is correct for a give person. Next we would like to find P(Hi N H>).
We note that it is easy to see that

1
P(Hz|H1) = 2

Indeed, if we know that the first man selected a correct hat, then there is only two
hats left and one is the hat of the second man. So

P(Hy N Hy) = P(Hy)P(Hy|Hp) = %

Artem Zvavitch Lecture 2.1, MATH-57091 Probability and Statistics for High-School Teach



Next we use a very similar logic to claim that

1
P(H1 NHN H3) =] P(H1 n HQ)P(H3‘H1 n HQ) = 6 x 1.
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Next we use a very similar logic to claim that

1
P(H1 NHN H3) =] P(H1 n H2)P(H3‘H1 n HQ) = 6 x 1.

Now we use the formula for the union of three events:

P(H1 U Ho U H3) =P(H1) + P(H2) + P(Hs)
—P(Hi N Hy) — P(Hi N H3) — P(H2 N H3)

(
(

+P HlﬂHgﬂH3)
1 1 1 2

ot _goant L
3 6+6 3
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Next we use a very similar logic to claim that

1
P(H1 NHN H3) = P(H1 n H2)P(H3‘H1 n H2) = 6 x 1.

Now we use the formula for the union of three events:

P(H1 U Ho U H3) =P(H1) + P(H2) + P(Hs)
—P(Hi N Hy) — P(Hi N H3) — P(H2 N H3)

(
(

+P HlﬂHgﬂH3)
1 1 1 2

ot _goant L
3 6+6 3

Finally the probability that none of the men elects his own hat is

i—2==,
3 3
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