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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders.
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite
measure space.
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite

measure space.
The space of integrable functions Ll(X,M,u) consists of all complex (real) measurable functions

such that
[F(x)dp(x) < oo.

X
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite

measure space.
The space of integrable functions Ll(X,M,u) consists of all complex (real) measurable functions

such that
/\f(x)\du(x) < oo.
X

We have used a number of notations L*(X, i), L}(X) or just L'. We defined a norm on L', as

11l =1 = 112 g p ey = / () dp()-
X
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite

measure space.
The space of integrable functions Ll(X,M,u) consists of all complex (real) measurable functions

such that
/\f(x)\du(x) < oo.
X

We have used a number of notations L*(X, i), L}(X) or just L'. We defined a norm on L', as

1l = 1Flls = Il gt py = / () dia(x)-
X
For above to be a norm, we really need HfHLl(x M,y = 0 imply f to be identically zero (which is

not true from ”f”Ll(X M,y = 0 we only get that f =0 a.e. on X). Thus to make a precise

definition we equip L' with equivalence relation, in which f = g if f = g a.e. on X.
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite

measure space.
The space of integrable functions Ll(X,M,u) consists of all complex (real) measurable functions

such that
/\f(x)\du(x) < oo.
X

We have used a number of notations L*(X, i), L}(X) or just L'. We defined a norm on L', as

11l =1 = 112 g p ey = / () dp()-
X

For above to be a norm, we really need Hf“Ll(X,M,;L) =0 imply f to be identically zero (which is
not true from ”f”Ll(X,M,u) =0 we only get that f =0 a.e. on X). Thus to make a precise
definition we equip L' with equivalence relation, in which f = g if f = g a.e. on X. Now |||
satisfies the properties of norm:

Q |laf||1 = |al||f|]1, for all a € C.

@ IIf+4ll < Il + gl

Q |[f|l1=0iff f=0.
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite

measure space.
The space of integrable functions Ll(X,M,u) consists of all complex (real) measurable functions

such that
/\f(x)\du(x) < oo.
X

We have used a number of notations L*(X, i), L}(X) or just L'. We defined a norm on L', as

11l =1 = 112 g p ey = / () dp()-
X

For above to be a norm, we really need HfHLl(x M,y = 0 imply f to be identically zero (which is
not true from ”f”Ll(X M,y = 0 we only get that f =0 a.e. on X). Thus to make a precise

definition we equip L' with equivalence relation, in which f = g if f = g a.e. on X. Now |||
satisfies the properties of norm:

Q |laf||1 = |al||f|]1, for all a € C.

Q [If+glls < lIflls+llgllx

Q |If|l.=0iff f=0.
Moreover, from above d(f,g) = ||f — gl|1 is a metric on L', and we were able to show that L' is

complete (i.e. Cauchy sequence is convergent).
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, ) to be a o-finite

measure space.
The space of integrable functions Ll(X,M,u) consists of all complex (real) measurable functions

such that
/\f(x)\du(x) < oo.
X

We have used a number of notations L*(X, i), L}(X) or just L'. We defined a norm on L', as

11l =1 = 112 g p ey = / () dp()-
X

For above to be a norm, we really need HfHLl(x M,y = 0 imply f to be identically zero (which is
not true from ”f”Ll(X M,y = 0 we only get that f =0 a.e. on X). Thus to make a precise
definition we equip L' with equivalence relation, in which f = g if f = g a.e. on X. Now |||
satisfies the properties of norm:

Q |laf||1 = |al||f|]1, for all a € C.

Q lIf +gllr < lIflli+llgllx

Q |fllL=0iff f=0.
Moreover, from above d(f,g) = ||f — gl|1 is a metric on L', and we were able to show that L' is
complete (i.e. Cauchy sequence is convergent). We were also able to show that L}(RY) is

separable, i.e. there is a countable collection of {fi};2; such that their linear combination is dense
in L*(RY) (we can show that L!(X) is separable, but here we need to ask X to be separable).
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, 1) to be a o-finite
measure space.

The space of functions L?(X, M, ) consists of all complex (real) measurable functions such that

/ |F()Pdp(x) < 0.
X

We have used a number of notations L2(X, 1), L>(X) or just L?. We defined a norm on L2, as

1
2
1Fll2 = 11Fll2 = 1l 200 nt. ) = /\f(X)\zdu(X) :
X

For above to be a norm, we really need Hf”LZ(x M,y = 0 imply f to be identically zero (which is
not true from ||fl;2x a4 ) = 0 we only get that f =0 a.e. on X). Thus to make a precise

definition we equip L? with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|2
satisfies the properties of norm:

Q |laf||2 = |al||f]|2, for all a € C.
Q (If+gll2 < IIfll2+llgll2
Q |If]l2=0iff f=0.
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Last and this semesters we spent quite a bit of time learning about L;(X, 1) and Lr(X, p) it is a
time to broader our horizons! But first some reminders. We will fix (X, M, 1) to be a o-finite
measure space.

The space of functions L?(X, M, ) consists of all complex (real) measurable functions such that

/ |F()Pdp(x) < 0.
X

We have used a number of notations L2(X, 1), L>(X) or just L?. We defined a norm on L2, as

1
2
1Fll2 = 11Fll2 = 1l 200 nt. ) = /\f(X)\zdu(X) :
X

For above to be a norm, we really need Hf”LZ(x M,y = 0 imply f to be identically zero (which is
not true from ||fl;2x a4 ) = 0 we only get that f =0 a.e. on X). Thus to make a precise

definition we equip L? with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|2
satisfies the properties of norm:

Q |laf||2 = |al||f]|2, for all a € C.
Q [If +gll2 < Ifll2+llgll2
Q ||fll2=0iff f=0.
Actually to prove the triangle inequality (2) we used Cauchy-Schwartz inequality:

/f-édu < Ifll2llgll2-
X

Moreover, from above d(f,g) = ||f — gl|2 is a metric on L?, and we were able to show that L? is
complete. We were also able to show that L2(R?) is separable (we can show that L2(X) is
separable, but here we need to ask X to be separable).
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X

We will use different notations LP(X, ), LP(X) or just LP.
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X

We will use different notations LP(X, ), LP(X) or just LP.

1
P
11l = 1fll2 = I llp e, pom) = (/f(X)”d/L(X)) :
X

For above to be a norm, we really need ||f||.p(x, A1) = 0 imply f to be identically zero (which is
not true from ||f||.p(x, aA1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,

We defined a norm on LP, as

satisfies the properties of norm:

Q ||af|l, = |a|||f]|p, for all a € C.

Q [If+ellp < lIfll, +llgllp
Q |fll,=0iff f=0.
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X

We will use different notations LP(X, ), LP(X) or just LP.

1
P
11l = 1fll2 = I llp e, pom) = (/f(X)”d/L(X)) :
X

For above to be a norm, we really need ||f||.p(x, A1) = 0 imply f to be identically zero (which is
not true from ||f||.p(x, aA1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,
satisfies the properties of norm:

Q ||af|l, = |a|||f]|p, for all a € C.

Q [If+ellp < IIfllp+llglls

Q ||fll, =0iff f=0.
Actually to prove the triangle inequality (2) we need to work and create a generalization of
Cauchy-Schwartz inequality (WE WILL DO IT).

We defined a norm on LP, as
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X

We will use different notations LP(X, u), LP(X) or just LP. We defined a norm on L”, as

1
P
11l = 1fll2 = I llp e, pom) = (/f(X)”d/L(X)) :
X

For above to be a norm, we really need ||f||.p(x, A1) = 0 imply f to be identically zero (which is
not true from ||f||.p(x, aA1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,
satisfies the properties of norm:

Q ||af|l, = |a|||f]|p, for all a € C.
Q [If+glls < IIfllo + liglle
Q |If|lp,=0iff f=0.

Actually to prove the triangle inequality (2) we need to work and create a generalization of
Cauchy-Schwartz inequality (WE WILL DO IT).
Moreover, from above d(f,g) = ||f — gl|p is a metric on LP, and we will show that LP is complete.
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X

We will use different notations LP(X, u), LP(X) or just LP. We defined a norm on L”, as

1
P
11l = 1fll2 = I llp e, pom) = (/f(X)”d/L(X)) :
X

For above to be a norm, we really need ||f||.p(x, A1) = 0 imply f to be identically zero (which is
not true from ||f||.p(x, aA1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,
satisfies the properties of norm:

Q ||af|l, = |a|||f]|p, for all a € C.
Q [If+glls < IIfllo + liglle
Q |If|lp,=0iff f=0.

Actually to prove the triangle inequality (2) we need to work and create a generalization of
Cauchy-Schwartz inequality (WE WILL DO IT).

Moreover, from above d(f,g) = ||f — gl|p is a metric on LP, and we will show that LP is complete.
Note, there is L°° we will talk about it soon!
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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, 1) consists of all complex (real) measurable functions such that

/ IF(x)[Pdp(x) < oo.
X

We will use different notations LP(X, u), LP(X) or just LP. We defined a norm on L”, as

1
P
11l = 1fll2 = I llp e, pom) = (/f(X)”d/L(X)) :
X

For above to be a norm, we really need ||f||.p(x, A1) = 0 imply f to be identically zero (which is
not true from ||f||.p(x, aA1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,
satisfies the properties of norm:

Q ||af|l, = |a|||f]|p, for all a € C.

Q [If+ellp < IIfllp+llglls

Q ||fll, =0iff f=0.
Actually to prove the triangle inequality (2) we need to work and create a generalization of
Cauchy-Schwartz inequality (WE WILL DO IT).

Moreover, from above d(f,g) = ||f — gl|p is a metric on LP, and we will show that LP is complete.
Note, there is L°° we will talk about it soon!

Note, there are LP(X, M, ), p € (0,1), those are not a normed spaces (|| - ||, does not satisfy
triangle inequality if 0 < p < 1). There is also a very interesting notion for LP when p < 0.
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Welcome to LP(X, M, u), p € [1,00) - Some examples

We can consider LP(R?, M, m) consists of all complex (real) Lebesgue measurable functions on RY

such that
/ |£(x)|Pdx < oo
Rd

1
Ifllp = (/ If(X)I"dX> .
rd

With the norm
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Welcome to LP(X, M, u), p € [1,00) - Some examples

Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};2,.
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Welcome to LP(X, M, u), p € [1,00) - Some examples

Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};2,. We define the
space (P to be the space of all complex (real) sequences such that

1

P

oo
llall = g lal” )
n=1
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Welcome to LP(X, M, u), p € [1,00) - Some examples

Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};2,. We define the
space (P to be the space of all complex (real) sequences such that

1

Sl P
llall = g lal” )
n=1

Again we also have a metric on £P defined as

oo
lla—bll, = E lan —bal” |
n=1

for any two sequences a = {a,};°; and b= {b,};2,.
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Welcome to LP(X, M, u), p € [1,00) - Some examples

Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};2,. We define the
space (P to be the space of all complex (real) sequences such that

1

Sl P

llall, = g lanl” |

n=1
Again we also have a metric on £P defined as
1

oo
lla—bll, = E lan —bal” |
n=1

for any two sequences a = {a,};°; and b= {b,};2,.
We can also consider a finite dimensional Z’;, one can see it as X = {1,2,...,d} and pis a
counting measure. Then a measurable function on X is simply a sequence a = {an}gzl. We define

1
the space £/ to be the space of all complex (real) sequences such that ||al|, = (Zjﬂ \anlp) /p.
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Welcome to LP(X, M, u), p € [1,00) - Some examples

Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};2,. We define the
space (P to be the space of all complex (real) sequences such that

1

Sl P

llall, = g lanl” |

n=1
Again we also have a metric on £P defined as
1

oo
lla—bll, = E lan —bal” |
n=1

for any two sequences a = {a,};°; and b= {b,};2,.

We can also consider a finite dimensional Z’;, one can see it as X = {1,2,...,d} and pis a

counting measure. Then a measurable function on X is simply a sequence a = {an}gzl. We define
d 1/p

the space £/ to be the space of all complex (real) sequences such that ||al|, = (Z 1 \anlp) .
n=

One can also see £ as simply RY with above norm || - ||,
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Welcome to LP(X, M, u), p € [1,00) - Some examples

Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};2,. We define the
space (P to be the space of all complex (real) sequences such that

1

Sl P

llall, = g lanl” |

n=1
Again we also have a metric on £P defined as
1

oo
lla—bll, = E lan —bal” |
n=1

for any two sequences a = {a,};°; and b= {b,};2,.

We can also consider a finite dimensional Z’;, one can see it as X = {1,2,...,d} and pis a

counting measure. Then a measurable function on X is simply a sequence a = {an}gzl. We define
d 1/p

the space £/ to be the space of all complex (real) sequences such that ||al|, = (Z 1 \anlp) .
n=

One can also see £ as simply RY with above norm || - ||,. Here the unit balls of £5 i.e. sets on
the plane defined as {x € R?: ||x||, < 1}:




Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € ( to be a conjugate/dual exponent of p:

1,00)
1 1
7+7:10rq:L.
P q p—1
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:
1 1

—+—-—=1lorqg= L

P q p—1

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:

lIfglls < Ifll2llgll2
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Towards "triangle inequality": Holder Inequality.
to be a conjugate/dual exponent of p:

Consider p € (1,00), we define g € (

=lorqg=——

1,00)
1 1 P
P q p—1"

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:
lifglls < lIfll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Towards "triangle inequality": Holder Inequality.
to be a conjugate/dual exponent of p:

Consider p € (1,00), we define g € (

=lorqg=——

1,00)
1 1 P
P q p—1"

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:
lifglls < lIfll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:

b
a: > V/ab, for all a,b > 0.
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Towards "triangle inequality": Holder Inequality.
to be a conjugate/dual exponent of p:

Consider p € (1,00), we define g € (

=lorqg=——

1,00)
1 1 P
P q p—1"

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:
lifglls < lIfll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:

b
a: > V/ab, for all a,b > 0.

This inequality can be generalized to Aa+ (1 — A)b > a*b!~> for all a,b> 0 and A € [0,1].
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:

1 1

—+—=1lorg= 7[7 .

P q p—1

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:
Izl < lifll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:

b
a: > V/ab, for all a,b > 0.

This inequality can be generalized to Aa+ (1 — A)b > a*b!~> for all a,b> 0 and A € [0,1].
One of the ways to see this inequality is to use concavity of the log function.
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:
1 1
—+—-—=1lorqg= L

P q p—1

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:

lIfglls < Ifll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:
a+b
5 > Vab, for all a,b > 0.

This inequality can be generalized to Aa+ (1 — A)b > a*b!~> for all a,b> 0 and A € [0,1].
One of the ways to see this inequality is to use concavity of the log function. Indeed, log is an
increasing function thus (consider the case a, b > 0 )the inequality is equivalent to

log(Aa+ (1 —X)b) > Alog(a)+ (1 — X)log(b),

which is exactly concavity of the log.
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:
1 1
—+—-—=1lorqg= L

P q p—1

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:

lIfglls < Ifll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:
a+b
5 > Vab, for all a,b > 0.

This inequality can be generalized to Aa+ (1 — A)b > a*b!~> for all a,b> 0 and A € [0,1].
One of the ways to see this inequality is to use concavity of the log function. Indeed, log is an
increasing function thus (consider the case a, b > 0 )the inequality is equivalent to

log(Aa+ (1 —X)b) > Alog(a)+ (1 — X)log(b),
which is exactly concavity of the log. Another way, assume b > a > 0 then we need to prove that

Aa-NE> (3)17A

a a
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:
1 1
—+—-—=1lorqg= L

P q p—1

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:

lIfglls < Ifll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:
a+b
5 > Vab, for all a,b > 0.

This inequality can be generalized to Aa+ (1 — A)b > a*b!~> for all a,b> 0 and A € [0,1].
One of the ways to see this inequality is to use concavity of the log function. Indeed, log is an
increasing function thus (consider the case a, b > 0 )the inequality is equivalent to

log(Aa+ (1 —X)b) > Alog(a)+ (1 — X)log(b),

which is exactly concavity of the log. Another way, assume b > a > 0 then we need to prove that

Aa-NE> (3)17A

a a

Consider function f(x) = A+ (1 — A)x —x*~*, where x > 1.
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:
1 1
—+—-—=1lorqg= L

P q p—1

Note that in case p = 2 we get g = 2 and Cauchy-Schwartz inequality:

lIfglls < Ifll2llgll2

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Izl < lIfllsllgllq-

We know the inequality of arithmetic and geometric means:
a+b
5 > Vab, for all a,b > 0.

This inequality can be generalized to Aa+ (1 — A)b > a*b!~> for all a,b> 0 and A € [0,1].
One of the ways to see this inequality is to use concavity of the log function. Indeed, log is an
increasing function thus (consider the case a, b > 0 )the inequality is equivalent to

log(Aa+ (1 —X)b) > Alog(a)+ (1 — X)log(b),
which is exactly concavity of the log. Another way, assume b > a > 0 then we need to prove that

Aa-NE> (3)17A

a a

Consider function f(x) = A+ (1 —A)x —x'7*, where x > 1. f/(x)=(1—-A)—(1-A)x">*>0
so f(x) > f(1) =0.
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use
A BTN < Xa+(1— )b,

for all a,b >0 and X € [0,1].
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € Lt andJ

lI7glls < Ifllllgllq-

Proof: We will use
A BTN < Xa+(1— )b,

for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 =0 and there is nothing left to prove.
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use
A BTN < Xa+(1— )b,

for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 = 0 and there is nothing left to prove.

Now let f(x) = f(x)/||f|l» and & = g(x)/|lg|lq (i.e. normalize our functions to have corresponding
norms to be 1).
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use

a* b "N < Xat(1-A)b,
for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 = 0 and there is nothing left to prove.
Now let f(x) = f(x)/|/f|l» and & = g(x)/|||lq (i-e. normalize our functions to have corresponding
norms to be 1). Take a= |f(x)|", b= |g(x)|%, A=1/p (and thus 1 —A=1—1/p=1/q),
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use

a* b "N < Xat(1-A)b,
for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 = 0 and there is nothing left to prove.
Now let f(x) = f(x)/|/f|l» and & = g(x)/|||lq (i-e. normalize our functions to have corresponding
norms to be 1). Take a= |f(x)|?, b=|g(x)|% A\=1/p (and thus 1 —A=1—1/p=1/q), then

IFClE()] < = 1F()IP + %IE(X)\"~

o=
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use

a* b "N < Xat(1-A)b,
for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 = 0 and there is nothing left to prove.
Now let f(x) = f(x)/|/f|l» and & = g(x)/|||lq (i-e. normalize our functions to have corresponding
norms to be 1). Take a= |f(x)|?, b=|g(x)|% A\=1/p (and thus 1 —A=1—1/p=1/q), then

IFClE()] < = 1F()IP + %IE(X)\"~

o=

Integrate this inequality

/\?(x)\\g(x)\dug1/\?(x>|"du+1/\g(x)|‘7du=1+1=1
X P, a/, P q
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use

a* b "N < Xat(1-A)b,
for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 = 0 and there is nothing left to prove.
Now let f(x) = f(x)/|/f|l» and & = g(x)/|||lq (i-e. normalize our functions to have corresponding
norms to be 1). Take a= |f(x)|?, b=|g(x)|% A\=1/p (and thus 1 —A=1—1/p=1/q), then

IFClE()] < = 1F()IP + %IE(X)\"~

o=

Integrate this inequality

/\?(x)\\g(x)\dug1/\?(x>|"du+1/\g(x)|‘7du=1+1=1
X P, a/, P q

/\?(X)Ilé(X)\du <1
X
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Towards "triangle inequality": Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
lIfglls < Ifllollgllq-

Proof: We will use

a* b "N < Xat(1-A)b,
for all a,b >0 and X € [0,1]. Now, if either ||f]|, =0 or ||g||q =0, then f or g is zero a.e. and
thus fg =0 a.e. and ||fg||1 = 0 and there is nothing left to prove.
Now let f(x) = f(x)/|/f|l» and & = g(x)/|||lq (i-e. normalize our functions to have corresponding
norms to be 1). Take a= |f(x)|?, b=|g(x)|% A\=1/p (and thus 1 —A=1—1/p=1/q), then

IFClE()] < = 1F()IP + %IE(X)\"~

o=

Integrate this inequality

/\?(x)\\g(x)\dug1/\?(x>|"du+1/\g(x)|‘7du=1+1=1
X P, a/, P q

/\?(X)llé(X)\du <L
X
Plug back 7(x) = f(x)/|f]lo and & = g(x)/|lgllq to finish the proof and get ||fg|lx < [|fl|,ll&ll4-

O
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x)+ g(x)| < [f(x)| + |g(x)].
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x) + g(x)| < [f(x)|+ |g(x)].
Now consider p > 1. Let us first prove that f +g € L.
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x) + g(x)| < [f(x)|+ |g(x)].
Now consider p > 1. Let us first prove that f + g € L. Indeed

[FC) +g()I1” < (IFC) =+ [g(D? < 2°(max{[£(x)], [g(x)[})” = 2° max{|F(x)|”, |g(x)|"}
< 2°(IFCOIP + 18 ()1P).-
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x) + g(x)| < [f(x)|+ |g(x)].
Now consider p > 1. Let us first prove that f + g € L. Indeed

[F(x) +g(x)I” < (IF(x)| + g (x)])” < 2°(max{|f(x)], [g(x)|})” = 2" max{|f(x)”, |g(x)|"}
< 2°([f(x)1° + 1g(x)IP).
Now let’s move to the inequality part. First note that

() +8()I” < (IF )| +1gCIDIF) +8() 1P = [F G () +8 ()P~ +1g(IIF(x) +g(x)P~ "
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x) + g(x)| < [f(x)|+ |g(x)].
Now consider p > 1. Let us first prove that f + g € L. Indeed

[F(x) +g(x)I” < (IF(x)| + g (x)])” < 2°(max{|f(x)], [g(x)|})” = 2" max{|f(x)”, |g(x)|"}
< 2°([f(x)1° + 1g(x)IP).
Now let’s move to the inequality part. First note that
() +gC)IP < (IF(x) |+ g()) ) +() 1P = [F)1F(x) +8()P " + g F(x) +g(x) P~
p—1

Moreover, |f(x) +g(x)|"~* = (If(x) +&(x)I?) 7 = (If(x) +&(x)I")"/".
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x) + g(x)| < [f(x)|+ |g(x)].
Now consider p > 1. Let us first prove that f + g € L. Indeed

[F(x) +g(x)I” < (IF(x)| + g (x)])” < 2°(max{|f(x)], [g(x)|})” = 2" max{|f(x)”, |g(x)|"}
< 2°([f(x)1° + 1g(x)IP).
Now let’s move to the inequality part. First note that

F()+8()I” < (IF)+18CDIF(x) +8 ()P = [FENIF(x) +806) 1P +1g () 1F(x) +e(x)1P .
p—1

Moreover, [£(x) +g(x)I"~ = (|f(x)+g()") 7 = (If(x)+g(x)P)/%. Thus
(1F(x)+g(x)[P~1)9 = |f(x) + &(x)|? is integrable.
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“triangle inequality": Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L and ||[f + g, < |If]l,+ |lgllp- J

Proof: The case p =1 is not hard and follows immediately from |f(x) + g(x)| < [f(x)|+ |g(x)].
Now consider p > 1. Let us first prove that f + g € L. Indeed

[F(x) +g(x)I” < (IF(x)| + g (x)])” < 2°(max{|f(x)], [g(x)|})” = 2" max{|f(x)”, |g(x)|"}
< 2°([f(x)1° + 1g(x)IP).
Now let’s move to the inequality part. First note that

F()+8()I” < (IF)+18CDIF(x) +8 ()P = [FENIF(x) +806) 1P +1g () 1F(x) +e(x)1P .
p—1

Moreover, |f(x) +g(x)|"~" = (If(x) +&(x)I”) P = (If(x) +&(x)[")"/?. Thus
(If(x) +g(x)|P71)7 = |f(x) + g(x)|? is integrable. So we can apply Hélder inequality and get

Hf+g||,‘§:/|f()<)+g()<)|”d#
X

S/If(X)I\f(X)+g(X)\”71dM+/\g(X)Hf(XHg(X)\”*ldM
X

X

1/q 1/q
[If1l» (/(f(x)+g(><)p1)qdu> +llgllp (/(lf(x)+g(x)|p1)qdu)
X X
1/p\ P/4
((/If(X)+g(X)|pdu> ) (If1lo+ llgllp)
X

I +gll5~ (11l + lellp)-
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How to compare LP° and LP!.

We proved in that L(X, ) C Li(X, p), when p(X) < oo.
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How to compare LP° and LP!.

We proved in that L(X, ) C Li(X, p), when p(X) < oo.
If X has finite measure, i.e. u(X) < oo and 1 < pg < p1 < oo, then LPL C LP0 and

P1—Po
£llpg < p(X) PoPL [[£]lp, -
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How to compare LP° and LP!.

We proved in that L(X, ) C Li(X, p), when p(X) < oo.
If X has finite measure, i.e. u(X) < oo and 1 < pg < p1 < oo, then LPL C LP0 and

P1—Po
£llpg < p(X) PoPL [[£]lp, -

Proof: There is no much to prove if pyp = p;, so assume p; > po
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How to compare LP° and LP!.

We proved in that L(X, ) C Li(X, p), when p(X) < oo.
If X has finite measure, i.e. u(X) < oo and 1 < pg < p1 < oo, then LPL C LP0 and

P1—Po
£llpg < p(X) PoPL [[£]lp, -

Proof: There is no much to prove if pyp = p;, so assume p; > po

PO P1—PQ
P1 Pt Pt
1712 = [ 1r)Pdu= [ e 1du < ([ 1FG)Pd ) ([ 1R dp ’
X X X X
where the last inequality follows from Hélder inequality with p = % >1and g= Plpflpo
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How to compare £P° and /P!,

Lpy CLpy if 1 < po < p1 < o0 and
llallp; < llallpg J
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How to compare £P° and /P!,

Lpy CLpy if 1 < po < p1 < o0 and
llallp; < llallpg J

Proof: There is no much to prove if pg = p1, so assume p; > po.
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How to compare £P° and /P!,

Lpy CLpy if 1 < po < p1 < o0 and
llallp; < llallpg J

Proof: There is no much to prove if pg = p1, so assume p; > po.

P1—Po
PO

- - 0 o
llallf} = E |an|?t = E |an|"Jan|?t 770 < sup |a, |1 70 E lan| < E |an|" llall2)
n=1 n=1 " n=1 n=1
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How to compare £P° and /P!,

Lpy CLpy if 1 < po < p1 < o0 and
llallp; < llallpg

Proof: There is no much to prove if pg = p1, so assume p; > po.

P1—Po
PO

- - 0 o
llallf} = E |an|?t = E |an|"Jan|?t 770 < sup |a, |1 70 E lan| < E |an|" llall2)
n=1 n=1 " n=1 n=1

2 0
We can also note that if a € R? then llallp; < lallpg < d PoPL la]|p forall 1 < po < p1 < oo,
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How to compare £P° and /P!,

Lpy CLpy if 1 < po < p1 < o0 and
llallp; < llallpg J

Proof: There is no much to prove if pg = p1, so assume p; > po.

P1—Po
PO

- - 0 o
llallf} = E |an|?t = E |an|"Jan|?t 770 < sup |a, |1 70 E lan| < E |an|" llall2)
n=1 n=1 " n=1 n=1

O

2 0
We can also note that if a € R? then llallp; < lallpg < d PoPL la]|p forall 1 < po < p1 < oo,

indeed
o PPy
‘ ¢ & ‘Lom ™ PL=Py
|\a|\gg=z\an|w1g Z“’"V’l . Zm—po =|la|®d 7
n=1 n=1 n=1
where we used Hélder inequality with p = % >1and g= PllilPD on X=1,2,...,d and a

counting measure p.
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