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A small Remark

Use axioms to prove that

P(A∪B)≥max{P(A),P(B)},
P(A∩B)≤min{P(A),P(B)}.

Remark: Assume in your class each student speaks at least one out of two foreign
languages Russian or Spanish! You told me that 20 speak Russian and 15 speak
Spanish. What can I say about number of people in your class? I know it is at least
20! I know at most 15 may speak both Russian and English. Now back to our
problem: Solution: We know

P(A∪B) = P(A∪ (B \A)) = P(A)+P(B \A)≥ P(A).

and
P(A∪B) = P(B∪ (A\B)) = P(B)+P(A\B)≥ P(B).

If P(A∪B) is greater or equal then P(A) and P(B) then it is greater or equal then
the maximum of those two numbers. The same way

P(A) = P((A∩B)∪ (A\B)) = P(A∩B)+P(A\B)≥ P(A∩B).

P(B) = P((B∩A)∪ (B \A)) = P(B∩A)+P(B \A)≥ P(B∩A).
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An additional small Remark

Consider a random variable X such that

X =

{
1, with probability 1

2 ,
−1, with probability 1

2 .

Notice that EX = 0, but X2 = 1 (it is just a constant: it is 1 with probability 1) and
EX2 = 1, thus

E(X ∗X) 6= (EX)(EX).
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How different is X from EX
EX gives us some information about random variable X , but not to much: many
random variables with very different distribution have the same expected value.

So it
is interesting to see how different X is from EX . For example we can measure how
different X from EX in average and compute E(X −EX), the problem is

E(X −EX) = EX −E(EX) = EX −EX = 0.

So we get no much information here. One other way is to consider E|X −EX |, but it
is quite tricky to calculate an absolute value! We will use a much more natural way:

Variance of a random variable X

Var(X) = E(X −EX)2.

The variance of X measures the expected square of the deviation of X from the
expected value of X .

We note that

Var(X) = E [X −EX ]2 = E
[
X2−2XEX +(EX)2

]
= EX2−2EXEX +(EX)2

= EX2−2(EX)2+(EX)2

Var(X) = EX2− (EX)2.
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Examples of Var(X )

Calculate Var(X) when X represents the outcome when the fair die is rolled.

We know that EX = 21
6 . More over

EX2 =
1
6
(
1+22+32+42+52+62

)
=

1
6
91.

Hence Var(X) = 91
6 −
(
7
2

)2
= 35

12 .

Variance of Bernoulli random variable
Consider Bernoulli Random Variable X , i.e.

X =

{
1, with probability p
0, with probability 1−p

Then EX = p and EX2 = 12 ∗p−0∗ (1−p) = p, thus

Var(X) = p−p2.
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{
1, with probability p
0, with probability 1−p

Then EX = p and EX2 = 12 ∗p−0∗ (1−p) = p, thus

Var(X) = p−p2.
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A nice property: Consider a random variable X and constants a,b then

Var(aX +b) = a2Var(X).

in particular
Var(b) = 0.

Proof: The statement follows from E(aX +b) = a(EX)+b, indeed:

Var(aX +b) = E((aX +b)−E(aX +b))2 = E(aX +b−aE(X)−b)2

= E(aX −a(EX))2 = a2E(X −EX)2.

In general Var(X +Y ) 6= Var(X)+Var(Y ).

Indeed, just take X = Y , then

Var(X +X) = Var(2X) = 4Var(X) 6= 2Var(X) = Var(X)+Var(X).
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Independent Random Variables

The random variables X and Y are said to be independent if for all a, b:

P(X ≤ a,Y ≤ b) = P(X ≤ a)P(Y ≤ b).

In other words, random variables X and Y are independent if the events {X ≤ a} and
{Y ≤ b} are independent for all real numbers a and b.

When X and Y are discrete random variables the above condition of independence
reduces to

pX ,Y (x ,y) = pX (x)pY (y) or P(X = x ,Y = y) = P(X = x)P(Y = y).

Indeed assume pX ,Y (x ,y) = pX (x)pY (y), then

P(X ≤ a,Y ≤ b) =
∑
x≤a

∑
y≤b

pX ,Y (x ,y)

=
∑
x≤a

∑
y≤b

pX (x)pY (y)

=
∑
x≤a

pX (x)
∑
y≤b

pY (y)

=P(X ≤ a)P(Y ≤ b).
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Independent Random Variables: Product & Expected Value.

If X and Y are independent desecrate random variables, then for any functions f and
g :

E [f (X)g(Y )] = E [f (X)]E [g(Y )] ,

in particular
E [XY ] = E [X ]E [Y ] .

Proof:

E [f (X)g(Y )] =
∑

x

∑
y

f (x)g(y)pX ,Y (x ,y)

=
∑

x

∑
y

f (x)g(y)pX (x)pY (y)

=
∑

x

f (x)pX (x)
∑

y

g(y)pY (y)

=E [f (X)]E [g(Y )] .
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Independent Random Variables: Sum & variance.

If X and Y are independent desecrate random variables, then

Var(X +Y ) = Var(X)+Var(Y )

Proof:
Var(X +Y ) = E([X +Y ]−E[X +Y ])2 = E(X +Y −EX −EY )2

= E
[

X 2 +Y 2 +(EX)2 +(EY )2 + 2XY − 2XEX − 2XEY − 2YEX − 2YEY + 2EXEY
]

= EX 2 +EY 2 +(EX)2 +(EY )2 + 2E(XY )− 2EXEX − 2EXEY − 2EYEX − 2EYEY + 2EXEY
Now we may use that X and Y are independent to get E(XY ) = EXEY and thus

= EX 2 +EY 2 +(EX)2 +(EY )2 + 2EXEY − 2EXEX − 2EXEY − 2EYEX − 2EYEY + 2EXEY

= EX 2 − (EX)2 +EY 2 − (EY )2 = Var(X)+Var(Y ).
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Variance of Binomial Random Variable

The Binomial Random Variable
Suppose that n independent trial, each of which results in a "success" with probability
p and "failure" with probability 1−p are to be performed. If X represents the number
of successes that occur in the n trials, then X is said to be a Binomial Random
Variable with parameters (n,p). We note that

pX (i) = P(X = i) =
(n

i
)

pi (1−p)n−i , for i = 0,1, . . . ,n,

where
(n

i

)
= n!

(n−i)!i! .

Expectation of Binomial Random Variable
Solution: We represent our Binomial random variable X as

X = X1+X2+ · · ·+Xn,

where

Xi =

{
1, if the ith trial is a success
0, if the ith trial is a failure.

Hence Xi is a Bernoulli random variable having expectation Var(Xi ) = p−p2. More
over all Xi are independent! Thus

Var(X) = Var(X1)+Var(X2)+ · · ·+Var(Xn) = n(p−p2).
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