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Very VERY Famous Example

How many ways there are to arrange 11 letters in the word MISSISSIPPI?

Solution: There are 11 letters, but, yes, there is a problem: 4 of them are repeated "I", 4 of them
repetitions of S and there are 2 repetitions of P so if we would answer P(11,11) we will
over-calculate (much over-calculate).

But, again, can we say by how much? EACH TIME by P(4,4) because we have forgotten that
there are 4 - "I", moreover, even if we correct it, we now "forgotten" about 4 of them repetitions
of S (and must correct it by another P(4,4)), finally we must correct by P(2,2) to offset
repetitions of p. Thus the final formula is

P(11,11)
P(4,4)×P(4,4)×P(2,2)

Another Solution: Note that we can distribute letters "one by one". Start with letter M, we can
put it in 1 out of 11 places, thus there are

(
11
1

)
possibilities. Next FOR EACH DISTRIBUTION

OF LETTER M we may distribute letters I. Note that we are left with 11− 1 = 10 places and
thus there are

(
10
4

)
possibilities (remember we do not care about "order" of I’s). Now we move to

S – there are
(
6
4

)
possibilities and, finally for P there are

(
2
2

)
possibilities. And the answer is(11

1

)(10
4

)(6
4

)(2
2

)
or

11!
4!× 4!× 2!× 1!

.
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Theorem

Selection-with-repetition

If there are n objects with r1 of type 1, r2 of type 2, . . . and rm of type m, where
r1 + r2 + r3 + · · ·+ rm = n, then the number of arrangements of these n objects, denoted by
P(n; r1, r2, r3, . . . , rm) is(n

r1

)(n− r1
r2

)(n− r1− r2
r3

)
· · ·

(n− r1− r2−·· ·− rm−1

rm

)
=

n!
r1!r2!r3! · · · rm!

.

Example

In how many different ways to select six hot-dogs are possible if there are three varieties of hot dog?

This is a selection-with-repetition problem, as always the main point is "to see it in a correct way".
So suppose the varieties of hot-dogs are Regular, Chili and Super. So here an example of a
selection (of 2- Regular, 1- Chili and 3-Chili).

Regular Chili Super
xx x xxx

We can also write this as xx |x |xxx and this would be our code for hot dogs distribution. For
example xxx ||xxx will tell us 3-Regular, 0-Chili and 3-Super. We created one to one
correspondence between a hot-dogs and a sequence of 6 x’s and two |. But we do know how to
count those sequences because it is an arrangement with repetition (we have 6+2 places first we
put 6 of x after we put 2 of |) and the answer is

P(8;6,2) =
(8
6

)(2
2

)
=

8!
6!2!

.

Note that the above answer could be also seen as picking where 6 out of 8 places for x is (which
is

(
8
6

)
). We can also note that in general the question was to select 6 objects out of 3 types and

the answer is
(
6+3−1

6

)
.
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One More Theorem

The number of selections with repetition of r objects chose from n types of objects is(r + n−1
r

)
.

Proof: We copy the idea of the previous example. We make an "order form" putting n
types into an order. We have r of x ’s and to make a selection we need to separate
them with n−1 separator |. So all together we have r + n−1 places . We just need
to put x ’s (separates then go automatically into unused slots). Thus the required
number of sequences of x ’s and |’s is

(r+n−1
r

)
.
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Example

After end of Summer I semester and final exams in Artem’s class, 5 students from Combinatorics,
5 from Differential Geometry and 5 from Probability class bought a block of 15 tickets for Kent
Rock concert. If five seats are randomly selected for each class from the 15 seats in a row, what is
the probability that Combinatorics students, Differential Geometry Students, and Probability
students will each get a block of five consecutive seats?

Solution: As we already discussed our goal it to find a fraction of "what we need" to all possible
outcomes. The First question in how many ways we can seat those 15 students:

P(15;5,5,5) =
15!

5!5!5!
.

Now how many "favorable" outcomes we have? Note that what we actually need is to divide 15 in
two (consecutive) block of 5 (i.e. first 5, second 5 and third 5) and decide in which order
CLASSES seat. So we need to put 3 classes into an order - there are 3! ways to do it. So the
answer is

3!/P(15;5,5,5).
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Example

How many ways are there to form a sequence of 10 letters from 4 a’s; 4 b’s; 4 c’s and 4 d’s, if
each letter must appear at least twice.

Solution: To apply the theorem we must know how many times each letter appeared. Thus we
must split this problem into "subproblems". IT LOOKS LIKE there are A LOT OF THEM! But
the good thing that we MUST use each letter at least twice SO actually 8 letters is already USED!
So we may select IN ADDITION to use TWO different letters; OR to use one more letter twice (4
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Examples

How many ways are there to fill a box with a dozen doughnuts chose from five different varieties
with the requirement that at least one doughnut of each kind is picked?

Solution: So first we simply select one doughnut of each type. There is only one way to do it and
no much to think about. Now we need to select 7 doughnuts. But we can use our second
theorem (we select with repetition 7 objects of 5 types) and the answer is

(
7+5−1

7

)
.

How many ways are there to pick a collection of exactly 10 balls from a pile of red, blue and purple
balls if there must be at least 5 red?

Solution: The same idea! Put 5 red into the pile. Now you left to select another 5 out of 3 types(
5+3−1

5

)
.

How many ways are there to pick a collection of exactly 10 balls from a pile of red, blue and purple
balls if there must be at most 4 red?

Solution: There are different ways to do it but the best is to ... cheat. Note that it is not so hard
to compute in how many ways we can pick 10 balls without any restrictions:

(
10+3−1

10

)
. But we

know (from previous problem) that we have
(
5+3−1

5

)
to have at least 5 red balls, THUS the

answer is (10+3− 1
10

)
−

(5+3− 1
5

)
.
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