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Weak law of large numbers.

Let X1, X, ... be independent random variables having the same mean and variance (i.e. EX; = p
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:

X1+ X e+ X,
im p{‘L,H} >E}:0,

n— 0o n
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Let X1, X, ... be independent random variables having the same mean and variance (i.e. EX; = p
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:

X1+ X e+ X,
im p{‘L,H} >E}:0,

n— 0o n

Proof: The main idea is to use the powerful and cool Chebychev's inequality.
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Weak law of large numbers.

Let X1, X, ... be independent random variables having the same mean and variance (i.e. EX; = p
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:

X1+ X e+ X,
im p{‘L,H} >E}:0,

n— 0o n

Proof: The main idea is to use the powerful and cool Chebychev’s inequality. Indeed, the
inequality tells us that if Y is a random variable with mean EY and variance Var(Y'), then for all
k> 0:
Var(Y
P(Y ~EY| > k) < Y1),
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Weak law of large numbers.

Let X1, X, ... be independent random variables having the same mean and variance (i.e. EX; = p
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:

X1+ X e+ X,
im p{‘L,H} >E}:0,

n— 0o n

Proof: The main idea is to use the powerful and cool Chebychev’s inequality. Indeed, the
inequality tells us that if Y is a random variable with mean EY and variance Var(Y'), then for all
k> 0:
Var(Y
P(Y ~EY| > k) < Y1),

. . _ Xp+Xo+--+X
We apply the above inequality to ¥ = =—2—-1,
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Weak law of large numbers.

Let X1, X, ... be independent random variables having the same mean and variance (i.e. EX; = p
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:

X1+ X e+ X,
im p{‘L,H} >E}:0,

n— 0o n

Proof: The main idea is to use the powerful and cool Chebychev’s inequality. Indeed, the
inequality tells us that if Y is a random variable with mean EY and variance Var(Y'), then for all

k> 0:
Var(Y
P(Y ~EY| > k) < Y1),
We apply the above inequality to Y = M, then

X1+ Xo+--+ X,
Ey:Eu:ﬂ:u‘
n n
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Weak law of large numbers.

Let X1, X, ... be independent random variables having the same mean and variance (i.e. EX; = p
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:

X1+ X e+ X,
im p{‘L,H} >E}:0,

n— 0o n

Proof: The main idea is to use the powerful and cool Chebychev’s inequality. Indeed, the
inequality tells us that if Y is a random variable with mean EY and variance Var(Y'), then for all

k> 0:
Var(Y
P(Y ~EY| > k) < Y1),
We apply the above inequality to Y = M, then

Xi+Xo+- -+ X,
gy —pitXet X np L.
n n
and (all X; are independent!)
Xi+Xo+-+ X,
n

1
= Var(X Xt X) =22 =2
n? n? n

Var(Y) = Var (
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Weak law of large numbers.

. be independent random variables having the same mean and variance (i.e. EX; = p

Let X1, Xz,..
and Var(X;) = o2 for all i =1,2,...), then for all € > 0:
X1+ Xo+ -+ X,
im p{‘L,H}>E}:0,

n— oo

n
Indeed, the

Proof: The main idea is to use the powerful and cool Chebychev's inequality.
inequality tells us that if Y is a random variable with mean EY and variance Var(Y'), then for all

k > 0:
Var(Y
P(lYfEY\zk)s%,

We apply the above inequality to Y = M, then
X1+ Xo 4+ Xy np 0

EY =E
n n
and (all X; are independent!)
Xi+Xo+ -+ Xy 1 2 2
Var(Y) = Var (u> =S Var(Xi+ X+ + X)) = niz =<
n n n n

Thus Chebychev's inequality gives us:
Xi+Xo+- -+ X
P{‘ 1+ X0+ + n*#’>5}§
n
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Strong law of large numbers.

The next theorem, known as strong law of large numbers is one of the most
well-known results in probability theory. It stays that the average of a sequence of
independent random variables having the same distribution will, with probability 1
converge to the mean of that distribution:
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Strong law of large numbers.

The next theorem, known as strong law of large numbers is one of the most
well-known results in probability theory. It stays that the average of a sequence of
independent random variables having the same distribution will, with probability 1
converge to the mean of that distribution:

Let X1, X>,... be a sequence of independent random variables having common distribution and let
EX; = p. Then, with probability 1:
Xi+Xo+---+ X,

— @, as n — oo.
n
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Consider a sequence of independent trials when each time we are trying for an event A
to occur(say to see number 5 when we roll a die),
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Consider a sequence of independent trials when each time we are trying for an event A
to occur(say to see number 5 when we roll a die), let P(A) be the probability that A
occurs on any particular trial (so in example of number 5 - P(A) =1/6).
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Consider a sequence of independent trials when each time we are trying for an event A
to occur(say to see number 5 when we roll a die), let P(A) be the probability that A
occurs on any particular trial (so in example of number 5 - P(A) =1/6). As before,
letting

X — 1, if A occurs on the ith trial,
T 0, if A does not occur on the ith trial.
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Consider a sequence of independent trials when each time we are trying for an event A
to occur(say to see number 5 when we roll a die), let P(A) be the probability that A
occurs on any particular trial (so in example of number 5 - P(A) =1/6). As before,
letting
X — 1, if A occurs on the ith trial,
T 0, if A does not occur on the ith trial.

Then we have by the strong law of large numbers that, with probability 1:

X1+X2+“‘+Xn
n

— EX; = P(A), as n — oo.
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Consider a sequence of independent trials when each time we are trying for an event A
to occur(say to see number 5 when we roll a die), let P(A) be the probability that A
occurs on any particular trial (so in example of number 5 - P(A) =1/6). As before,
letting
X — 1, if A occurs on the ith trial,
T 0, if A does not occur on the ith trial.

Then we have by the strong law of large numbers that, with probability 1:

X1+X2+“‘+Xn
n

— EX; = P(A), as n — oo.

Since X1+ Xa+ -+ X, represents the number of times that even A occurs in the
first n trials, we may interpret the above equation as stating that, with probability 1,
the limiting proportion of time that the event A occurs is just P(A).
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Central Limit Theorem.

Another result which makes probability super cool is central limit theorem.
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Central Limit Theorem.

Another result which makes probability super cool is central limit theorem. It is very
important from the theoretical point of view, but, more over, it is essential practical

tool. It gives us quite a simple method to approximate probabilities for sums of
independent random variables.
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Central Limit Theorem.

Another result which makes probability super cool is central limit theorem. It is very
important from the theoretical point of view, but, more over, it is essential practical
tool. It gives us quite a simple method to approximate probabilities for sums of
independent random variables. It is also explains why all of us (and especially people
who do Statistics) love Normal Distribution: the empirical frequencies of so many
natural "populations" exhibit a bell-shaped (NORMAL) curve.
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Central Limit Theorem.

Another result which makes probability super cool is central limit theorem. It is very
important from the theoretical point of view, but, more over, it is essential practical
tool. It gives us quite a simple method to approximate probabilities for sums of
independent random variables. It is also explains why all of us (and especially people
who do Statistics) love Normal Distribution: the empirical frequencies of so many
natural "populations" exhibit a bell-shaped (NORMAL) curve.

Let X1, X>,... be a sequence of independent random variables having common
distribution and let EX; = p and Var(X;) = 2.
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Central Limit Theorem.

Another result which makes probability super cool is central limit theorem. It is very
important from the theoretical point of view, but, more over, it is essential practical
tool. It gives us quite a simple method to approximate probabilities for sums of
independent random variables. It is also explains why all of us (and especially people
who do Statistics) love Normal Distribution: the empirical frequencies of so many
natural "populations" exhibit a bell-shaped (NORMAL) curve.

Let X1, X>,... be a sequence of independent random variables having common
distribution and let EX; = v and Var(X;) = o2. Then, the distribution of

Xi+Xo+--+Xn—np
ov/n

tends to the standard normal distribution N(0,1) as n — co.
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Central Limit Theorem.

Another result which makes probability super cool is central limit theorem. It is very
important from the theoretical point of view, but, more over, it is essential practical
tool. It gives us quite a simple method to approximate probabilities for sums of
independent random variables. It is also explains why all of us (and especially people
who do Statistics) love Normal Distribution: the empirical frequencies of so many
natural "populations" exhibit a bell-shaped (NORMAL) curve.

Let X1, X>,... be a sequence of independent random variables having common
distribution and let EX; = v and Var(X;) = o2. Then, the distribution of

Xi+Xo+--+Xn—np
ov/n

tends to the standard normal distribution N(0,1) as n — co. That is

2 A= G Ak coodk 3G, — 1 ? 2
p( LoEoS St e nu<a)—>P(N(0,1)<a):— e~ dx
Uﬁ V2T o

as n — o0.
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Strong law of large numbers.

Let Xi,X>,... be a sequence of independent random variables having common distribution and let
EX; = p and Var(X;) = 0. Then, the distribution of

X4 Xo+ -+ Xo — g
ov/n

tends to the standard normal distribution N(0,1) as n — oco. That is

a
Xi+Xo 4 Xn — 1 _2
P( Sl i ’w<a)—>P(N(0,1)<a):— e T dx
v _

o+/n 2

as n — oo.
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Strong law of large numbers.

Let Xi,X>,... be a sequence of independent random variables having common distribution and let
EX; = p and Var(X;) = 0. Then, the distribution of

X4 Xo+ -+ Xo — g
ov/n

tends to the standard normal distribution N(0,1) as n — oco. That is

P<X1+X2+--~+ann/,l4

ov/n

<a)—>P(N(0,1)<a):\/%/ efédx

as n — oo.

It also helps to note that

E<X1+X2+--»+annu)

- (np—np) =0

1
= E(Xi 4+ Xo+ -+ Xp— np) =
oy (X +Xo+---+ nu)

1
ov/n
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Strong law of large numbers.

Let Xi,X>,... be a sequence of independent random variables having common distribution and let
EX; = p and Var(X;) = 0. Then, the distribution of

X4 Xo+ -+ Xo — g
ov/n

tends to the standard normal distribution N(0,1) as n — oco. That is

P<X1+X2+--~+ann/,l4

1 [7 2
= ——— T 2 dx
- <a)—>P(N(0,1)<a) F/_me d

as n — oo.

It also helps to note that

Xi+ X+ +Xo—np L 1
E = L BG4 Xt A Xo— ) = .
( — LB X = ) = (=)
and
Xi 4 Xo 4+ Xy — 1 1
Var (202 H Xm0 L X Kot Xo— 1) = —— Var (Xo 4 Xo 4+ -+ Xp)
ov/n o2n o2n
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Strong law of large numbers.

Let Xi,X>,... be a sequence of independent random variables having common distribution and let
EX; = p and Var(X;) = 0. Then, the distribution of

X4 Xo+ -+ Xo — g
ov/n

tends to the standard normal distribution N(0,1) as n — oco. That is

a
Xi+Xo+ -+ X, — 1 2
P( el ’w<a)—>P(N(0,1)<a):— e T dx
ov/n Vor |

as n — oo.

It also helps to note that

Xi+ X+ +Xo—np L 1
E = L BG4 Xt A Xo— ) = .
( — LB X = ) = (=)
and
Xi 4 Xo 4+ Xy — 1 1
Var (202 H Xm0 L X Kot Xo— 1) = —— Var (Xo 4 Xo 4+ -+ Xp)
ov/n o2n o2n

using independence we get
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Strong law of large numbers.

Let Xi,X>,... be a sequence of independent random variables having common distribution and let
EX; = p and Var(X;) = 0. Then, the distribution of

X4 Xo+ -+ Xo — g
ov/n

tends to the standard normal distribution N(0,1) as n — oco. That is

a
Xi+Xo 4 Xn — 1 _2
P( Sl i ’w<a)—>P(N(0,1)<a):— e T dx
v _

o+/n 2

as n — oo.

It also helps to note that

Xi+ X+ +Xo—np L 1
E = E(Xi+Xod -+ Xo—np) = —np)=0
( — LB X = ) = (=)
and
Xi4 X+ e+ X, — 1 1
Var (202 H Xm0 L X Kot Xo— 1) = —— Var (Xo 4 Xo 4+ -+ Xp)
ov/n o2n o2n
using independence we get
=——no’=1
o2n '

Again, the amassing fact about this theorem (as well as about two previous) is that it works for

very generic distribution of X; is long as they are independent and identically distributed with
bounded expectation and variance.
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An idea of an application.

Assume that X = X; + Xo + - -- + X; where all X; independent identically distributed
random variables,
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An idea of an application.

Assume that X = X; + Xo + - -- + X; where all X; independent identically distributed
random variables, then EX = nEX; and Var(X) = nVar(X;) and
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An idea of an application.

Assume that X = X; + Xo + - -- + X; where all X; independent identically distributed
random variables, then EX = nEX; and Var(X) = nVar(X;) and

X1+Xo+--+Xo—nEX;  X—-EX

Var(X1)v/n v/ Var(X) .
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An idea of an application.

Assume that X = X; + Xo + - -- + X; where all X; independent identically distributed
random variables, then EX = nEX; and Var(X) = nVar(X;) and

X1+Xo+--+Xo—nEX;  X—-EX

v/ Var(X1)v/n a \/ Var(X).

If X is a Binomial random variable with parameters n and p, then X has the same
distribution as the sum of n independent Bernoulli random variables each with
parameter p thus
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An idea of an application.

Assume that X = X; + Xo + - -- + X; where all X; independent identically distributed
random variables, then EX = nEX; and Var(X) = nVar(X;) and

X1+Xo+--+Xo—nEX;  X—-EX

Var(X1)v/n a \/ Var(X).

If X is a Binomial random variable with parameters n and p, then X has the same
distribution as the sum of n independent Bernoulli random variables each with
parameter p thus

X —-EX X —np

VVar(X)  \/np(1—p)
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An idea of an application.

Assume that X = X; + Xo + - -- + X; where all X; independent identically distributed
random variables, then EX = nEX; and Var(X) = nVar(X;) and

X1+Xo+--+Xo—nEX;  X—-EX

v/ Var(X1)v/n a \/ Var(X).

If X is a Binomial random variable with parameters n and p, then X has the same
distribution as the sum of n independent Bernoulli random variables each with
parameter p thus

X—-EX  X-—np

VVar(X)  \/np(1—p)

approaches the standard normal distribution as n approaches co. It is

X—np

np(1—p)
known that the normal approximation will, in general, be reasonably good for values of
n satisfying np(1 — p) > 10.
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002

But now let’s try to use the previous slide to approximate P(X = 15) via Central Limit Theorem.
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002

But now let’s try to use the previous slide to approximate P(X = 15) via Central Limit Theorem.
We note that X is a descrete random variable and normal distribution is continuous one. We need
a small "trick" to make them work together:
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002

But now let’s try to use the previous slide to approximate P(X = 15) via Central Limit Theorem.
We note that X is a descrete random variable and normal distribution is continuous one. We need
a small "trick" to make them work together:

14.5-100/6 X —100/6 15.5—100/6

< <
V100532 (/10032 (/100%% %2

P(X = 15) = P(14.5 < X < 15.5) = P
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002

But now let’s try to use the previous slide to approximate P(X = 15) via Central Limit Theorem.
We note that X is a descrete random variable and normal distribution is continuous one. We need
a small "trick" to make them work together:

145-100/6 _ X-100/6 _ 155-100/6
V100532 (/10032 (/100%% %2

X —100/6

/ 1,5
100 * & * 2

P(X = 15) = P(14.5 < X < 15.5) = P

=pP| -58< < —.31 | ~ ®(—.31) — &(—.58)
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002

But now let’s try to use the previous slide to approximate P(X = 15) via Central Limit Theorem.
We note that X is a descrete random variable and normal distribution is continuous one. We need
a small "trick" to make them work together:

145-100/6 _ X-100/6 _ 155-100/6
V100532 (/10032 (/100%% %2

X —100/6

/ 1,5
100 * & * 2

1 ! v
®(t) = P(N(0,1) < t) = \/j/ e 2dy.

2w

P(X = 15) = P(14.5 < X < 15.5) = P

=pP| -58< < —.31 | ~ ®(—.31) — &(—.58)

Where

co
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Normal Approximation of Binomial.

Let X be the number of times that a die, flipped 100 times shows 6. Find the probability that
X = 15. Use the normal approximation and then compare your it to the exact value. J

Solution: We know that P(X = 15) = (') (1) (2)” ~ 01002

But now let’s try to use the previous slide to approximate P(X = 15) via Central Limit Theorem.
We note that X is a descrete random variable and normal distribution is continuous one. We need
a small "trick" to make them work together:

145-100/6 _ X-100/6 _ 155-100/6
V100532 (/10032 (/100%% %2

X —100/6

/ 1,5
100 * & * 2

1 ! v
®(t) = P(N(0,1) < t) = \/—2?/ e 2dy.

We use tables for ®(t) (see Lecture 5.2) we get
P(X = 15) ~ 0.1011

P(X = 15) = P(14.5 < X < 15.5) = P

=pP| -58< < —.31 | ~ ®(—.31) — &(—.58)

Where
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One more example.

Let X;, i=1,2,...,10 be independent random variables, each being uniformly
distributed over (0,1). Approximate P (leil Xi > 7). J
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One more example.

Let X;, i=1,2,...,10 be independent random variables, each being uniformly
distributed over (0,1). Approximate P (leil Xi > 7). J

Solution: We note that EX; = .5 and Var(X;) = %
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One more example.

Let X;, i=1,2,...,10 be independent random variables, each being uniformly
distributed over (0,1). Approximate P (leil Xi > 7). J

Solution: We note that EX; = .5 and Var(X;) = % thus applying central limit
theorem we get

10

10 EX,-—S s
P> xi>7|=P| 5 —

i=1

«/10*% ~ \/10*ﬁ
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One more example.

Let X;, i=1,2,...,10 be independent random variables, each being uniformly
distributed over (0,1). Approximate P (leil Xi > 7). J

Solution: We note that EX; = .5 and Var(X;) = <

75, thus applying central limit
theorem we get

10
10 Xi—5
2% 7-5

i=1
Py 1/10*%> /10

~ P(N(0,1) > 2.2)
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One more example.

Let X;, i=1,2,...,10 be independent random variables, each being uniformly
distributed over (0,1). Approximate P (leil Xi > 7). J

Solution: We note that EX; = .5 and Var(X;) = <

75, thus applying central limit
theorem we get

10
10 Xi—5
2% 7-5

i=1
Py 1/10*%> /10

~ P(N(0,1) > 2.2)

=1—P(N(0,1) <22)=1—®(2.2) =.0139.
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