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Discrete Random Variables

A random variable that can take at most a countable (finite) set of possible values is
said to be discrete.
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Discrete Random Variables

A random variable that can take at most a countable (finite) set of possible values is
said to be discrete. In this case we may define a probability mass function, i.e. the
probability that a discrete random variable is exactly equal to some value.
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Discrete Random Variables

A random variable that can take at most a countable (finite) set of possible values is
said to be discrete. In this case we may define a probability mass function, i.e. the
probability that a discrete random variable is exactly equal to some value. More
precisely X takes value xj,x2,... such that

p(xi) = P(X = xi),
where

p(xi) € [0,1] and Zp(x,—) =1,

i=1
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Discrete Random Variables

A random variable that can take at most a countable (finite) set of possible values is
said to be discrete. In this case we may define a probability mass function, i.e. the
probability that a discrete random variable is exactly equal to some value. More
precisely X takes value xj,x2,... such that

p(xi) = P(X = xi),
where

p(xi) € [0,1] and Zp(x,—) =1,

i=1

If X is a discrete Random variable that take one of the possible values x1,x2,...,Xn
then the expected value of X, denoted by EX is defined by

EX = Zx,—P(X =Xxj) = ZX:‘P(X:')-
i=1
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Ili Rand Variable

Suppose that a trial or an experiment, whose outcome can be classified as either a
“success" or as "failure", is performed.
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Bernoulli Random Variable

Suppose that a trial or an experiment, whose outcome can be classified as either a
"success" or as "failure", is performed. If we let X equal 1 if the outcome us a
success and 0 if it is a failure then the probability mass function is given by

p(0)=P(X=0)=1-p,

p(1) = P(X =1) = p,
where p € [0,1] is a probability that the trial is a "success".
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Bernoulli Random Variable

Suppose that a trial or an experiment, whose outcome can be classified as either a
"success" or as "failure", is performed. If we let X equal 1 if the outcome us a
success and 0 if it is a failure then the probability mass function is given by

p(0)=P(X=0)=1-p,

p(l)=P(X=1)=p,

where p € [0,1] is a probability that the trial is a "success". A random variable X is
said to be a Bernoulli random variable if its as above and p € (0,1).
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Bernoulli Random Variable

Suppose that a trial or an experiment, whose outcome can be classified as either a
"success" or as "failure", is performed. If we let X equal 1 if the outcome us a
success and 0 if it is a failure then the probability mass function is given by

p(0)=P(X=0)=1-p,

p(l)=P(X=1)=p,

where p € [0,1] is a probability that the trial is a "success". A random variable X is
said to be a Bernoulli random variable if its as above and p € (0,1).

Expectation of Bernoulli Random Variable

It is not so hard to compute EX if X is a Bernoulli Random variable with parameter p:

EX=0x%(1—p)+1xp=np.
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed.
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a Binomial
Random Variable with parameters (n, p).
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a Binomial
Random Variable with parameters (n,p). We note that

p(i)=P(X=1i)= (,_7)p"(17p)”_’-, for i=0,1,...,n.
i

n n!
(i) TR

where
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a Binomial
Random Variable with parameters (n,p). We note that

p(i)=P(X=1i)= (,_7)p"(17p)”_’-, for i=0,1,...,n.
i

(n) _ n!
i’ (n=Nn
Please, note that the above formula is not so hard to verify! First notice that for

particular sequence of n outcomes to have exactly i successes and thus n— failures is
exactly p'(1—p)"~'. But we have a lot of ways to select "when" our i successes occur

and the number of those "ways" is exactly (7)

where
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a Binomial
Random Variable with parameters (n,p). We note that

p(i)=P(X=1i)= (,_7)p"(17p)”_’-, fori=0,1,...,n.
i
where
(n) _ n!
i’ (n=Nn
Please, note that the above formula is not so hard to verify! First notice that for

particular sequence of n outcomes to have exactly i successes and thus n— failures is
exactly p'(1—p)"~'. But we have a lot of ways to select "when" our i successes occur

and the number of those "ways" is exactly (7) It is also a good moment to remind

the Binomial Formula
n

x+)"=Y" (7)X’y""~

i=0
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a Binomial
Random Variable with parameters (n,p). We note that

p(i)=P(X=1i)= (,_7)p"(17p)”_’-, for i=0,1,...,n.
i

(n) _ n!
i’ (n=Nn
Please, note that the above formula is not so hard to verify! First notice that for

particular sequence of n outcomes to have exactly i successes and thus n— failures is
exactly p'(1—p)"~'. But we have a lot of ways to select "when" our i successes occur

where

and the number of those "ways" is exactly (7) It is also a good moment to remind

the Binomial Formula
n

n P
(X+y)n: E (.)len i
i
i=0

One can see the formula just from noticing that (x4 y)" is (x + y) multiplied n
times. Thus when we open the parentheses you need to select x or y from each
multiplier only once so to get x'y"~' you need to pick i - x and (n—i) - y and you
can do it in (7) ways.
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The Binomial Random Variable

Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1 — p are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a Binomial
Random Variable with parameters (n,p). We note that

p(i)=P(X=1i)= (,_7)p"(lfp)”_’-, for i=0,1,...,n.
i

(n) _ n!
i’ (n=Nn
Please, note that the above formula is not so hard to verify! First notice that for

particular sequence of n outcomes to have exactly i successes and thus n— failures is
exactly p'(1—p)"~'. But we have a lot of ways to select "when" our i successes occur

where

and the number of those "ways" is exactly (7) It is also a good moment to remind

the Binomial Formula
n

n P
()= 3 (iyr.
i
i=0

One can see the formula just from noticing that (x4 y)" is (x + y) multiplied n
times. Thus when we open the parentheses you need to select x or y from each
multiplier only once so to get x'y"~' you need to pick i - x and (n—i) - y and you
can do it in (7) ways. The binomial formula immediately gives that

Z P(X=1i)= Z (7)13"(1 —p)" =(p+(1—p))"=1.
i=0

n
i=0
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The Binomial Random Variable: Examples

Questions: Four fair coins are flipped. If the outcomes are assumes independent, what
is the probability that two heads and two tails are obtained?
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The Binomial Random Variable: Examples

Questions: Four fair coins are flipped. If the outcomes are assumes independent, what
is the probability that two heads and two tails are obtained? Solution: Letting X
equal the number of heads ("successes") that appear, then X is a binomial random
variable with parameters n=4,p = %
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The Binomial Random Variable: Examples

Questions: Four fair coins are flipped. If the outcomes are assumes independent, what
is the probability that two heads and two tails are obtained? Solution: Letting X
equal the number of heads ("successes") that appear, then X is a binomial random
variable with parameters n=4,p = % So

-G Q) ()3
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The Binomial Random Variable: Examples

Questions: Four fair coins are flipped. If the outcomes are assumes independent, what
is the probability that two heads and two tails are obtained? Solution: Letting X
equal the number of heads ("successes") that appear, then X is a binomial random
variable with parameters n=4,p = % So

-G Q) ()3

Questions: It is known that all computers produced by BRC will be defective with
probability .2, independently of each other. What is the probability that in a sample of
four computers, at most 1 is defective?
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The Binomial Random Variable: Examples

Questions: Four fair coins are flipped. If the outcomes are assumes independent, what
is the probability that two heads and two tails are obtained? Solution: Letting X
equal the number of heads ("successes") that appear, then X is a binomial random
variable with parameters n=4,p = % So

-G Q) ()3

Questions: It is known that all computers produced by BRC will be defective with
probability .2, independently of each other. What is the probability that in a sample of
four computers, at most 1 is defective?

Solution: Let X be a number of defective items in the sample, then X is a binomial
random variable with parameters (4,.2).

Artem Zvavitch Lecture 3.2, MATH-57091 Probability and Statistics for High-School Teach



The Binomial Random Variable: Examples

Questions: Four fair coins are flipped. If the outcomes are assumes independent, what
is the probability that two heads and two tails are obtained? Solution: Letting X
equal the number of heads ("successes") that appear, then X is a binomial random
variable with parameters n=4,p = % So

-G Q) ()3

Questions: It is known that all computers produced by BRC will be defective with
probability .2, independently of each other. What is the probability that in a sample of
four computers, at most 1 is defective?

Solution: Let X be a number of defective items in the sample, then X is a binomial
random variable with parameters (4,.2). Thus, the desired probability is given by

4
0

P(X=0)+P(X=1)=()2°8" + (‘11) 2183 = 8192
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then

EX = Z i(’;)pi(l —pf= Zi(n_"i!i)”!p"(l —p)"’
i=0 i=1
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then

EX = Z i(’;)pi(l —pf= Zi(n_"i!i)”!p"(l —p)"’
i=0 i=1

- n! i n—i
- Z T A
i=1
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then

Ex= i("p1-p) = i_nil.l.,p"(l—lv)"f"
= i — (n— i)l
z n! i n—i
=Y P AP
i=1

. (n—=1)! i—lq _ N(n—1)—(i—1)
_npz((nfl)f(ifl))!(ifl)!p (t=p)
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then

n ™ pi n—i - ) n! i -
wx=2 () -n) :Z’mpu—p)
=0 i=1
n n! i n—i
- Z TRy LA S
i=1
) ”PZ ((n=1) n'ili'))!(if e @ —p)n 7l

_npz ljlpj( )n 1)—j
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then
- (N i n—i : . n i n—i
EX:Z'(’.)PU—P) —Z'mp(l—ﬁ’)
i=0 i=1

- n! i n—i
=2 Geng=m @
i=1
(n—1)! il (=i)=(=1)
_an((nfl o= ni? &P
—npz |J|pj( ==
_ npz ((" ; 1))pj(1 _p)l
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then
- (N i n—i : . n i n—i
EX:Z'(’.)PU—P) —Z'mp(l—ﬁ’)
i=0 i=1

- n! i n—i
- Z T A
i=1

(n—1)! il (=i)=(=1)
_an((nfl o= ni? &P

n—1

(n—1)! n—1)—j

:npzi((n_l) ),JIPI( )=
j=0
n—1

S (D)
Jj=0
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The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then
- (N i n—i : . n i n—i
EX:Z'(’.)PU—P) —Z'mp(l—ﬁ’)
i=0 i=1

- n! i n—i
- Z T A
i=1

(n—1)! il (=i)=(=1)
_an((nfl o= ni? &P

n—1

(n—1)! n—1)—j

:npzi((n_l) ),JIPI( )=
j=0
n—1

S (D)
Jj=0

Lecture 3.2, MATH-57091 Probability and Statistics for High-School Teach

Artem Zvavitch



The Binomial Random Variable: Expectation
Let X be a binomial random variable with parameters (n, p) then
- (N i n—i : . n i n—i
EX:Z'(’.)PU—P) —Z'mp(l—ﬁ’)
i=0 i=1

- n! i n—i
- Z T A
i=1

(n—1)! il (=i)=(=1)
_an((nfl o= ni? &P

n—1

(n—1)! n—1)—j

:npzi((n_l) ),JIPI( )=
j=0
n—1

S (D)
Jj=0
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The Geometric Random Variable

Suppose that independent trial, each of which results in a "success" with probability p
and "failure" with probability 1 — p are to be performed until success occurs.

Artem Zvavitch Lecture 3.2, MATH-57091 Probability and Statistics for High-School Teach



The Geometric Random Variable

Suppose that independent trial, each of which results in a "success" with probability p
and "failure" with probability 1 — p are to be performed until success occurs. If X
represents the number of trial required until the first success, then X is said to be a
Geometric Random Variable with parameters p.
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The Geometric Random Variable

Suppose that independent trial, each of which results in a "success" with probability p
and "failure" with probability 1 — p are to be performed until success occurs. If X
represents the number of trial required until the first success, then X is said to be a
Geometric Random Variable with parameters p. We note that

p(n)=P(X=n)=(1—p)" 'p, forn=1,2,3,...,

(please, explain why!).
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The Geometric Random Variable

Suppose that independent trial, each of which results in a "success" with probability p
and "failure" with probability 1 — p are to be performed until success occurs. If X
represents the number of trial required until the first success, then X is said to be a
Geometric Random Variable with parameters p. We note that

p(n)=P(X=n)=(1—p)" 'p, forn=1,2,3,...,

(please, explain why!).

Please, note that:

Z(l -p)"'p= pZ(l —-p)"

n=1 n=1

Zp(n) =
n=1
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The Geometric Random Variable

Suppose that independent trial, each of which results in a "success" with probability p
and "failure" with probability 1 — p are to be performed until success occurs. If X
represents the number of trial required until the first success, then X is said to be a
Geometric Random Variable with parameters p. We note that

p(n)=P(X=n)=(1—p)" 'p, forn=1,2,3,...,

(please, explain why!).

Please, note that:

Z(l -p)"'p= pZ(l —-p)"

n=1 n=1

Zp(n) =
n=1

n 1
:PZ(l—P) :szl

n=0
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Expectation of Geometric Random Variable

To compute EX for geometric random variable X one need to use quite a nice analytic
trick.
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Expectation of Geometric Random Variable

To compute EX for geometric random variable X one need to use quite a nice analytic
trick. First we again remind the formula of the sum of geometric progression

Zx forXE(O 1).

n=0
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Expectation of Geometric Random Variable

To compute EX for geometric random variable X one need to use quite a nice analytic
trick. First we again remind the formula of the sum of geometric progression

i foer(O 1).

Then taking the derivatives from both sides we get

d ~— d 1
— E x"=——— for x € (0,1).
— X
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Expectation of Geometric Random Variable

To compute EX for geometric random variable X one need to use quite a nice analytic
trick. First we again remind the formula of the sum of geometric progression

i foer(O 1).

Then taking the derivatives from both sides we get
d d 1
— E "= — — f €(0,1).
dx x dx 1—x orx€(0,1)

d d 1
—— f 1
e or x € (0,1).
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Expectation of Geometric Random Variable

To compute EX for geometric random variable X one need to use quite a nice analytic
trick. First we again remind the formula of the sum of geometric progression

Zx forXE(O 1).

n=0

Then taking the derivatives from both sides we get

d d 1
— N — ———  f €(0,1).
dXZX dx 1—x orx€(0,1)
~d , d 1
E S =T for x € (0,1).

= 1
E nx""l = a0 for x € (0,1).
— X
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Expectation of Geometric Random Variable

To compute EX for geometric random variable X one need to use quite a nice analytic
trick. First we again remind the formula of the sum of geometric progression

Zx forXE(O 1).

n=0

Then taking the derivatives from both sides we get

d o0
d—z foer(Ol)

d d 1
— " S —
E Xx e 1 foer(O 1).

= 1
E nx""l = a0 for x € (0,1).
— X

n=1
Then
_ = n— 1 1 1
2 pz"(l D PEaar s
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5,
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and f(1) =38,
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.

BE CAREFUL

| A\

Consider a random variable Y, taking values 0,1,2 such that

P(Y=0)=.2,P(Y=1)=.3and P(Y =2) = 5.
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.

BE CAREFUL

| A\

Consider a random variable Y, taking values 0,1,2 such that
P(Y=0)=.2,P(Y=1)=.3 and P(Y =2)= 5.

Consider function g(x) = x?> —x+5,
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.

BE CAREFUL

| A\

Consider a random variable Y, taking values 0,1,2 such that
P(Y=0)=.2,P(Y=1)=.3 and P(Y =2)= 5.

Consider function g(x) = x?> —x+5, then g(0) =5, g(1) =5 and g(2) =7
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.

BE CAREFUL

| A\

Consider a random variable Y, taking values 0,1,2 such that
P(Y=0)=.2,P(Y=1)=.3 and P(Y =2)= 5.

Consider function g(x) = x?> —x+5, then g(0) =5, g(1) =5 and g(2) =7 thus
g(Y) is a new random variable which takes values 5 and 7 and
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.

BE CAREFUL

| A\

Consider a random variable Y, taking values 0,1,2 such that
P(Y=0)=.2,P(Y=1)=.3 and P(Y =2)= 5.

Consider function g(x) = x?> —x+5, then g(0) =5, g(1) =5 and g(2) =7 thus
g(Y) is a new random variable which takes values 5 and 7 and

P(g(Y)=5)=P(Y=0)+P(Y=1)=.2+.3=5,
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Functions of a Random Variable

Random Variable is function from Sample Space to the real line: so you can easily
combine it with other functions from real line to the real line.

Consider a Bernoulli Random Variable X:
P(X=0)=1-—pand P(X=1)=p,

and consider a function f(x) =3x+5, notice that f(0) =5 and (1) =8, so f(X) is
a new random variables taking values 5 and 8 such that

P(f(X)=5)=1—p and P(f(X)=28)=p.

BE CAREFUL

| A\

Consider a random variable Y, taking values 0,1,2 such that
P(Y=0)=.2,P(Y=1)=.3 and P(Y =2)= 5.

Consider function g(x) = x?> —x+5, then g(0) =5, g(1) =5 and g(2) =7 thus
g(Y) is a new random variable which takes values 5 and 7 and

P(g(Y)=5)=P(Y=0)+P(Y=1)=.2+.3=5,

P(g(Y)=T7)=5.
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Expectation of Functions of a Random Variable

Let X be a discrete random variable and a, b are constants, then

E(aX + b) = aE(X) + b
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Expectation of Functions of a Random Variable

Let X be a discrete random variable and a, b are constants, then

E(aX + b) = aE(X) + b

Proof:

E(aX+b) = Z (axi+b)p(x;) = Z xip(xi) | +b Z p(xi) = aE(X)+ b,

x:p(x)>0 x:p(x)>0 x:p(x)>0

where we used that > p(x)=1.
x:p(x)>0
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Expectation of Functions of a Random Variable

Let X be a discrete random variable and a, b are constants, then

E(aX + b) = aE(X) + b

Proof:

E(aX+b) = Z (axi+b)p(x;) = Z xip(xi) | +b Z p(xi) = aE(X)+ b,

x:p(x)>0 x:p(x)>0 x:p(x)>0

where we used that > p(x)=1.
x:p(x)>0

Find EY if Y =3X —7, where X is a binomial random variables with parameters (5,.3)
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Expectation of Functions of a Random Variable

Let X be a discrete random variable and a, b are constants, then

E(aX + b) = aE(X) + b

Proof:

E(aX+b) = Z (axi+b)p(x;) = Z xip(xi) | +b Z p(xi) = aE(X)+ b,

x:p(x)>0 x:p(x)>0 x:p(x)>0

where we used that > p(x)=1.
x:p(x)>0

Find EY if Y =3X —7, where X is a binomial random variables with parameters (5,.3)

Solution: Using the formula for expectation of Binomial random variable we get
EX = 1.5 and thus

EY =E(3X—7)=3EX—7=3%15-7=—25.
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