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Welcome to Lp(X ,M,µ), p ∈ [1,∞).

The space of functions Lp(X ,M,µ) consists of all complex (real) measurable functions such that∫
X

|f (x)|pdµ(x) <∞.

We will use different notations Lp(X ,µ),Lp(X) or just Lp . We defined a norm on Lp , as

‖f ‖p = ‖f ‖Lp = ‖f ‖Lp (X,M,µ) =

(∫
X

|f (x)|pdµ(x)

) 1
p
.

For above to be a norm, we really need ‖f ‖Lp (X,M,µ) = 0 imply f to be identically zero (which is
not true from ‖f ‖Lp (X,M,µ) = 0 we only get that f = 0 a.e. on X). Thus to make a precise
definition we equip Lp with equivalence relation, in which f = g if f = g a.e. on X . Now ‖f ‖p
satisfies the properties of norm:

1 ‖af ‖p = |a|‖f ‖p , for all a ∈ C.
2 ‖f + g‖p ≤ ‖f ‖p +‖g‖p

3 ‖f ‖p = 0 iff f = 0.
Moreover, from above d(f ,g) = ‖f − g‖p is a metric on Lp , and we will show that Lp is complete.
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Inequalities.

Consider p ∈ (1,∞), we define q ∈ (1,∞) to be a conjugate/dual exponent of p:

1
p

+
1
q

= 1 or q =
p

p− 1
.

Hölder Inequality.

Consider p ∈ (1,∞) and let q be a conjugate exponent of p. Let f ∈ Lp , g ∈ Lq , then fg ∈ L1 and

‖fg‖1 ≤ ‖f ‖p‖g‖q.

Minkowski Inequality.

Consider p ∈ (1,∞) and f ,g ∈ Lp then f + g ∈ Lp and ‖f + g‖p ≤ ‖f ‖p +‖g‖p .
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The space Lp(X ,M,µ) is complete in the norm ‖ · ‖Lp (X,M,µ).

The proof is very similar to what we have already learned about L1 and L2. Our goal is to show
that if {fn}∞n=1 is a Cauchy sequence (in Lp) then it is convergent to a limit which belongs to Lp .
As before we can always consider a subsequence of {fn}∞n=1 with the property that
‖fnk − fnk+1‖p ≤ 2−k . Indeed, it follows immediately from the Cauchy property

∀ε > 0,∃N ∈ N : ∀m,n ≥ N : ‖fn− fm‖p ≤ ε.

Thus take ε = 2−1 to get

∃n1 ∈ N : ∀m ≥ n1 : ‖fn1 − fm‖p ≤ 2−1
.

Next take ε = 2−2 to get

∃n2 > n1 ∈ N : ∀m ≥ n2 : ‖fn2 − fm‖p ≤ 2−2
.

Note that in particular ‖fn1 − fn2‖p ≤ 2−1. Continue the process to build the required
subsequence.
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k=1→ f (x) for µ a.e. x . Consider two series

f (x) = fn1 (x) +
∞∑

k=1

fnk (x)− fnk+1 (x) and g(x) = |fn1 (x)|+
∞∑

k=1

|fnk (x)− fnk+1 (x)|.

f (x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

SK (f )(x) = fn1 (x) +
K∑

k=1

fnk (x)− fnk+1 (x) and SK (g)(x) = |fn1 (x)|+
K∑

k=1

|fnk (x)− fnk+1 (x)|

and use the Lp-triangle inequality

‖SK (g)‖p ≤ ‖fn1‖p +
K∑

k=1

‖fnk − fnk+1‖ ≤ ‖fn1‖p +
K∑

k=1

2−k ≤ ‖fn1‖p +1≤ C .

Now we can use that SK (g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to ∞) but we also can use monotone
convergence theorem to get that

∫
X
|SK (g)|pdµ→

∫
X
|g(x)|pdµ. But we just proved that∫

X
|SK (g)|pdµ < Cp is uniformly bounded, thus

∫
X
|g(x)|pdµ <∞. From here we get that g(x)

is finite µ a.e.. Using that the absolute convergence is stronger then convergence we get that
SK (f )(x)→ f (x) for µ a.e. and from

∫
X
|f |pdµ≤

∫
X

gpdµ we get f ∈ Lp . But
SK (f )(x) = fnK , thus we proved that our subsequence {fnk }

∞
k=1 is convergent to f (x) for µ a.e..
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The proof is very similar to what we have already learned about L1 and L2. Our goal is to show
that if {fn}∞n=1 is a Cauchy sequence (in Lp) then it is convergent to a limit which belongs to Lp .
As before we can always consider a subsequence of {fn}∞n=1 with the property that
‖fnk − fnk+1‖p ≤ 2−k . So we proved that {fnk }

∞
k=1→ f (x) for µ a.e..

But we really need to
show that {fnk }

∞
k=1→ f (x) in Lp . We note that

|f (x)−SK (f )(x)|p ≤ (2max{|f (x)||SK (f )(x)|})p ≤ 2p(|f (x)|p + |SK (f )(x)|p)≤ 2p+1g(x)p
.

This inequality is true for all K , thus |f (x)−SK (f )(x)|p is bounded by integrable function
2p+1g(x)p and together with pointwise convergence via dominated convergence theorem it gives us
‖f (x)−SK (f )‖p → 0 or ‖f − fnk ‖p → 0.
Now we will use the standard argument to show the same for {fn}∞n=1.
Fix ε > 0 and pick N′ ∈ N: ∀m,n ≥ N : ‖fn− fm‖p ≤ ε, now pick N > N′ : for all nk > N,
‖f − fnk ‖p ≤ ε, then

‖f − fn‖p ≤ ‖f − fnk ‖p +‖fnk − fn‖p ≤ 2ε.

�
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The case of L∞(X ,M,µ)

We would like to consider the space of bounded functions.

But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other µ a.e. on X . Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f : |f (x)|< M for µ a.e. x ∈ X . We define

‖f ‖∞ = ‖f ‖L∞(X,M,µ)

to be an infimum over all constants M from above and call it the essential-supremum of f . It is
easy to check (do not forget about assumption of equivalence classes!) that ‖ · ‖∞ on
L∞(X ,M,µ)

1 ‖af ‖∞ = |a|‖f ‖∞, for all a ∈ C.
2 ‖f + g‖∞ ≤ ‖f ‖∞+‖g‖∞
3 ‖f ‖∞ = 0 iff f = 0.

Moreover, using the same approach as for other Lp(X ,M,µ) we can prove

The space L∞(X ,M,µ) is complete in the norm ‖ · ‖L∞(X,M,µ).

Finally, we do have an analog of Hölders inequality. We may treat ∞ as a dual exponent of p = 1
and note that using that for any f ∈ L∞ we get |f (x)| ≤ ‖f ‖∞ for a.e. x ∈ X , thus for any
f ∈ L∞ and g ∈ L1:

‖fg‖1 =

∫
X

|f (x)g(x)|dµ≤

∫
X

‖f ‖∞|g(x)|dµ≤ ‖f ‖∞‖g‖1.
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The case of L∞(X ,M,µ)

We can also make a note about relations of Lp and L∞.

Reminder: the support of f is the set
supp(f ) = {x ∈ X : f (x) 6= 0}.

Assume f ∈ L∞(X ,M,µ) such that µ(supp(f )) <∞, then f ∈ Lp(X ,M,µ) for all p ∈ [1,∞]
and

‖f ‖p → ‖f ‖∞ as p→∞.

Proof: If µ(supp(f )) = 0 then ‖f ‖p = ‖f ‖∞ = 0. So we may assume µ(supp(f )) ∈ (0,∞).
Then

‖f ‖p =

(∫
X

|f (x)|pdµ

)1/p

≤ ‖f ‖∞

(∫
supp(f )

1dµ

)1/p

= ‖f ‖∞µ(supp(f ))1/p
.

Thus limsup
p→∞

‖f ‖p ≤ limsup
p→∞

‖f ‖∞µ(supp(f ))1/p = ‖f ‖∞. To provide the reverse inequality we

note that for any ε > 0 there exists δ > 0 such that

µ(x : |f (x)|> ‖f ‖∞− ε) > δ.

Indeed if for some ε > 0 we have µ(x : |f (x)|> ‖f ‖∞− ε) = 0 then ‖f ‖∞ is not (essentially)
the best upper bound and should be replaced by ‖f ‖∞− ε.
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µ(x : |f (x)|> ‖f ‖∞− ε) > δ.

Thus ∫
X

|f (x)|pdµ≥

∫
{x :|f (x)|>‖f‖∞−ε}

|‖f ‖∞− ε|pdµ > δ|‖f ‖∞− ε|p ,

and
lim inf
p→∞

‖f ‖p ≥ lim inf
p→∞

δ
1/p |‖f ‖∞− ε| = |‖f ‖∞− ε|.

The above is true for arbitrary ε > 0 and thus lim inf
p→∞

‖f ‖p ≥ ‖f ‖∞.
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Assume f ∈ L∞(X ,M,µ) such that µ(supp(f )) <∞, then f ∈ Lp(X ,M,µ) for all p ∈ [1,∞]
and

‖f ‖p → ‖f ‖∞ as p→∞.

Proof: If µ(supp(f )) = 0 then ‖f ‖p = ‖f ‖∞ = 0. So we may assume µ(supp(f )) ∈ (0,∞). Then

‖f ‖p =

(∫
X

|f (x)|pdµ

)1/p

≤ ‖f ‖∞

(∫
X

1dµ

)1/p

= ‖f ‖∞µ(supp(f ))1/p

Thus limsup
p→∞

‖f ‖p ≤ limsup
p→∞

‖f ‖∞µ(supp(f ))1/p = ‖f ‖∞. To provide the reverse inequality we

note that for any ε > 0 there exists δ > 0 such that

µ(x : |f (x)|> ‖f ‖∞− ε) > δ.

Thus ∫
X

|f (x)|pdµ≥

∫
{x :|f (x)|>‖f‖∞−ε}

|‖f ‖∞− ε|pdµ > δ|‖f ‖∞− ε|p ,

and
lim inf
p→∞

‖f ‖p ≥ lim inf
p→∞

δ
1/p |‖f ‖∞− ε| = |‖f ‖∞− ε|.

The above is true for arbitrary ε > 0 and thus lim inf
p→∞

‖f ‖p ≥ ‖f ‖∞.
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`∞

Another interesting example would be X = N, i.e. the set of natural numbers and µ is a counting
measure. Then a measurable function on X is simply a sequence a = {an}∞n=1. Reminder: we
define the space `p to be the space of all complex (real) sequences such that

‖a‖p =
(∑∞

n=1
|an|p
) 1

p <∞

We define `∞ to be a vector space of all bounded sequences
a = {an}∞n=1 equipped with the norm ‖a‖∞ = supi |ai |.
We note that `p ⊂ `∞ (indeed if

∑
|ai |p is convergent then the summands must be bounded).
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`∞d

We can also consider a finite dimensional `p
d , one can see it as X = {1,2, . . . ,d} and µ is a

counting measure. Then a measurable function on X is simply a sequence a = {an}d
n=1. We define

the space `p
d to be the space of all complex (real) sequences such that ‖a‖p =

(∑d
n=1
|an|p
)1/p

.

and ‖a‖∞ = max |ai |.

Reminder: one can also imagine `p
d as simply Rd with above norm ‖ · ‖p . Here the unit balls of `p

2
i.e. sets on the plane defined as {x ∈ R2 : ‖x‖p ≤ 1}:

We also proved that if a ∈ Rd then ‖a‖p1 ≤ ‖a‖p0 ≤ d
p1−p0
p0p1 ‖a‖p1 for all 1≤ p0 ≤ p1 <∞. It is

easy to see that the statement stays the same if p1 =∞. Indeed

‖a‖∞ ≤

(
d∑

n=1

|an|p0

)1/p0

≤ ‖a‖∞

(
d∑

n=1

1

)1/p0

= d1/p0‖a‖∞.
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