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Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, p1) consists of all complex (real) measurable functions such that

/ |F(IPdu(x) < oo
X

We will use different notations LP(X, u), L?(X) or just L”. We defined a norm on LP, as

1
P
£l = Iflle = Fllpx,a. ) = (/ If(X)I”d/t(X)>
X

For above to be a norm, we really need ||f||;p(x, A1) = 0 imply f to be identically zero (which is
not true from || £ p(x, a1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,
satisfies the properties of norm:

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Welcome to LP(X, M, u), p €[1,00).

The space of functions LP(X, M, p1) consists of all complex (real) measurable functions such that

/ |F(IPdu(x) < oo
X

We will use different notations LP(X, u), L?(X) or just L”. We defined a norm on LP, as

1
P
£l = Iflle = Fllpx,a. ) = (/ If(X)I”d/t(X)>
X

For above to be a norm, we really need ||f||;p(x, A1) = 0 imply f to be identically zero (which is
not true from || £ p(x, a1,,) = O we only get that f =0 a.e. on X). Thus to make a precise
definition we equip LP with equivalence relation, in which f = g if f = g a.e. on X. Now ||f]|,
satisfies the properties of norm:

Q ||af|l, = |a|||f]p, forall a € C.
Q [If+ellp < IIfllp+llglls
Q |If|lp=0iff f=0.

Moreover, from above d(f,g) = ||f —g||, is a metric on LP, and we will show that LP is complete.
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Inequalities.

Consider p € (1,00), we define g € (1,00) to be a conjugate/dual exponent of p:
1 1
P q

=lorgq=——.
=77

Holder Inequality.

Consider p € (1,00) and let g be a conjugate exponent of p. Let f € LP, g € L9, then fg € L' and
Ifells < lIfllllgllq-

Minkowski Inequality.

Consider p € (1,00) and f,g € LP then f+g € L? and [|[f +gl[, < ||f]lp + |I&llp-
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L' and L.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L' and 2. Our goal is to show
that if {f,}2, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L' and 2. Our goal is to show
that if {f,}72, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

—k
Hf”k - f"k+1 ”P S 2 .
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L' and 2. Our goal is to show
that if {f,}72, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

llfn) = for iy llp < 27K Indeed, it follows immediately from the Cauchy property

Ve >0,INEN:Vm,n> N: ||, — ][, < e.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L' and 2. Our goal is to show
that if {f,}72, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

llfn) = for iy llp < 27K Indeed, it follows immediately from the Cauchy property

Ve >0,INEN:Vm,n> N: ||, — ][, < e.
Thus take e =271 to get

3Im EN:Vm > ny |y — fullp <270
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L' and 2. Our goal is to show
that if {f,}72, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

llfn) = for iy llp < 27K Indeed, it follows immediately from the Cauchy property

Ve >0,INEN:Vm,n> N: ||, — ][, < e.
Thus take e =271 to get
3Im EN:Vm > ny |y — fullp <270
Next take e =272 to get
3m > m ENVM >y |foy — funllp <272

Note that in particular ||fo; — fo, ||, < 2~1. Continue the process to build the required
subsequence.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

—k
Hf”k - f"k+1 ”P S 2 .
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo Fi2y — f(x) for p ae. x.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent!
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(NX) = oy () + D o () = g1y () and Sic(@)06) = foy ()| + D _ Ifn (x) = oy ()

k=1 k=1
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)- J

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(NX) = oy () + D o () = g1y () and Sic(@)06) = foy ()| + D _ Ifn (x) = oy ()
k=1 k=1

and use the LP-triangle inequality

K K
—k
15k (&)1l < Nl oy Il + g o = fopia I < 1y [l + g 277 < fmllp+1<C
k=1 k=1
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(NX) = oy () + D o () = g1y () and Sic(@)06) = foy ()| + D _ Ifn (x) = oy ()
k=1 k=1

and use the LP-triangle inequality

K K
—k
15k (&)1l < Nl oy Il + g o = fopia I < 1y [l + g 277 < fmllp+1<C
k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!)
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(NX) = oy () + D o () = g1y () and Sic(@)06) = foy ()| + D _ Ifn (x) = oy ()
k=1 k=1

and use the LP-triangle inequality

K K
1Sc@llo < M llo+ D g =yl S Moy llo+ Y 274 <Myl +1< C.
k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to co) but we also can use monotone
convergence theorem to get that fx |Sk(g)|Pdu — fx |g(x)|Pd .
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(NX) = oy () + D o () = g1y () and Sic(@)06) = foy ()| + D _ Ifn (x) = oy ()
k=1 k=1

and use the LP-triangle inequality

K K
1Sc@llo < M llo+ D g =yl S Moy llo+ Y 274 <Myl +1< C.
k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to co) but we also can use monotone
convergence theorem to get that fx |Sk(g)|Pdu — fx |g(x)|Pdp. But we just proved that

Sk(g)|Pdp < CP is uniformly bounded, thus g(x)|Pdu < co.
X X
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(F)(x) = foy (x) + E for (x) = fo 1 (x) and Sk (g)(x) = |fay (x)| + E [y (%) = fop 1 (X))
k=1 k=1
and use the LP-triangle inequality

K K
1Sc@llo < M llo+ D g =yl S Moy llo+ Y 274 <Myl +1< C.
k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to co) but we also can use monotone
convergence theorem to get that fx |Sk(g)|Pdu — fx |g(x)|Pdp. But we just proved that

fx |Sk(g)|Pdp < CP is uniformly bounded, thus fx |g(x)|Pdpu < co. From here we get that g(x)
is finite 11 a.e..
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(F)(x) = foy (x) + E for (x) = fo 1 (x) and Sk (g)(x) = |fay (x)| + E [y (%) = fop 1 (X))
k=1 k=1
and use the LP-triangle inequality

K K
1Sc@llo < M llo+ D g =yl S Moy llo+ Y 274 <Myl +1< C.
k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to co) but we also can use monotone
convergence theorem to get that fx |Sk(g)|Pdu — fx |g(x)|Pdp. But we just proved that
fx |Sk(g)|Pdp < CP is uniformly bounded, thus fx |g(x)|Pdp < co. From here we get that g(x)

is finite x a.e.. Using that the absolute convergence is stronger then convergence we get that
Sk(f)(x) — f(x) for p a.e.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(F)(x) = foy (x) + E for (x) = fo 1 (x) and Sk (g)(x) = |fay (x)| + E [y (%) = fop 1 (X))
k=1 k=1
and use the LP-triangle inequality

K K
1Sc@llo < M llo+ D g =yl S Moy llo+ Y 274 <Myl +1< C.
k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to co) but we also can use monotone
convergence theorem to get that fx |Sk(g)|Pdu — fx |g(x)|Pdp. But we just proved that
fx |Sk(g)|Pdp < CP is uniformly bounded, thus fx |g(x)|Pdp < co. From here we get that g(x)

is finite x a.e.. Using that the absolute convergence is stronger then convergence we get that
Sk(f)(x) — f(x) for p a.e. and from fx [flPdp < fxg”dy we get f € LP.
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The space LP(X, M, ) is complete in the norm || - [|.p(x, A, 0)-

The proof is very similar to what we have already learned about L! and L2. Our goal is to show
that if {f,}72; is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}7°, with the property that

I fn — fop g llp < 27K We will show that {fo }ioy — f(x) for p a.e. x. Consider two series

FX) = o 0+ Y Fo () = Fe3 (x) and g(x) = oy ()1 + Doy () = Fogo ().
k=1 k=1

f(x) and g(x) are just a notations, we need to prove that those series are convergent! Also
consider

K K
Sk(F)(x) = foy (x) + E for (x) = fo 1 (x) and Sk (g)(x) = |fay (x)| + E [y (%) = fop 1 (X))
k=1 k=1
and use the LP-triangle inequality

K K
—k
15k (&)1l < Nl oy Il + g o = fopia I < 1y [l + g 277 < fmllp+1<C

k=1 k=1
Now we can use that Sk(g)(x) is a monotone sequence (this was the reason to use absolute
values!) Thus it is convergent for each x (may be to co) but we also can use monotone
convergence theorem to get that fx |Sk(g)|Pdu — fx |g(x)|Pdp. But we just proved that

fx |Sk(g)|Pdp < CP is uniformly bounded, thus fx |g(x)|Pdp < co. From here we get that g(x)
is finite x a.e.. Using that the absolute convergence is stronger then convergence we get that
Sk(f)(x) — f(x) for p a.e. and from fx [flPdp < fxg”dy we get f € LP. But

Sk(f)(x) = fo,, thus we proved that our subsequence {f, }.2, is convergent to f(x) foru a.e..
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The space LP(X, M, ) is complete in the norm || - [|p(x, A, )-

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

lfn = fopn llp < 27k, So we proved that {fo }e2a — f(x) for p ae.
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The space LP(X, M, ) is complete in the norm || - [|p(x, A, )-

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

lfn = fopn llp < 27k, So we proved that {fo Y21 = f(x) for pu a.e.. But we really need to
show that {f,, };2, — f(x) in L.

Artem Zvavitch MATH-6/72052 Fun s of Real Variables 2



The space LP(X, M, ) is complete in the norm || - [|p(x, A, )- J

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

Hf"k — f"k+1 IIp < 275, So we proved that {fnk}fc:l — f(x) for p a.e.. But we really need to
show that {f,, };2, — f(x) in L,. We note that

|£(x) = Sk(F)()IP < @max{|F()IISk(F)(x)[})? < 2°(IF ()| + Sk (F)(x)[?) < 27" g(x)?.
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The space LP(X, M, ) is complete in the norm || - [|p(x, A, )- J

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

Hf"k — f"k+1 IIp < 275, So we proved that {fnk}fc:l — f(x) for p a.e.. But we really need to
show that {f,, };2, — f(x) in L,. We note that

|£(x) = Sk(F)()IP < @max{|F()IISk(F)(x)[})? < 2°(IF ()| + Sk (F)(x)[?) < 27" g(x)?.

This inequality is true for all K, thus |f(x) — Sk(f)(x)|? is bounded by integrable function

2P+ g(x)P and together with pointwise convergence via dominated convergence theorem it gives us
1£(x) = Sk(F)llp — 0 or |If —fn, [lp = O.
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The space LP(X, M, ) is complete in the norm || - [|p(x, A, )- J

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

Hf"k — f"k+1 IIp < 275, So we proved that {fnk}fc:l — f(x) for p a.e.. But we really need to
show that {f,, };2, — f(x) in L,. We note that

|£(x) = Sk(F)()IP < @max{|F()IISk(F)(x)[})? < 2°(IF ()| + Sk (F)(x)[?) < 27" g(x)?.

This inequality is true for all K, thus |f(x) — Sk(f)(x)|? is bounded by integrable function

2P+ g(x)P and together with pointwise convergence via dominated convergence theorem it gives us
l|£(x) = Sk(f)llp — 0 or ||f —fn, [I[p = O.
Now we will use the standard argument to show the same for {f,}°°,.
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The space LP(X, M, ) is complete in the norm || - [|p(x, A, )- J

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

lfn = fopn llp < 27k, So we proved that {fo Y21 = f(x) for pu a.e.. But we really need to
show that {f,, };2, — f(x) in L,. We note that

|£(x) = Sk(F)()IP < @max{|F()IISk(F)(x)[})? < 2°(IF ()| + Sk (F)(x)[?) < 27" g(x)?.

This inequality is true for all K, thus |f(x) — Sk(f)(x)|? is bounded by integrable function

2P+ g(x)P and together with pointwise convergence via dominated convergence theorem it gives us
1F() = Sk (F)llp — O or [[F — o l[p — 0.

Now we will use the standard argument to show the same for {f,}°°,.

Fix € > 0 and pick N’ € N: Vm,n > N : ||f, — fm||» < &, now pick N > N’ : for all nx > N,

[If — o llp < €, then
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The space LP(X, M, ) is complete in the norm || - [|p(x, A, )- J

The proof is very similar to what we have already learned about L' and L2. Qur goal is to show
that if {f,}5°, is a Cauchy sequence (in LP) then it is convergent to a limit which belongs to L.
As before we can always consider a subsequence of {f,}72, with the property that

lfn = fopn llp < 27k, So we proved that {fo Y21 = f(x) for pu a.e.. But we really need to
show that {f,, };2, — f(x) in L,. We note that

|£(x) = Sk(F)()IP < @max{|F()IISk(F)(x)[})? < 2°(IF ()| + Sk (F)(x)[?) < 27" g(x)?.

This inequality is true for all K, thus |f(x) — Sk(f)(x)|? is bounded by integrable function
2P+ g(x)P and together with pointwise convergence via dominated convergence theorem it gives us
1F() = Sk (F)llp — O or [[F — o l[p — 0.
Now we will use the standard argument to show the same for {f,}°°,.
Fix € > 0 and pick N’ € N: Vm,n > N : ||f, — fm||» < &, now pick N > N’ : for all nx > N,
[If — o llp < €, then
If = fallp < I = fap llp + lfny, — fallp < 2e.
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The case of L>(X, M, 1)

We would like to consider the space of bounded functions.
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The case of L

M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X.
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The case of L

M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: |f(x)| < M for p a.e. x € X.
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The case of L

M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: [f(x)] < M for p a.e. x € X. We define

1flloo = llfllLoe (x, A1)

to be an infimum over all constants M from above and call it the essential-supremum of f.

MATH-6/72052 Functions of Real Variables 2



The case of L>(X, M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: [f(x)] < M for p a.e. x € X. We define

1fllco = IfllLoe X, M 1)

to be an infimum over all constants M from above and call it the essential-supremum of f. It is
easy to check (do not forget about assumption of equivalence classes!) that || - || on
L(X, M, 1)

Q |laf||ec = |a]|||f||oc, for all a € C.
Q [If+&lloo < [Iflloc +ll&lleo
Q ||fllc =0iff f=0.
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The case of L>(X, M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: [f(x)] < M for p a.e. x € X. We define

1fllco = IfllLoe X, M 1)

to be an infimum over all constants M from above and call it the essential-supremum of f. It is
easy to check (do not forget about assumption of equivalence classes!) that || - || on
L(X, M, 1)

Q |laf||ec = |a]|||f||oc, for all a € C.
Q [If+&lloo < [Iflloc +ll&lleo
Q ||fllc =0iff f=0.

Moreover, using the same approach as for other LP(X, M, u) we can prove

The space L°°(X, M, 1) is complete in the norm || - || o0 (x, A1, p)- J
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The case of L>(X, M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: [f(x)] < M for p a.e. x € X. We define

1fllco = IfllLoe X, M 1)

to be an infimum over all constants M from above and call it the essential-supremum of f. It is
easy to check (do not forget about assumption of equivalence classes!) that || - || on
L(X, M, 1)

Q |laf||ec = |a]|||f||oc, for all a € C.
Q [If+&lloo < [Iflloc +ll&lleo
Q ||fllc =0iff f=0.

Moreover, using the same approach as for other LP(X, M, u) we can prove

The space L°°(X, M, 1) is complete in the norm || - || o0 (x, A1, p)- J

Finally, we do have an analog of Hélders inequality.
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The case of L>(X, M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: [f(x)] < M for p a.e. x € X. We define

1fllco = IfllLoe X, M 1)

to be an infimum over all constants M from above and call it the essential-supremum of f. It is
easy to check (do not forget about assumption of equivalence classes!) that || - || on
L(X, M, 1)

Q |laf||ec = |a]|||f||oc, for all a € C.
Q [If+&lloo < [Iflloc +ll&lleo
Q ||fllc =0iff f=0.

Moreover, using the same approach as for other LP(X, M, u) we can prove

The space L°°(X, M, 1) is complete in the norm || - || o0 (x, A1, p)- J

Finally, we do have an analog of Hélders inequality. We may treat co as a dual exponent of p=1
and note that using that for any f € L we get |f(x)| < ||f]|oo for a.e. x € X,
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The case of L>(X, M, 1)

We would like to consider the space of bounded functions. But we need to make this statement
practically reasonable. We (as before) do not want to distinguish functions which are equal to each
other i a.e. on X. Thus the function should be measurable and essentially bounded, i.e. there
exists a constant f: [f(x)] < M for p a.e. x € X. We define

1fllco = IfllLoe X, M 1)

to be an infimum over all constants M from above and call it the essential-supremum of f. It is
easy to check (do not forget about assumption of equivalence classes!) that || - || on
L(X, M, 1)

Q |laf||ec = |a]|||f||oc, for all a € C.
Q [If+&lloo < [Iflloc +ll&lleo
Q ||fllc =0iff f=0.

Moreover, using the same approach as for other LP(X, M, u) we can prove

The space L°°(X, M, 1) is complete in the norm || - || o0 (x, A1, p)- J

Finally, we do have an analog of Hélders inequality. We may treat co as a dual exponent of p=1
and note that using that for any f € L°° we get |f(x)| < ||f||oo for a.e. x € X, thus for any
fel>® and ge Lt

Hfg\ll:/\f(X)g(X)IdMS/Hf\loo\g(X)ldMSHfllool\g\ll.
X X
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The case of M)

We can also make a note about relations of LP and L°°.
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.

Assume f € L°(X, M, n) such that p(supp(f)) < oo, then f € LP(X, M, ) for all p € [1, 0]
and
[[f]lp = |Iflloc as p — oo.
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.

and

Assume f € L°(X, M, n) such that p(supp(f)) < oo, then f € LP(X, M, ) for all p € [1, 0]
1£llp = [Iflloc as p — oo. J

Proof: If pu(supp(f)) =0 then ||f||, = ||f||cc =0. So we may assume p(supp(f)) € (0, c0).
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.

and

Assume f € L°(X, M, n) such that p(supp(f)) < oo, then f € LP(X, M, ) for all p € [1, 0]
1£llp = [Iflloc as p — oo. J

Proof: If pu(supp(f)) =0 then ||f||, = ||f||cc =0. So we may assume p(supp(f)) € (0, c0).

Then
1/p 1/p
Il = (/If(X)Ide) <l (/ 1du> = [|lloo r(supp(£))"/7.
X supp(f)
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.

Assume f € L°(X, M, n) such that p(supp(f)) < oo, then f € LP(X, M, ) for all p € [1, 0] J
and

£l = flle a5 p — oo.

Proof: If pu(supp(f)) =0 then ||f||, = ||f||cc =0. So we may assume p(supp(f)) € (0, c0).

Then
1/p 1/p
Il = (/If(X)Ide) <l (/ 1du> = [|lloo r(supp(£))"/7.
X supp(f)

Thus limsup||f[|, < limsup||f||eo t1(supp(£))*/? = || f]] o

p— oo p—r oo
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.

Assume f € L°(X, M, n) such that p(supp(f)) < oo, then f € LP(X, M, ) for all p € [1, 0] ’
and

£l = flle a5 p — oo.

Proof: If pu(supp(f)) =0 then ||f||, = ||f||cc =0. So we may assume p(supp(f)) € (0, c0).

Then
1/p 1/p
Il = (/If(X)Ipdu) < Iflloo (/ 1du> = |flloo 1(supp(£))*/*.
X supp(f)

Thus limsup || ||, < limsup || f]|co 1(supp(f))}/P = ||f]lo. To provide the reverse inequality we
p—o0 p—r oo

note that for any € > 0 there exists § > 0 such that
wOFC)] > [ flloe —€) > 6.
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Reminder: the support of f is the set
supp(f) = {x € X : f(x) #0}.

Assume f € L°(X, M, n) such that p(supp(f)) < oo, then f € LP(X, M, ) for all p € [1, 0] ’
and

£l = flle a5 p — oo.

Proof: If pu(supp(f)) =0 then ||f||, = ||f||cc =0. So we may assume p(supp(f)) € (0, c0).

Then
1/p 1/p
Il = (/If(X)Ipdu) < Iflloo (/ 1du> = |flloo 1(supp(£))*/*.
X supp(f)

Thus limsup || ||, < limsup || f]|co 1(supp(f))}/P = ||f]lo. To provide the reverse inequality we
p—o0 p—r oo

note that for any € > 0 there exists § > 0 such that
wOFC)] > [ flloe —€) > 6.

Indeed if for some € > 0 we have pu(x : [f(x)| > [|f]|lcc —€) =0 then ||f|| is not (essentially)
the best upper bound and should be replaced by ||f||oc — €.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Remender: the support of f is the set
supp(f) = {x € X : f(x) #0}.

and

Assume f € L°°(X, M, p) such that p(supp(f)) < oo, then f € LP(X, M, p) for all p € [1,00]
[If]lp = [If]loc as p — oo. J

Proof: If pu(supp(f)) =0 then ||f||, = ||f|locc =0. So we may assume p(supp(f)) € (0,00). Then

1/p 1/p
Il = (/If(X)I”du> < Iflloo (/Mu) = [l o rs(spp(£))"/?
X X

Thus limsup || ]|, < limsup ||f]|co (supp(f))}/P = ||f|lco. To provide the reverse inequality we
p— 00 p— 00

note that for any € > 0 there exists § > 0 such that

pOc [ > [[flloo — &) > 6.

/If(X)\”dNZ/ lloo —elPdp > 6l[flloo —I”,
x CalF1> 1l oo — <}

Thus
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The case of L>(X, M, 1)

We can also make a note about relations of L? and L°°. Remender: the support of f is the set
supp(f) = {x € X : f(x) #0}.

and

Assume f € L°°(X, M, p) such that p(supp(f)) < oo, then f € LP(X, M, p) for all p € [1,00]
[If]lp = [If]loc as p — oo. J

Proof: If pu(supp(f)) =0 then ||f||, = ||f|locc =0. So we may assume p(supp(f)) € (0,00). Then

1/p 1/p
Il = (/If(X)I”du> < Iflloo (/Mu) = [l o rs(spp(£))"/?
X X

Thus limsup || ]|, < limsup ||f]|co (supp(f))}/P = ||f|lco. To provide the reverse inequality we
p— 00 p— 00

note that for any € > 0 there exists § > 0 such that

pOc [ > [[flloo — &) > 6.

/If(X)\”dNZ/ lloo —elPdp > 6l[flloo —I”,
x CalF1> 1l oo — <}

liminf||f||, > liminf 6P| ||flloo — | = ||| flloo — .
p— o0 p—o0

Thus

and

The above is true for arbitrary € > 0 and thus liminf ||f]|, > ||f||cc-
p— o0

O
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Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};°;. Reminder: we
define the space ¢ to be the space of all complex (real) sequences such that

1
- 1
lall, = (32, 12al?) ? < 00
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Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};°;. Reminder: we
define the space ¢ to be the space of all complex (real) sequences such that

1
llallp = ( ch \an|p) P < 0o We define £°° to be a vector space of all bounded sequences
n=

a={ap};2; equipped with the norm ||al|oc = sup;|aj|.
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Another interesting example would be X =N, i.e. the set of natural numbers and p is a counting
measure. Then a measurable function on X is simply a sequence a = {a,};°;. Reminder: we
define the space ¢ to be the space of all complex (real) sequences such that

1
llallp = ( :il \an|p) P < oo We define £°° to be a vector space of all bounded sequences
a={ap};2; equipped with the norm ||al|oc = sup;|aj|.
We note that £7 C £°° (indeed if Z |aj|P is convergent then the summands must be bounded).
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el

We can also consider a finite dimensional ZZ, one can see it as X = {1,2,...,d} and pis a
counting measure. Then a measurable function on X is simply a sequence a = {a,,}gzl. We define

(Zraten)™””.

the space £/ to be the space of all complex (real) sequences such that ||al|,

and ||a||cc = max|a;.
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el

We can also consider a finite dimensional ZZ, one can see it as X = {1,2,...,d} and pis a

counting measure. Then a measurable function on X is simply a sequence a = {a,,}gzl. We define
1/p

the space £/ to be the space of all complex (real) sequences such that ||al|, = (Z:Zl \a,,|")
and ||a||cc = max|a;.

Reminder: one can also imagine £/ as simply RY with above norm || - ||,. Here the unit balls of Z
i.e. sets on the plane defined as {x € R?: ||x||, < 1}:
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We can also consider a finite dimensional ZZ, one can see it as X = {1,2,...,d} and pis a
counting measure. Then a measurable function on X is simply a sequence a = {a,,}gzl. We define

d 1/p
(Zn:l ‘a”lp) ’
and ||a||cc = max|a;.

Reminder: one can also imagine £/ as simply RY with above norm || - ||,. Here the unit balls of Z
i.e. sets on the plane defined as {x € R?: ||x||, < 1}:

the space £/ to be the space of all complex (real) sequences such that ||al|,

P1—Po
We also proved that if a € RY then llallpy < lallpy < d PP la]|p, forall 1 < py < p1 < oo.
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el

We can also consider a finite dimensional ZZ, one can see it as X = {1,2,...,d} and pis a
counting measure. Then a measurable function on X is simply a sequence a = {a,,}gzl. We define

(Zraten)™””.

the space £/ to be the space of all complex (real) sequences such that ||al|,

and ||a||cc = max|a;.

Reminder: one can also imagine £/ as simply RY with above norm || - ||,. Here the unit balls of Z
i.e. sets on the plane defined as {x € R?: ||x||, < 1}:

P1—Po
We also proved that if a € RY then llallpy < lallpy < d PoPL Jla]|p forall 1< py < pr <oo. ltis
easy to see that the statement stays the same if p; = co. Indeed

d 1/po d 1/pg

llallee < E EN <llalles El = d"/%0]|a]| o -

n=1 n=1
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