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Generating Functions

Consider a sequence of numbers ap, a1, a, ..., a,. The generating function g(x) is a polynomial
defined as )
g(x) = a0+ aix+ax" 4+ ax".
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Generating Functions

Consider a sequence of numbers ap, a1, a, ..., a,. The generating function g(x) is a polynomial
defined as )

g(x) = ap +arx + apx” + -+ -+ apx".
Note that we also can consider an infinite sequence of numbers ap, ai, az,...,an,.... Then the
generating function g(x) is a series which is defined as

g(X):30+31X+32X2+~~+anxn+....
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Generating Functi

Consider a sequence of numbers ap, a1, a, ..., a,. The generating function g(x) is a polynomial
defined as )
g(x) = ap +arx + apx” + -+ -+ apx".
Note that we also can consider an infinite sequence of numbers ap, ai, az,...,an,.... Then the
generating function g(x) is a series which is defined as

g(X):30+31X+22X2+~~+anx"+..,.

An outstanding question WHY do we need it. WHY the name "generating". We will do our best
to answers those questions, but first we need to see some examples and to learn some tricks.
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Generating Functions

Consider a sequence of numbers ap, a1, a, ..., a,. The generating function g(x) is a polynomial
defined as )
g(x) = a0+ aix+ax" 4+ ax".

Note that we also can consider an infinite sequence of numbers ap, ai, az,...,an,.... Then the
generating function g(x) is a series which is defined as

g(X):30+31X+22X2+~~+anx"+..,.

An outstanding question WHY do we need it. WHY the name "generating". We will do our best
to answers those questions, but first we need to see some examples and to learn some tricks.

Let ax = Z , i.e. consider a sequence of numbers (in this case number of ways to select k
different objects out of n different objects):

(o) @ GGl ()
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Generating Functions

Consider a sequence of numbers ap, a1, a, ..., a,. The generating function g(x) is a polynomial
defined as )
g(x) = a0+ aix+ax" 4+ ax".

Note that we also can consider an infinite sequence of numbers ap, ai, az,...,an,.... Then the
generating function g(x) is a series which is defined as

g(X):30+31X+22X2+~~+anx"+..,.

An outstanding question WHY do we need it. WHY the name "generating". We will do our best
to answers those questions, but first we need to see some examples and to learn some tricks.

Let ax = (Z) i.e. consider a sequence of numbers (in this case number of ways to select k

different objects out of n different objects):

(o) @ GGl ()

Then the generating function for this sequence is

b= () (e (4 (1) (O
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Generating Functions

Consider a sequence of numbers ap, a1, a, ..., a,. The generating function g(x) is a polynomial
defined as )
g(x) = a0+ aix+ax" 4+ ax".

Note that we also can consider an infinite sequence of numbers ap, ai, az,...,an,.... Then the
generating function g(x) is a series which is defined as

g(X):30+31X+22X2+~~+anx"+..,.

An outstanding question WHY do we need it. WHY the name "generating". We will do our best
to answers those questions, but first we need to see some examples and to learn some tricks.

Let ax = (Z) i.e. consider a sequence of numbers (in this case number of ways to select k

different objects out of n different objects):

(o) @ GGl ()

Then the generating function for this sequence is

b= () (e (4 (1) (O

Using Binomial theorem/formula we can write it in much more compact form g(x) = (14 x)".
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nerating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as

g(x) = ap+ arx+ ax* + - - -+ apx".
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nerating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as

g(x) = ap+ arx+ ax* + - - -+ apx".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1. J

1, 1, 1,...,1, 1.
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Generating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a

polynomial defined as
g(x) = a+aix+ax’ 4+ a,x".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1. J

1, 1, 1,...,1, 1.

Then the generating function for this sequence is

g(x) =1 xAx2 4 x"T X"
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Generating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as
2
g(x) = ap + arx + apx” + - - + apx".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1.

1, 1, 1,...,1, 1.

Then the generating function for this sequence is
g(x) = T x4x2 4+ x"" X"
We can use a nice trick to write it in a compact form indeed for any natural number n:

(1+x+x2+»-~+x"‘1+x") (1-x)
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Generating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as
2
g(x) = ap + arx + apx” + - - + apx".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1.

1, 1, 1,...,1, 1.

Then the generating function for this sequence is
g(x) = T x4x2 4+ x"" X"

We can use a nice trick to write it in a compact form indeed for any natural number n:
(1+x+x2 dhocodbsd™ 0 +x") (1—x)

2 -1 2 1
=1ldxFxid o x" T X —x == — =X X"
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Generating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as
2
g(x) = ap + arx + apx” + - - + apx".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1.

1, 1, 1,...,1, 1.

Then the generating function for this sequence is
g(x) = T x4x2 4+ x"" X"

We can use a nice trick to write it in a compact form indeed for any natural number n:
(1+x+x2 dhocodbsd™ 0 +x") (1—x)

2 -1 2 1
=1ldxFxid o x" T X —x == — =X X"

=1l 7Xn+1
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Generating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as

g(x) = ap+ arx+ ax* + - - -+ apx".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1.

1, 1, 1,...,1, 1.

Then the generating function for this sequence is
g(x) = T x4x2 4+ x"" X"

We can use a nice trick to write it in a compact form indeed for any natural number n:
(1+x+x2+»-~+x"_1+x") (1—x)

2 -1 2 1
=1ldxFxid o x" T X —x == — =X X"

=1l 7Xn+1

and thus L
2 ne1 o 1—=x"

I4+x4+x"4+---+x +x' = —

1—x
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Generating Functions

Consider a sequence of numbers ap, a1, a, . . ., a, then the generating function g(x) is a
polynomial defined as

g(x) = ap+ arx+ ax* + - - -+ apx".

Let ax =1, i.e. consider a sequence of length n, where each member is just a number 1.

1, 1, 1,...,1, 1.

Then the generating function for this sequence is
g(x) = T x4x2 4+ x"" X"

We can use a nice trick to write it in a compact form indeed for any natural number n:
(1+x+x2+»-~+x"_1+x") (1—x)

2 -1 2 1
=1ldxFxid o x" T X —x == — =X X"

=1l 7Xn+1

and thus L
2 n—1 n 1=
I4+x4+x"4+---+x +x' = —
1—x
1—x"+1
T—x

Finally we get that the generating function we were looking for is g(x) =
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Generating Functions

We just proved the formula for the sum of geometric progression, i.e. that for any n:

1_Xn+1
Thx+x++x" X" = -
— X
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Generating Functions

We just proved the formula for the sum of geometric progression, i.e. that for any n:

q 1— Xn+1

Thx+x++x" X" =
1—x

For example if x =1/2 we get

SHIGEORG =
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Generating Functions

We just proved the formula for the sum of geometric progression, i.e. that for any n:

1 1—x

Thx+x++x" X" =

For example if x =1/2 we get

1 (1)2 oy - ()7

=Ny so0dh ([ S S| =84,
e (5) e (3) () o

1
Note that when n huge (i.e. n— co) we get that (%)n —0
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Generating Functions

We just proved the formula for the sum of geometric progression, i.e. that for any n:
2 n—1 n 1—x
I+x+x"+--+x +x" =

For example if x =1/2 we get

1 +1
i (! 2+ (1 "*1+ 1 "71—(5
2 \2 2 2) 1,( '

n
Note that when n huge (i.e. n— co) we get that (%)n — 0 and thus
1
2

e e () ) g
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Generating Functions

We just proved the formula for the sum of geometric progression, i.e. that for any n:

x4 4 x" T X" =

For example if x =1/2 we get
1 (1)2 1N ED 7N 3

=Ny so0dh ([ S S| =84,
e (5) e (3) () o

n

Note that when n huge (i.e. n— co) we get that (%)n — 0 and thus
1
2

e e () ) g

In general, if x € (0,1) we get that

Thx 44X X = —
— X
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Generating Functions

We just proved the formula for the sum of geometric progression, i.e. that for any n:

x4 4 x" T X" =

For example if x =1/2 we get
1 (1)2 1N ED 7N 3

=Ny so0dh ([ S S| =84,
e (5) e (3) () o

n

Note that when n huge (i.e. n— co) we get that (%)n — 0 and thus
1
2

e e () ) g

In general, if x € (0,1) we get that

1
Thx 44X X = .
1—x
The generating function for infinite sequence of 1 is
_ 1
g(x):l+x+x2+-<-+xk Lot dooo = -
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

2k+2

g(x) =143 +x* x84 xR
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

2k+2

g(x) =143 +x* x84 xR

:1+(X2)+(X2)2+(X2)3'-~+(X2)k+(X2)k+1+”'
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

20x) = 15 x* xS oo g PR PhH2

+...
:1+(X2)+(X2)2+(X2)3'-~+(X2)k+(X2)k+1+”'

1

T1oxe

Artem Zvavitch Lecture 16, MATH-42021/52021 Graph Theory and Combinatorics.



Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

20x) = 15 x* xS oo g PR PhH2

Pooo
:1+(X2)+(X2)2+(X2)3'-~+(X2)k+(X2)k+1+”'
1

T1oxe

Find the generating function for a sequence 0,1,0,1,0,1,0,..., i.e. ax =0 and ay+1 = 1. )
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

20x) = 15 x* xS oo g PR PhH2

Pooo
:1+(X2)+(X2)2+(X2)3'-~+(X2)k+(X2)k+1+”'
1

T1oxe

Find the generating function for a sequence 0,1,0,1,0,1,0,..., i.e. ax =0 and ay+1 = 1. )

2k+1

g(x) = x 433 x5 dxT o xR PR
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

20x) = 15 x* xS oo g PR PhH2

Pooo
:1+(X2)+(X2)2+(X2)3'-~+(X2)k+(X2)k+1+”'
1

T1oxe

Find the generating function for a sequence 0,1,0,1,0,1,0,..., i.e. ax =0 and ay+1 = 1. )

2k+1

g(x) = x 433 x5 dxT o xR PR

2k+2

=x(L+xX2+x x4 P )
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Generating Functions

The generating function for infinite sequence of 1 is

1
1—x'

g0)=14x+x"+ - +x x4 =

Find the generating function for a sequence 1,0,1,0,1,0,..., i.e. ax =1 and a1 =0. )

20x) = 15 x* xS oo g PR PhH2

Pooo
:1+(X2)+(X2)2+(X2)3'-~+(X2)k+(X2)k+1+”'
1

T1oxe

Find the generating function for a sequence 0,1,0,1,0,1,0,..., i.e. ax =0 and ay+1 = 1. )

2k+1

g(x) = x 433 x5 dxT o xR PR

2k+2

=x(L+xX2+x x4 P )

X

T1-x2
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
80) = Lxtx ot T = —
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
80) = Lxtx ot T = —

Find the generating function for a sequence 1,—1,1,—1,1,—1,..., i.e. ay =1 and ay41 = —1. )

Artem Zvavitch Lecture 16, MATH-42021/52021 Graph Theory and Combinatorics.



Generating Functions

The generating function for infinite sequence of 1 is

1
80) = Lxtx ot T = —
Find the generating function for a sequence 1,—1,1,—1,1,—1,..., i.e. ay =1 and ay41 = —1. J
g(x):1—><+x2—x3+~~~+x2k—x2k+1+...
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Generating Functions

The generating function for infinite sequence of 1 is

1
80) = Lxtx ot T = —
Find the generating function for a sequence 1,—1,1,—1,1,—1,..., i.e. ay =1 and ay41 = —1. J
g(x):1—><+x2—x3+~~~+x2k—x2k+1+...

14 (=x) 4 (=2)" 4 (=27 + o+ ()™ ()"
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Generating Functions

The generating function for infinite sequence of 1 is

1
80) = Lxtx ot T = —
Find the generating function for a sequence 1,—1,1,—1,1,—1,..., i.e. ay =1 and ay41 = —1. J
g(x):1—><+x2—x3+~~~+x2k—x2k+1+...

14 (=x) 4 (=2)" 4 (=27 + o+ ()™ ()"

=

Artem Zvavitch Lecture 16, MATH-42021/52021 Graph Theory and Combinatorics.



Generating Functions

The generating function for infinite sequence of 1 is

1
80) = Lxtx ot T = —
Find the generating function for a sequence 1,—1,1,—1,1,—1,..., i.e. ay =1 and ay41 = —1. J
g(x):1—><+x2—x3+~~~+x2k—x2k+1+...

14 (=x) 4 (=2)" 4 (=27 + o+ ()™ ()"

1
T1-(—>)
1
= 1+x
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Generating Functions

The generating function for infinite sequence of 1 is

1
80) = Lxtx ot T = —
Find the generating function for a sequence 1,—1,1,—1,1,—1,..., i.e. ay =1 and ay41 = —1. J
g(x):1—><+x2—x3+~~~+x2k—x2k+1+...

14 (=x) 4 (=2)" 4 (=27 + o+ ()™ ()"

1
T1-(—>)
1
= 1+x
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Generating Functions

The generating function for infinite sequence of 1 is
1
1—x"

g(x):1+x+x2+-~»+xk71+xk+»-~:
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Generating Functions

The generating function for infinite sequence of 1 is
1

g(x)=14x+x2+ - +xT4xr 4. = —

Find the generating function for a sequence ax = a¥, where a is some fixe number, i.e. sequence
1,a,az,33,a4,as7 e
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Generating Functions

The generating function for infinite sequence of 1 is
1

g(x)=14x+x2+ - +xT4xr 4. = —

Find the generating function for a sequence ax = a¥, where a is some fixe number, i.e. sequence
1,a,az,33,a4,as7 e

g(x)=1+ax+a x> +ax° 4+ +a% ...
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Generating Functions

The generating function for infinite sequence of 1 is
1
1—x"

g(x):1+x+x2+-~»+xk71+xk+»-~:

Find the generating function for a sequence ax = a¥, where a is some fixe number, i.e. sequence
1,a,az,33,a4,as7 e

gx)=1+ax+a X’ +a x> +---+ax" +...

T (ax) + (ax)* + (ax)> + -+ (ax) + ..
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Generating Functions

The generating function for infinite sequence of 1 is
1
1—x"

g(x):1+x+x2+-~»+xk71+xk+»-~:

Find the generating function for a sequence ax = a¥, where a is some fixe number, i.e. sequence
1,a,az,33,a4,as7 e

g(x)=1+ax+a x> +ax° 4+ +a% ...
14 (ax) + (ax)? + (ax)® + - -+ (ax)* + . ..

_ 1
T 1—(ax)
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Generating Functions

The generating function for infinite sequence of 1 is
1
1—x"

g(x):1+x+x2+-~»+xk71+xk+»-~:

Find the generating function for a sequence ax = a¥, where a is some fixe number, i.e. sequence
1,a,az,33,a4,as7 e

gx)=1+ax+a X’ +a x> +---+ax" +...

T (ax) + (ax)* + (ax)> + -+ (ax) + ..

_ 1
T 1—(ax)
1

- 1—ax
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).

Note
g(x):1+x+><2+~~+xk71+><k+...
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).
Note ) . .
g(x) =1+x+x"+ - +x kg

:1+x(1+x+x2+--~+xk’1+xk+...)
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).
Note ) . .
g(x) =1+x+x"+ - +x kg

:1+x(1+x+x2+--~+xk’1+xk+...)

=1+ xg(x).
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).
Note

g(x):1+x+><2+~~+xk71+><k+...
:1+x(1+x+x2+--~+xk’1+xk+...)

=1+ xg(x).
So we got an equation g(x) = 1+ xg(x) we can now simply solve it for g:
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).
N
ote _ 2 k=1, _k
g(X) =14 x+x"+- - +x" +x +...
=1+4x (1+x+x2+--~+xk’1+xk+...)

=1+ xg(x).
So we got an equation g(x) = 1+ xg(x) we can now simply solve it for g:

g(x) —xg(x) =1
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Generating Functions

The generating function for infinite sequence of 1 is

_ 1
E(X) =14x+x> 4 +x gk = —

Another way to prove the formula (actually an example of how you can play with those functions!).
Note

g(x):1+x+><2+~~+xk71+><k+...
:1+x(1+x+x2+--~+xk’1+xk+...)

=1+ xg(x).
So we got an equation g(x) = 1+ xg(x) we can now simply solve it for g:

g(x) —xg(x) =1

g()(1—x) =1
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Generating Functions

The generating function for infinite sequence of 1 is

g(x):1+x+x2+-<-+xk71+xk+~-< =

1—x

Another way to prove the formula (actually an example of how you can play with those functions!).
Note

g(x):1+x+><2+~~+xk71+><k+...
:1+x(1+x+x2+--~+xk’1+xk+...)

=1+ xg(x).
So we got an equation g(x) = 1+ xg(x) we can now simply solve it for g:

g(x) —xg(x) =1

£()(1—x) = 1.
Finally g(x) = &

T 1-—x-
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.
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Operations with erating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...
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Operations with erating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

2 k
cag + caiX + caxx” + -+ cagx +...
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

2 k
cag + caiX + caxx” + -+ cagx +...

:C(30+31X+82><2+"'+3kxk+-<-)
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

cao+calx+cazx2+~~'+cakxk+...
:c(ao+alx+agx2+~~+akxk+.4.)

= cG(x).
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

cao+calx+cazx2+~~'+cakxk+...
:c(ao+alx+agx2+~~+akxk+.4.)

= cG(x).

Find the generating function for a sequence 7,7,7,7,7,..., i.e. by =T7. )
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

cao+calx+cazx2+~~'+cakxk+...
:c(ao+alx+agx2+~~+akxk+.4.)

= cG(x).

Find the generating function for a sequence 7,7,7,7,7,..., i.e. by =T7. )

It is easy to notice that by =7 X 1,
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

cao+calx+cazx2+~~'+cakxk+...
:c(ao+alx+agx2+~~+akxk+.4.)

= cG(x).

Find the generating function for a sequence 7,7,7,7,7,..., i.e. by =T7. )

It is easy to notice that by =7 X 1, or by = 7ag,
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

cao+calx+cazx2+~~'+cakxk+...
:c(ao+alx+agx2+~~+akxk+.4.)

= cG(x).

Find the generating function for a sequence 7,7,7,7,7,..., i.e. by =T7. )

It is easy to notice that by =7 X 1, or by = 7ax, where a, is a sequence of 1.
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ax and c is some fixed number. Then
cG(x) is a generating function for a sequence ca.

Indeed, let us simply compute the generating function for cag, cai, cap, ..., cak,...

2 k
cag + caiX + caxx” + -+ cagx +...

:C(30+31X+82><2+"'+3kxk+-<-)

= cG(x).
Find the generating function for a sequence 7,7,7,7,7,..., i.e. by =T7. )
It is easy to notice that by =7 X 1, or by = 7a,, where aj is a sequence of 1. Thus G(x) = &
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Operations with Generating Functions

Addition
Assume that G(x) is the generating function for a sequence ap, a1, az, ... and F(x) is the
generating function for a sequenceby, b1, by, .... Then G(x)+ F(x) is the generating function for

a sequence agp + by, a1 +by,ar+ bs, ...
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Operations with Generating Functions

Addition
Assume that G(x) is the generating function for a sequence ap, a1, az, ... and F(x) is the
generating function for a sequenceby, b1, by, .... Then G(x)+ F(x) is the generating function for

a sequence agp + by, a1 +by,ar+ bs, ...

Indeed, let us simply compute the generating function for ag + b, a1 + b1, a2 + by, . ..
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Operations with Generating Functions

Addition
Assume that G(x) is the generating function for a sequence ap, a1, az, ... and F(x) is the
generating function for a sequenceby, b1, by, .... Then G(x)+ F(x) is the generating function for

a sequence agp + by, a1 +by,ar+ bs, ...

Indeed, let us simply compute the generating function for ag + b, a1 + b1, a2 + by, . ..

(30 + bo) + (a1 4+ a1)x + (a2 + ba)x* + - -+ (ak + b )x* + ...
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Operations with Generating Functions

Addition
Assume that G(x) is the generating function for a sequence ap, a1, az, ... and F(x) is the
generating function for a sequenceby, b1, by, .... Then G(x)+ F(x) is the generating function for

a sequence agp + by, a1 +by,ar+ bs, ...

Indeed, let us simply compute the generating function for ag + b, a1 + b1, a2 + by, . ..

(30 + bo) + (a1 4+ a1)x + (a2 + ba)x* + - -+ (ak + b )x* + ...

= (30+31X+32X2+"'+3k><k+--~)+(b0+blx+bzx2+"'+bkxk+-~-)
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Operations with Generating Functions

Addition
Assume that G(x) is the generating function for a sequence ap, a1, az, ... and F(x) is the
generating function for a sequenceby, b1, by, .... Then G(x)+ F(x) is the generating function for

a sequence agp + by, a1 +by,ar+ bs, ...

Indeed, let us simply compute the generating function for ag + b, a1 + b1, a2 + by, . ..

(30 + bo) + (a1 4+ a1)x + (a2 + ba)x* + - -+ (ak + b )x* + ...
= (30+31X+32X2+'"+ak><k+--~)+(b0+b1>(+bzx2+"'+bkxk+-~-)

= G(x) + F(x).
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, a, .. ..
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

(00 00 00, G ERN 7y 00 o
——

m times
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Operations wit erating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

.7

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is
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Operations wit erating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

.7

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

k+m

m m+1 m+2
ax " +arx + axx + -t arx “Fooo
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Operations wit erating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

.7

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

k+m

m m+1 m+2
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+~~‘+akxk+...)
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Operations wit erating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

.7

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

1 2 k
aox'"+alxm+ <|>32Xm+ —+ -4 akx e

FPooo
:xm(ag+a1><+a2x2+~~‘+akxk+...)

=x"G(x).
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

0,0,...,0,a0,d1,a2,...7
~—

m times

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

k+m

m m+1 m+2
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+»~‘+akxk+...)

=x"G(x).

Find the generating function of a sequence 7,7,7,7,7,1,1,1,1,1,1,1,1,.... )
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

0,0,...,0,a0,d1,a2,...7
~—

m times

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

k+m

m m+1 m+2
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+»~‘+akxk+...)

=x"G(x).

Find the generating function of a sequence 7,7,7,7,7,1,1,1,1,1,1,1,1,.... )

We notice that this sequence can be written as a sum of two sequences 7,7,7,7,7,0,0,0,0,...
and 0,0,0,0,0,1,1,1,1....

Artem Zvavitch Lecture 16, MATH-42021/52021 Graph Theory and Combinatorics.



Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence

0,0,...,0,a0,d1,a2,...7
~—

m times

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

k+m

m m+1 m+2
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+»~‘+akxk+...)

=x"G(x).

Find the generating function of a sequence 7,7,7,7,7,1,1,1,1,1,1,1,1,.... )

We notice that this sequence can be written as a sum of two sequences 7,7,7,7,7,0,0,0,0,...
and 0,0,0,0,0,1,1,1,1.... The first sequence has generating function
FA(x)=7 LT LT+ TX3 +7x5
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence
0,0,...,0,a0,d1,a2,...7
m times

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

m m+1 m+2 k+m
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+»~‘+akxk+...)

=x"G(x).

Find the generating function of a sequence 7,7,7,7,7,1,1,1,1,1,1,1,1,.... )

We notice that this sequence can be written as a sum of two sequences 7,7,7,7,7,0,0,0,0,...
and 0,0,0,0,0,1,1,1,1.... The first sequence has generating function

F1 (X) =7 +7><+7x2 + 7x3 + 7x*. The second generating function we compute using that it is
the right shift by 5 of sequence 1,1,1,1...
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence
0,0,...,0,a0,d1,a2,...7
m times

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

m m+1 m+2 k+m
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+»~‘+akxk+...)

=x"G(x).

Find the generating function of a sequence 7,7,7,7,7,1,1,1,1,1,1,1,1,.... )

We notice that this sequence can be written as a sum of two sequences 7,7,7,7,7,0,0,0,0,...
and 0,0,0,0,0,1,1,1,1.... The first sequence has generating function

F1 (X) =7 +7x+7x2 + 7x3 + 7x*. The second generating function we compute using that it is
the right shift by 5 of sequence 1,1,1,1... (for which the generating function is 1/(1 — x)), thus

F(x) = x5/(1 —x)
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Operations with Generating Functions

Assume that G(x) is the generating function for a sequence ag, a1, az,.... What can we say
about generating function of sequence
0,0,...,0,a0,d1,a2,...7
m times

Again, let us simply compute the generating function for this new sequence, we notice that the
first m coefficients are zeros (just by definition!) and thus the generating function is

m m+1 m+2 k+m
ax " +arx + axx + -t arx “Fooo

:xm(ag+a1><+a2x2+»~‘+akxk+...)

=x"G(x).

Find the generating function of a sequence 7,7,7,7,7,1,1,1,1,1,1,1,1,.... )

We notice that this sequence can be written as a sum of two sequences 7,7,7,7,7,0,0,0,0,...
and 0,0,0,0,0,1,1,1,1.... The first sequence has generating function
F1 (X) =7 +7x+7x2 + 7x3 + 7x*. The second generating function we compute using that it is
the right shift by 5 of sequence 1,1,1,1... (for which the generating function is 1/(1 — x)), thus
Fa(x) = x°/(1 —x) and the final answer is

B

G(x) = 7+7x+7x2 +7X3 L7t 4 —
—x
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Derivative Generating Functions

We know that
Thx+x o X" X" =
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Derivative Generating Functions

We know that 1
1+x+x2+~--+x"*1+x"+»--:1 )
— X

Take the derivative from both sides, i.e.

d (1+x+x2+-<-+x"71+x"+ ):i 1
dx \1—x /)~

dx
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Derivative Generating Functions

We know that 1
Thx+x o X" X" =

Take the derivative from both sides, i.e.

d (1+x+x2+-<-+x"71+x"+ ):i 1
dx \1—x /)~

dx

Now do standard computations:

1+2X+3X2---+(n—1)X”72+an71+-~- =—.
(1—x)?
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Derivative Generating Functions

We know that 1
Thx+x o X" X" =

Take the derivative from both sides, i.e.

d (1+x+x2+-<-+x"71+x"+ ):i 1
dx \1—x /)~

dx

Now do standard computations:

1+2X+3X2---+(n—1)X”72+an71+-~- =—.
(1—x)?

Assume that G(x) is the generating function for a sequence ap, a1, az,.... Then £ G(x) is a

generating function of
31,232,...,k8k,...
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Find generating function of the sequence 1,4,9,16,...,k?,... J
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x).
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Find generating function of the sequence 1,4,9,16,...,k?,... J
We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (ﬁ
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,....
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,.... Thisis NOT what we were looking for.
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,.... Thisis NOT what we were looking for. Lets, correct

it.
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,.... Thisis NOT what we were looking for. Lets, correct

it. We need to shift the sequence one step to the right.
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,.... Thisis NOT what we were looking for. Lets, correct
it. We need to shift the sequence one step to the right. The generating function of

0,1,2,3,4,... k... is x& (:15).
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,.... Thisis NOT what we were looking for. Lets, correct
it. We need to shift the sequence one step to the right. The generating function of
0,1,2,3,4,...,k,... is xd% (lix). Now take apply the derivative trick to get that

the generating function of 12,22,32 42 k2 .. . s dix (xdix (11x))
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Find generating function of the sequence 1,4,9,16,...,k?,... J

We know that the generating function for 1,1,1,... is 1/(1 —x). Then the
generating function for 1,2,3,4,... k,... is d% (i) NOTE, that if apply the
derivative formula from above directly we will get the generating function for
2,2%x3,3x4,...,(k—1)k,.... Thisis NOT what we were looking for. Lets, correct
it. We need to shift the sequence one step to the right. The generating function of

0,1,2,3,4,...,k,... is x< ( L ) Now take apply the derivative trick to get that

dx \1—x
the generating function of 12,22,32 42 k2 .. . s dix (xdix (11x)) S0
— x)2 _
c(x):i(xi( ! )):i< 2 ): E=xrsr2i=x)
dx \ dx \1—x dx \ (1—x)2 (1—x)*
B 1+x
IRCEE
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