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Last and this semesters we spent quite a bit of time learning about L1(X ,µ) and L2(X ,µ) it is a
time to broader our horizons! But first some reminders.

We will fix (X ,M,µ) to be a σ-finite
measure space.
The space of integrable functions L1(X ,M,µ) consists of all complex (real) measurable functions
such that ∫

X

|f (x)|dµ(x) <∞.

We have used a number of notations L1(X ,µ),L1(X) or just L1. We defined a norm on L1, as

‖f ‖1 = ‖f ‖L1 = ‖f ‖L1(X,M,µ) =

∫
X

|f (x)|dµ(x).

For above to be a norm, we really need ‖f ‖L1(X,M,µ) = 0 imply f to be identically zero (which is
not true from ‖f ‖L1(X,M,µ) = 0 we only get that f = 0 a.e. on X). Thus to make a precise
definition we equip L1 with equivalence relation, in which f = g if f = g a.e. on X . Now ‖f ‖1
satisfies the properties of norm:

1 ‖af ‖1 = |a|‖f ‖1, for all a ∈ C.
2 ‖f + g‖1 ≤ ‖f ‖1 +‖g‖1
3 ‖f ‖1 = 0 iff f = 0.

Moreover, from above d(f ,g) = ‖f − g‖1 is a metric on L1, and we were able to show that L1 is
complete (i.e. Cauchy sequence is convergent). We were also able to show that L1(Rd ) is
separable, i.e. there is a countable collection of {fk}∞k=1 such that their linear combination is dense
in L1(Rd ) (we can show that L1(X) is separable, but here we need to ask X to be separable).
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X

|f (x)|2dµ(x) <∞.

We have used a number of notations L2(X ,µ),L2(X) or just L2. We defined a norm on L2, as

‖f ‖2 = ‖f ‖L2 = ‖f ‖L2(X,M,µ) =
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2
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X

f · ḡdµ

∣∣∣∣≤ ‖f ‖2‖g‖2.
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∣∣∣∣≤ ‖f ‖2‖g‖2.
Moreover, from above d(f ,g) = ‖f − g‖2 is a metric on L2, and we were able to show that L2 is
complete. We were also able to show that L2(Rd ) is separable (we can show that L2(X) is
separable, but here we need to ask X to be separable).

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Welcome to Lp(X ,M,µ), p ∈ [1,∞).

The space of functions Lp(X ,M,µ) consists of all complex (real) measurable functions such that∫
X

|f (x)|pdµ(x) <∞.

We will use different notations Lp(X ,µ),Lp(X) or just Lp . We defined a norm on Lp , as

‖f ‖p = ‖f ‖L2 = ‖f ‖Lp (X,M,µ) =

(∫
X

|f (x)|pdµ(x)

) 1
p
.

For above to be a norm, we really need ‖f ‖Lp (X,M,µ) = 0 imply f to be identically zero (which is
not true from ‖f ‖Lp (X,M,µ) = 0 we only get that f = 0 a.e. on X). Thus to make a precise
definition we equip Lp with equivalence relation, in which f = g if f = g a.e. on X . Now ‖f ‖p
satisfies the properties of norm:

1 ‖af ‖p = |a|‖f ‖p , for all a ∈ C.
2 ‖f + g‖p ≤ ‖f ‖p +‖g‖p

3 ‖f ‖p = 0 iff f = 0.
Actually to prove the triangle inequality (2) we need to work and create a generalization of
Cauchy-Schwartz inequality (WE WILL DO IT).
Moreover, from above d(f ,g) = ‖f − g‖p is a metric on Lp , and we will show that Lp is complete.
Note, there is L∞ we will talk about it soon!
Note, there are Lp(X ,M,µ), p ∈ (0,1), those are not a normed spaces (‖ · ‖p does not satisfy
triangle inequality if 0< p < 1). There is also a very interesting notion for Lp when p ≤ 0.
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X

|f (x)|pdµ(x) <∞.

We will use different notations Lp(X ,µ),Lp(X) or just Lp . We defined a norm on Lp , as

‖f ‖p = ‖f ‖L2 = ‖f ‖Lp (X,M,µ) =

(∫
X

|f (x)|pdµ(x)

) 1
p
.

For above to be a norm, we really need ‖f ‖Lp (X,M,µ) = 0 imply f to be identically zero (which is
not true from ‖f ‖Lp (X,M,µ) = 0 we only get that f = 0 a.e. on X). Thus to make a precise
definition we equip Lp with equivalence relation, in which f = g if f = g a.e. on X . Now ‖f ‖p
satisfies the properties of norm:

1 ‖af ‖p = |a|‖f ‖p , for all a ∈ C.
2 ‖f + g‖p ≤ ‖f ‖p +‖g‖p

3 ‖f ‖p = 0 iff f = 0.
Actually to prove the triangle inequality (2) we need to work and create a generalization of
Cauchy-Schwartz inequality (WE WILL DO IT).
Moreover, from above d(f ,g) = ‖f − g‖p is a metric on Lp , and we will show that Lp is complete.
Note, there is L∞ we will talk about it soon!

Note, there are Lp(X ,M,µ), p ∈ (0,1), those are not a normed spaces (‖ · ‖p does not satisfy
triangle inequality if 0< p < 1). There is also a very interesting notion for Lp when p ≤ 0.
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Welcome to Lp(X ,M,µ), p ∈ [1,∞) - Some examples

We can consider Lp(Rd ,M,m) consists of all complex (real) Lebesgue measurable functions on Rd

such that ∫
Rd
|f (x)|pdx <∞

With the norm

‖f ‖p =

(∫
Rd
|f (x)|pdx

) 1
p
.
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Welcome to Lp(X ,M,µ), p ∈ [1,∞) - Some examples
Another interesting example would be X = N, i.e. the set of natural numbers and µ is a counting
measure. Then a measurable function on X is simply a sequence a = {an}∞n=1.

We define the
space `p to be the space of all complex (real) sequences such that

‖a‖p =

(
∞∑
n=1

|an|p

) 1
p

,

Again we also have a metric on `p defined as

‖a−b‖p =

(
∞∑
n=1

|an−bn|p

) 1
p

,

for any two sequences a = {an}∞n=1 and b = {bn}∞n=1.
We can also consider a finite dimensional `p

d , one can see it as X = {1,2, . . . ,d} and µ is a
counting measure. Then a measurable function on X is simply a sequence a = {an}d

n=1. We define
the space `p

d to be the space of all complex (real) sequences such that ‖a‖p =
(∑d

n=1
|an|p
)1/p

.

One can also see `p
d as simply Rd with above norm ‖ · ‖p . Here the unit balls of `p

2 i.e. sets on
the plane defined as {x ∈ R2 : ‖x‖p ≤ 1}:
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Towards "triangle inequality": Hölder Inequality.
Consider p ∈ (1,∞), we define q ∈ (1,∞) to be a conjugate/dual exponent of p:

1
p

+
1
q

= 1 or q =
p

p− 1
.

Note that in case p = 2 we get q = 2 and Cauchy-Schwartz inequality:

‖fg‖1 ≤ ‖f ‖2‖g‖2

Consider p ∈ (1,∞) and let q be a conjugate exponent of p. Let f ∈ Lp , g ∈ Lq , then fg ∈ L1 and

‖fg‖1 ≤ ‖f ‖p‖g‖q.

We know the inequality of arithmetic and geometric means:
a + b
2
≥
√

ab, for all a,b ≥ 0.

This inequality can be generalized to λa + (1−λ)b ≥ aλb1−λ for all a,b ≥ 0 and λ ∈ [0,1].
One of the ways to see this inequality is to use concavity of the log function. Indeed, log is an
increasing function thus (consider the case a,b > 0 )the inequality is equivalent to

log(λa + (1−λ)b)≥ λ log(a) + (1−λ) log(b),

which is exactly concavity of the log. Another way, assume b > a > 0 then we need to prove that

λ+ (1−λ)
b
a
≥
(

b
a

)1−λ
.

Consider function f (x) = λ+ (1−λ)x− x1−λ, where x > 1. f ′(x) = (1−λ)− (1−λ)x−λ > 0
so f (x)≥ f (1) = 0.
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a + b
2
≥
√
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b
a
≥
(

b
a

)1−λ
.
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Towards "triangle inequality": Hölder Inequality.

Consider p ∈ (1,∞) and let q be a conjugate exponent of p. Let f ∈ Lp , g ∈ Lq , then fg ∈ L1 and

‖fg‖1 ≤ ‖f ‖p‖g‖q.

Proof: We will use
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for all a,b ≥ 0 and λ ∈ [0,1].

Now, if either ‖f ‖p = 0 or ‖g‖q = 0, then f or g is zero a.e. and
thus fg = 0 a.e. and ‖fg‖1 = 0 and there is nothing left to prove.
Now let f̃ (x) = f (x)/‖f ‖p and g̃ = g(x)/‖g‖q (i.e. normalize our functions to have corresponding
norms to be 1). Take a = |f̃ (x)|p , b = |g̃(x)|q , λ = 1/p (and thus 1−λ = 1−1/p = 1/q), then

|f̃ (x)||g̃(x)| ≤
1
p
|f̃ (x)|p +

1
q
|g̃(x)|q.

Integrate this inequality∫
X

|f̃ (x)||g̃(x)|dµ≤
1
p

∫
X

|f̃ (x)|pdµ+
1
q

∫
X

|g̃(x)|qdµ =
1
p

+
1
q

= 1

i.e. ∫
X

|f̃ (x)||g̃(x)|dµ≤ 1.

Plug back f̃ (x) = f (x)/‖f ‖p and g̃ = g(x)/‖g‖q to finish the proof and get ‖fg‖1 ≤ ‖f ‖p‖g‖q.
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"triangle inequality": Minkowski Inequality.

Consider p ∈ (1,∞) and f ,g ∈ Lp then f + g ∈ Lp and ‖f + g‖p ≤ ‖f ‖p +‖g‖p .

Proof: The case p = 1 is not hard and follows immediately from |f (x) + g(x)| ≤ |f (x)|+ |g(x)|.
Now consider p > 1. Let us first prove that f + g ∈ Lp . Indeed
|f (x) + g(x)|p ≤ (|f (x)|+ |g(x)|)p ≤ 2p(max{|f (x)|, |g(x)|})p = 2p max{|f (x)|p , |g(x)|p}

≤ 2p(|f (x)|p + |g(x)|p).
Now let’s move to the inequality part. First note that

|f (x)+g(x)|p ≤ (|f (x)|+|g(x)|)|f (x)+g(x)|p−1 = |f (x)||f (x)+g(x)|p−1 +|g(x)||f (x)+g(x)|p−1
.

Moreover, |f (x) + g(x)|p−1 = (|f (x) + g(x)|p)
p−1

p = (|f (x) + g(x)|p)1/q . Thus
(|f (x) + g(x)|p−1)q = |f (x) + g(x)|p is integrable. So we can apply Hölder inequality and get

‖f + g‖p
p =

∫
X

|f (x) + g(x)|pdµ

≤

∫
X

|f (x)||f (x) + g(x)|p−1dµ+

∫
X

|g(x)||f (x) + g(x)|p−1dµ

≤ ‖f ‖p

(∫
X

(|f (x) + g(x)|p−1)qdµ

)1/q

+‖g‖p

(∫
X

(|f (x) + g(x)|p−1)qdµ

)1/q

≤

((∫
X

|f (x) + g(x)|pdµ

)1/p)p/q

(‖f ‖p +‖g‖p)

= ‖f + g‖p−1
p (‖f ‖p +‖g‖p).

�
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How to compare Lp0 and Lp1 .

We proved in that L2(X ,µ)⊂ L1(X ,µ), when µ(X) <∞.

If X has finite measure, i.e. µ(X) <∞ and 1≤ p0 ≤ p1 <∞, then Lp1 ⊂ Lp0 and

‖f ‖p0 ≤ µ(X)
p1−p0
p0p1 ‖f ‖p1 .

Proof: There is no much to prove if p0 = p1, so assume p1 > p0

‖f ‖p0
p0

=

∫
X

|f (x)|p0dµ =

∫
X

|f (x)|p0 · 1dµ≤

(∫
X

|f (x)|p1dµ

) p0
p1
·

(∫
X

1
p1

p1−p0 dµ

) p1−p0
p1

,

where the last inequality follows from Hölder inequality with p = p1
p0
> 1 and q = p1

p1−p0
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How to compare `p0 and `p1 .

`p0 ⊂ `p1 if 1≤ p0 ≤ p1 <∞ and
‖a‖p1 ≤ ‖a‖p0

Proof: There is no much to prove if p0 = p1, so assume p1 > p0.

‖a‖p1
p1

=
∞∑
n=1

|an|p1 =
∞∑
n=1

|an|p0 |an|p1−p0 ≤ sup
n
|an|p1−p0

∞∑
n=1

|an|p0 ≤

(
∞∑
n=1

|an|p0

) p1−p0
p0

‖a‖p0
p0

�

We can also note that if a ∈ Rd then ‖a‖p1 ≤ ‖a‖p0 ≤ d
p1−p0
p0p1 ‖a‖p1 for all 1≤ p0 ≤ p1 <∞,

indeed

‖a‖p0
p0

=
d∑

n=1

|an|p0 · 1≤

(
d∑

n=1

|an|p1

) p0
p1

·

(
d∑

n=1

1
p1

p1−p0

) p1−p0
p1

= ‖a‖p0
p1

d
p1−p0

p1

where we used Hölder inequality with p = p1
p0
> 1 and q = p1

p1−p0
on X = 1,2, . . . ,d and a

counting measure µ.
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