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Summary. In this paper we study the quantity E supt∈T Xt, where Xt is some
random process. In the case of the Gaussian process, there is a natural sub-metric
d defined on T . We find an upper bound in terms of labelled-covering trees of
(T, d) and a lower bound in terms of packing trees (this uses the knowledge of
packing numbers of subsets of T ). The two quantities are proved to be equivalent
via a general result concerning packing trees and labelled-covering trees of a metric
space. Instead of using the majorizing measure theory, all the results involve the
language of entropy numbers. Part of the results can be extended to some more
general processes which satisfy some concentration inequality.

1 Introduction

Let (T, d) be a compact metric space and for all t ∈ T , Xt be a collection of
random variables such that EXt = 0. The aim of this paper is to present a
different approach to the theory of majorizing measures. To avoid the problem
of measurability of supt∈T Xt, we take, as usual, the following definition:

E sup
t∈T

Xt = sup
{
E sup
t∈Tf

Xt, Tf finite subset of T
}
. (∗)

It allows us to assume without loss of generality that (T, d) is in fact a finite
metric space, which will make the presentation of the statements clearer. It
means that in a general compact metric space (T, d), we take a very fine net
on the set T to approach the quantity E supt∈T Xt. We want to present a new
way to provide an estimate of this quantity where (Xt)t∈T is in particular
a Gaussian process. In this case, there is a natural sub-metric d defined on
T by d(s, t)2 = E|Xs − Xt|2 and of course, by taking a quotient, we can
assume that d is a metric on T. We recall a result of Talagrand in terms of
the majorizing measure

Theorem [T1]. If T is a finite set, (Xt)t∈T is a Gaussian process with the
natural sub-metric d associated, then, up to universal constants, E supt∈T Xt

is similar to the quantity

inf sup
t∈T

∫ ∞
0

√
log

1
µ(B(t, ε))

dε,
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where the infimum is taken over all probability measures on T , and B(t, ε) =
{s ∈ T, d(s, t) ≤ ε}.

One of the biggest problems is to provide a uniform approach for con-
struction of a “good” measure.

The main tools of this paper are “packing” and “labelled-covering” trees.
The idea to use these objects comes from works of Talagrand [T3], [T5]. In
[T3] he defined the notion of an s-tree and he shows, using the majorizing
measures technique, that an s-tree provides an estimate for E supt∈T Xt. This
point of view has been very fruitful in the study of embeddings of subspace
of Lp into `np for 0 < p < 1 [Z]. Here we would like to present a geometrical
method for providing bounds for the supremum of a process which satisfies
a concentration type inequality, where instead of measures, we will consider
special families of sets of our metric space T . The main idea is to present
a straightforward technique which like the theorems of Dudley and Sudakov
involves the language of entropy numbers.

There are two different sections in this paper. First, we present the notions
of packing and labelled-covering trees and define how to measure the size of
such trees. The main result of this part is a general comparison of these
two quantities. The second part is devoted to the study of upper and lower
bounds of (∗) when the process satisfies a concentration type inequality. We
obtain an improvement of Dudley’s result which gives directly, iterating this
result, an upper bound in function of the size of labelled-covering trees of the
compact metric space (T, d). For the lower bound, an additional hypothesis is
a Sudakov type minoration of E sup(Xt1 , . . . , XtN ) for well separated points
in T . In this part, we consider for simplicity a particular case of the Gaussian
process but the spirit of this idea allows generalization when the process
satisfies other types of concentrations and other Sudakov type minorations
[L], [T2]. We obtain an expression in terms of the size of packing trees and
combining this with the result of the first part, it shows that in the Gaussian
(or Euclidean) case, all these quantities are similar up to universal constants.

2 Trees of Sets

Consider a finite metric space (T, d).
Recall that a tree of subsets of T is a finite collection F of subsets of T

with the property that for all A,B ∈ F , either A ∩ B = ∅, or A ⊂ B, or
B ⊂ A. We say that B is a son of A if B ⊂ A, B 6= A and

C ∈ F , B ⊂ C ⊂ A =⇒ C = B or C = A.

We assume that A1 consists of one single set (this is the root of F) and that
for each k ∈ N?, Ak+1 is a finite collection of subsets of T such that each of
them is a son of a set in Ak. A branch of F is a sequence A1 ⊃ A2 ⊃ . . .
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such that Ak+1 is a son of Ak. A branch is maximal if it is not contained in a
longer branch. To each A ∈ F we denote by N(A) the number of sons of A.

Let B1, . . . , BN(A) be sons of A. We denote by `A a one-to-one map

`A : {B1, . . . , BN(A)} →
{

1, . . . , N(A)
}
.

Consider some fixed number r ≥ 120. A tree F is called a packing tree if
to each A ∈ F , we can associate an integer n(A) ∈ Z such that

1) for all sons B of A, diam(B) ≤ 2r−n(A),
2) if B and B′ are two distinct sons of A then d(B,B′) ≥ 30r−n(A).

We define the size γp(F , d) of a packing tree F to be the infimum over all
possible maximal branches of∑

k≥1

r−n(Ak)
√

log
(
N(Ak)

)
.

A tree F is called a labelled-covering tree if

1) for any t ∈ T there is a maximal branch A1 ⊃ A2 ⊃ . . . such that
t =

⋂
Ak,

2) to each A ∈ F is associated a labelled function `A (which numerates each
son of A) and an integer n(A) ∈ Z such that radius(A) ≤ r−n(A) (we
allow n(A) = +∞ when the set A is a single point).

Finally we define the size γc(F , d) of a labelled-covering tree F as the supre-
mum over all possible maximal branches of∑

k≥1

r−n(Ak)
√

log
(
e`Ak(Ak+1)

)
.

We denote by Cov(T, d) (respectively, Pac(T, d)) the set of all labelled-
covering (respectively, packing) trees in T . The first theorem shows a connec-
tion between the definitions of size of packing trees and of labelled-covering
trees.

Theorem 1. There exists a constant C > 1 such that for any finite metric
space (T, d)

inf
F∈Cov(T,d)

γc(F , d) ≤ C sup
F∈Pac(T,d)

γp(F , d).

To prove it, we will use the following theorem due to Talagrand.

Theorem [T5]. Consider a finite metric space (T, d) and the largest i ∈ Z
such that radius(T ) ≤ r−i. Assume that for j ≥ i there are functions φj :
T → R

+ with the following property:
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For any point s of T , any integer j ≥ i and N ≥ 1, if t1, . . . tN are N
points in B(s, r−j) such that

d(tl′ , tl) ≥ r−j−1, for any l, l′ ≤ N, l 6= l′,

then we have
φj(s) ≥ αr−j

√
logN + min

l≤N
φj+2(tl). (1)

Assume also that (φj)j≥i is a decreasing sequence of functions. Then

inf
F∈Cov(T,d)

γc(F , d) ≤ 5
α

sup
t∈T

φi(t).

For completeness of the paper, we reproduce here a proof of this result
which is almost the proof of Proposition 4.3 of [T5].

Proof. Our goal is to construct a labelled-covering tree F such that∑
k≥1

r−n(Ak)
√

log
(
e`Ak(Ak+1)

)
≤ C sup

t∈T
φi(t),

for any branch {A1 ⊃ . . . ⊃ Ak ⊃ . . .} in F .
We will inductively construct our covering tree.

First step: k = 1.
The first step consists of taking A1 = T , n(A1) = n(T ) = i and we define
a1(A1) ∈ A1 such that

A1 ⊂ B
(
a1(A1), r−i

)
.

Iterative step: from k to k + 1.
Assume that we have constructed the kth level Ak of the tree F (which is a
covering of the set T) such that

1) T = A1
k ∪ . . . ∪Adk,

2) for each set Ak of this covering, either Ak is a single point or there
exists ak(Ak) ∈ Ak such that Ak ⊂ B(ak(Ak), r−n(Ak)) with the biggest
possible integer n(Ak).

If all the sets of this covering consist of single points then the construction
is finished (and this situation will appear because T is a finite set). Now we
show how to partition any given element Ak of this covering. If Ak is a single
point then n(Ak) = +∞ and A1 ⊃ . . . ⊃ Ak is a maximal branch so we have
nothing to do. Assume now that Ak is not a single point.
We pick t1 ∈ Ak such that

φn(Ak)+2(t1) = max
{
φn(Ak)+2(t); t ∈ Ak

}
.

Then the first son of Ak is
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B1 = Ak ∩B(t1, r−n(Ak)−1)

and ak+1(B1) = t1. We define n(B1) as the biggest integer such that B1 ⊂
B(t1, r−n(B1)). To construct B2 we repeat this procedure, replacing Ak by
Ak \B1. This set is not empty because r > 2, Ak is not a single point and by
the maximum condition on n(Ak).

Finally we have constructed points t1, . . . , tN (N ≥ 2) and sonsB1, . . . , BN
such that for any m ∈ {1, . . . , N},

tm ∈ Ak \
⋃
l<m

B(tl, r−n(Ak)−1)

and

φn(Ak)+2(tm) = max
{
φn(Ak)+2(t); t ∈ Ak \

⋃
l<m

B
(
tl, r
−n(Ak)−1

)}
.

It is clear (by construction) that B1, . . . , BN are sons of Ak, form a covering of
Ak and that n(Bm) ≥ n(Ak) + 1. Also by construction d(tl, tl′) ≥ r−n(Ak)−1,
d(ak(Ak), tm) ≤ r−n(Ak) and taking j = n(Ak), we obtain by definition of
our functions φj that for any m ∈ {1, . . . , N},

φn(Ak)

(
ak(A)

)
≥ αr−n(Ak)

√
logm+ min

l≤m
φn(Ak)+2(tl).

We labelled the sons by setting `A(Bm) = m so

φn(Ak)

(
ak(A)

)
≥ αr−n(Ak)

√
log `A(Bm) + min

l≤m
φn(Ak)+2(tl).

By construction of the points {tl}, if l < l′,

φn(Ak)+2(tl) ≥ φn(Ak)+2(tl′),

so we get
min
l≤m

φn(Ak)+2(tl) ≥ φn(Ak)+2(tm).

At this stage, for each set Ak of our starting covering of T , we have con-
structed a labelled function `Ak , sons who form a covering of Ak such that
for all sons Ak+1 of Ak, n(Ak+1) ≥ n(Ak) + 1, and point ak+1(Ak+1) such
that

φn(Ak)

(
ak(Ak)

)
≥ αr−n(Ak)

√
log `Ak(Ak+1) + φn(Ak)+2

(
ak+1(Ak+1)

)
.

Next we observe that of course, for all sons Ak+2 of Ak+1, ak+2(Ak+2) ∈ Ak+1

so by construction of ak+1(Ak+1),

φn(Ak)+2(ak+1(Ak+1)) ≥ φn(Ak)+2

(
ak+2(Ak+2)

)
.
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But n(Ak+2) ≥ n(Ak+1) + 1 ≥ n(Ak) + 2 (by construction) and as (φj)j≥i is
a decreasing sequence of functions,

φn(Ak)+2

(
ak+2(Ak+2)

)
≥ φn(Ak+2)

(
ak+2(Ak+2)

)
,

and finally, for all branches Ak ⊃ Ak+1 ⊃ Ak+2,

φn(Ak)

(
ak(Ak)

)
≥ αr−n(Ak)

√
log `Ak(Ak+1) + φn(Ak+2)

(
ak+2(Ak+2)

)
.

Conclusion.
If we sum up the last inequality for k ≥ 1, we get

φn(A1)

(
a1(A1)

)
+ φn(A2)

(
a2(A2)

)
≥ α

∑
k≥1

r−n(Ak)
√

log `Ak(Ak+1)

which gives (because the sequence (φj)j≥i is decreasing), for all branches
A1 ⊃ . . . ⊃ Ak ⊃ . . . of the labelled-covering tree F

α
∑
k≥1

r−n(Ak)
√

log `Ak(Ak+1) ≤ 2 sup
t∈T

φi(t).

Now call
S1 = sup

maximal branch

∑
k≥1

r−n(Ak)
√

log `Ak(Ak+1)

and
S2 = sup

maximal branch

∑
k≥1

r−n(Ak)
√

log e`Ak(Ak+1).

It is clear that S1 ≥ r−n(A1)
√

log 2. By construction, for all sons Ak+1 of Ak,
n(Ak+1) ≥ n(Ak) + 1 then for all maximal branch A1 ⊃ . . . ⊃ Ak ⊃ . . . of
the labelled-covering tree F ,∑

k≥1

r−n(Ak)
√

log e`Ak(Ak+1) ≤
∑
k≥1

r−n(Ak)
(

1 +
√

log `Ak(Ak+1)
)

≤ S1 +
r − 1
r

r−n(A1) ≤ 5
2
S1

because r is large enough. It proves that for this tree F ,

S2 ≤ 5S1/2 ≤ 5 sup
t∈T

φi(t)/α.

ut

Proof (of Theorem 1). Let i be the largest integer such that radius(T ) ≤ r−i.
For a set A ⊂ T, let γp(A) = supF∈Pac(A,d) γp(F , d), and for all integers
j ≥ i, define the function φj : T → R

+ by

∀s ∈ T, φj(s) = γp
(
B(s, 2r−j)

)
.



Supremum of a Process in Terms of Trees 7

The sequence (φj)j≥i is decreasing and, by definition of i ∈ Z,

sup
t∈T

φi(t) = γp(T ).

To prove Theorem 1, we need to check assumption (1) of the previous the-
orem. Fix some j ≥ i and s ∈ T . Let t1, . . . , tN be points in B(s, r−j) with
d(tl, tl′) ≥ r−j−1, then

φj+2(tl) = γp
(
B(tl, 2r−j−2)

)
and B(tl, 2r−j−2) ⊂ B(s, 2r−j)

and

d
(
B(tl, 2r−j−2), B(tl′ , 2r−j−2)

)
≥ r−j−1 − 4r−j−2 ≥ 1

4
r−j−1.

Consider in B(s, 2r−j) a two level packing tree whose first level is B(s, 2r−j)
and whose second level consists of{

Bl = B(tl, 2r−j−2)
}
l≤N .

Take n(B(s, 2r−j)) = j+2 then for each son B, B′ of B(s, 2r−j), diam(B) ≤
2r−n(B(s,2r−j)) and

d(B,B′) ≥ 1
4
r−j−1 ≥ 30 r−n(B(s,2r−j)) =

30
r
r−j−1

because r is large enough (r = 120). By definition of the size of packing trees,

γp
(
B(s, 2r−j)

)
≥ r−j−2

√
logN + min

l≤N
γp
(
B(tl, 2r−j−2)

)
,

or
φj(s) ≥

1
r2
r−j
√

logN + min
l≤N

φj+2(tl),

so we can apply the previous theorem with α = 1/r2. ut

3 Application to Random Processes

Let (T, d) be a finite metric space, and for all t ∈ T , Xt be a collection of
random variables such that EXt = 0. In this part, we show how the quantities
defined in the above sections are related to the study of E supt∈T Xt.

We will say that the process (Xt)t∈T satisfies a concentration inequality
(H) if there exists c > 0 such that

for all subsets A ⊂ T, for all t0 ∈ T,
if YA,t0 = sup

t∈A
(Xt −Xt0) and σ = sup

t∈A
d(t, t0) then

∀u ≥ 0,P
(
|YA,t0 − EYA,t0 | ≥ u

)
≤ 2 exp

(
− c
(u
σ

)2)
.
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Remark. This hypothesis (H) implies a deviation inequality: for all (s, t) ∈ T ,

P(|Xs −Xt| ≥ u) ≤ 2 exp
(
− c
( u

d(s, t)

)2
)
.

Indeed, choose s = t0 and A = {t} then σ = d(s, t) and YA,t0 = Xt − Xt0

which gives the result. Maurey and Pisier ([P] Theorem 4.7) have proved that
(H) is satisfied for the Gaussian process (with c = 2/π2) and Talagrand [T4]
proved it for the Bernoulli process. We don’t know if it is true for a general
subgaussian process, i.e. a process which satisfies only a deviation inequality
as above.

3.1 Relation with the Size of Covering Trees

When the process (Xt)t∈T satisfies such a concentration inequality, we obtain
an upper bound of E supt∈T Xt in terms of the size of labelled-covering trees
of T with respect to the metric d. The next result is an improvement of
Lemma 3.4.4 in [Fe] which was the usual Dudley’s upper bound.

Theorem 2. If the process (Xt)t∈T satisfies a concentration inequality (H),
there exists a constant C1 > 0 (depending only on the constant c in (H)) such
that for all N ∈ N?, for all subsets A1, . . . , AN of T , and A = A1 ∪ . . .∪AN ,
we have

E sup
t∈A

Xt ≤ sup
1≤`≤N

(
C1diamA

√
log e`+ E sup

t∈A`
Xt

)
.

Proof. Let t0 ∈ A then E sup
t∈A

Xt = E sup
t∈A

(Xt −Xt0). For all ` ∈ {1, . . . , N},

let Y` = sup
t∈A`

(Xt −Xt0) then

E sup
t∈A

Xt = E sup
1≤`≤N

Y`.

Let S be defined by

S = sup
1≤`≤N

(
c1diam(A)

√
log e`+ E sup

t∈A`
Xt

)
,

where c1 will be defined later in accordance with the constant c > 0 in the
hypothesis (H).
As sup1≤`≤N Y` is a non-negative random variable,

E sup
1≤`≤N

Y` =
∫ +∞

0

P

(
∃ ` ∈ {1 . . . , N}, Y` > u

)
du

≤ K +
∫ +∞

K

P

(
∃ ` ∈ {1 . . . , N}, Y` > u

)
du.

By definition of S, for all ` ∈ {1, . . . , N},
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S ≥
(
c1diam(A)

√
log e`+ EY`

)
,

so by choosing K = S, we obtain

E sup
1≤`≤N

Y` ≤ S +
∫ +∞

S

P

(
∃ `, Y` − EY` > u− S + c1diam(A)

√
log e`

)
du

≤ S +
N∑
`=1

∫ +∞

0

P

(
Y` − EY` > u+ c1diam(A)

√
log e`

)
du.

To conclude, we know that for all t ∈ A`, d(t, t0) ≤ diam(A) and by the
concentration inequality (H), we have

E sup
1≤`≤N

Y` ≤ S + 2
+∞∑
`=1

∫ +∞

0

exp
(
− c
( u

diam(A)
+ c1

√
log e`

)2
)
du

≤ S +
√
π

c
diam(A)

+∞∑
`=1

exp
(
− cc21 log(e`)

)
≤ S +

1
e2

√
π

c
diam(A)

+∞∑
`=1

1
`2
,

choosing c1 such that cc21 = 2. Because log e` ≥ 1, we have proved the theorem
with

C1 =
1√
c

(√
2 +

π3/2

6e2

)
.

ut
Now, it is very easy to deduce the following result.

Corollary 3. If the process (Xt)t∈T satisfies a concentration inequality (H)
then there exists a constant C > 1 (depending only on the constant c in (H))
such that

E sup
t∈T

Xt ≤ C inf
F∈Cov(T,d)

γc(F , d).

Proof. Let F be a labelled-covering tree of T with respect to the metric d.
Then by Theorem 2, we deduce that

E sup
t∈T

Xt ≤ sup
Ai sons of T

(
C1 diamT

√
log e`T (Ai) + E sup

t∈Ai
Xt

)
.

Now iterating this procedure over a particular son that realizes this maximum
(it is finite because T is finite and note also that by the hypothesis on a
labelled-covering tree, the last term of the sum will be EXti = 0 because the
last sons must be a single point), we deduce that

E sup
t∈T

Xt ≤ C1 sup
maximal branch

∑
k≥1

2 r−n(Ak)
√

log e`Ak(Ak+1).

This is true for all labelled-covering trees so it gives exactly the stated result.
ut
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3.2 Relation with the Size of Packing Trees

To study a lower bound of E supt∈T Xt, we would like to start with the
following theorem due to Talagrand [T5], which will lead us to the idea of how
to bound E supt∈T Xt, where (Xt)t∈T is a Gaussian process, using packing
trees.

Theorem [T5]. Consider a Gaussian process (Xt)t∈T , d the natural sub-
metric associated and sets {Bl}l≤N with N ≥ 2. Assume that d(Bl, Bl′) ≥
15u for all integers l, l′ ≤ N, l 6= l′ and diam(Bl) ≤ u. Consider A =⋃
l≤N Bl, then

E sup
t∈A

Xt ≥ C u
√

logN + min
l≤N

E sup
t∈Bl

Xt,

where C = π/
√

2 > 2.

Proof. The proof of this theorem is based on the following two classical lem-
mas.

Lemma. Under the assumptions of the previous theorem, let tl ∈ Bl and
Y` = sup

t∈B`
(Xt −Xtl) then

E sup
`∈{1,...,N}

|Y` − EY`| ≤ u
π√
2

√
log eN.

Remark. This result was also used to obtain the classical Dudley upper
bound in terms of entropy numbers [Fe] but is weaker than Theorem 2. As
sup1≤`≤N |Y` − EY`| is a non-negative random variable,

E sup
1≤`≤N

|Y` − EY`| =
∫ +∞

0

P

(
∃ ` ∈ {1 . . . , N}, |Y` − EY`| > t

)
dt

≤ K +
N∑
`=1

∫ +∞

K

P

(
|Y` − EY`| > t

)
dt

≤ K + 2
N∑
`=1

∫ +∞

K

exp
(
− c
( t
u

)2
)
dt,

by the concentration inequality (H) and because diamBl ≤ u. The result
follows choosing K = u/

√
c
√

logN (and recall that in this case, we could
take c = 2/π2). ut

The next result is a Sudakov type inequality. There are many methods
to obtain this kind of inequality. For the Gaussian case, we could see it as
an application of Slepian’s lemma but there is another method which can
be generalized to other processes in the paper of Talagrand [T2] and in the
paper of Lata la [L].
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Lemma. If t1, . . . , tN (N ≥ 2) are well separated points in T , i.e. assume
that there exists u > 0 such that for all l 6= l′, d(tl, tl′) ≥ 15u, then

E sup
i∈{1,...,N}

Xti ≥ uπ
√

2 log eN.

Proof. Let g1, . . . , gN be i.i.d. random normal Gaussian variables and define
the process Y1, . . . , YN by Yi = 15√

2
u gi. Then it is clear that for all l 6= l′,

E|Xtl −Xtl′ |
2 = d(tl, tl′)2 ≥ E|Yl − Yl′ |2.

As

E sup(g1, . . . , gN ) ≥

√
logN
π log 2

≥

√
log eN
π log 2e

for N ≥ 2 (see for example formula 1.7.1 in [Fe]), the result follows easily by
an application of Slepian’s comparison property. ut

Combining these two lemmas, it is very easy to finish the proof of the
previous theorem.

E sup
t∈A

Xt = E sup
l≤N

(Yl − EYl) + EYl +Xtl

≥ min
l≤N

EYl + E sup(Xt1 , . . . , XtN )− E sup
l≤N
|Yl − EYl|

≥ π√
2
u
√

logN + min
l≤N

E sup
t∈Bl

Xt.

ut
Using this theorem we deduce the following corollary.

Corollary 4. There is a universal constant C > 0 such that, if (Xt)t∈T is a
Gaussian process and d the natural sub-metric associated, then

C sup
F∈Pac(T,d)

γp(F , d) ≤ E sup
t∈T

Xt.

Proof. Let F be a packing tree of T with respect to the metric d. For any
element A of this packing tree, let B1, . . . , BN(A) be the sons of A ∈ F . Then
we use the previous lemma with u = 2r−n(A) (because d(Bl, Bl′) ≥ 15u and
diam(Bl) ≤ 2r−n(A) ≤ u) to get

E sup
t∈A

Xt ≥ Cr−n(A)
√

logN(A) + min
l≤N(A)

E sup
t∈Bl

Xt.

Now iterate this formula over a particular son which realizes this minimum
to deduce that

E sup
t∈T

Xt ≥ C inf
maximal branch

∑
k≥1

r−n(Ak)
√

log
(
N(Ak)

)
.

This is true for all packing trees and it finishes the proof. ut
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To conclude this part, we just want to state the result we can deduce from
Theorem 1, Corollary 3 and Corollary 4 in the case of the Gaussian process.

Theorem 5. Let T be a finite set, (Xt)t∈T a Gaussian process with EXt = 0
and d the natural sub-metric associated, then, up to universal constants, the
three quantities

E sup
t∈T

Xt, inf
F∈Cov(T,d)

γc(F , d) and sup
F∈Pac(T,d)

γp(F , d)

are similar.
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