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Banach Space

Normed Vector Space

Consider a vector space V over a field of scalars (real or complex numbers) together with function
(to be called norm) ‖ · ‖ : V → R+ such that

1 ‖cv‖ = |c|‖v‖, for any scalar c and v ∈ V .
2 ‖v + w‖ ≤ ‖v‖+‖w‖ for all v ,w ∈ V .
3 ‖v‖ = 0 iff v = 0.

In a normed space we can introduce a metric d(u,w) = ‖u−w‖ and now we say that the normed
space is complete if it is complete with respect to metric d(u,w), i.e. any Cauchy sequence
{un}∞n=1 is convergent to a vector u ∈ V .

A complete normed vector space is called a Banach space.
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Banach Space: Examples

The very first examples are R with norm |x | and Rd with norm |x |= (
∑d

i=1 |xi |2)1/2.
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Banach Space: Examples

We can also consider `pd spaces, i.e. Rd with norm

‖x‖p =

(
d∑

n=1

|xn|p
)1/p

for p ∈ [1,∞)

and
‖a‖∞ = max |ai |.

Do not forget that our standard Euclidean space is simply `2d = (Rd ,‖ · ‖2).
Here the unit balls of `p2 i.e. sets on the plane defined as {x ∈ R2 : ‖x‖p ≤ 1}:
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Banach Space: Examples

But one may have much more fun in Rd . Indeed consider any convex symmetric body
K ⊂ Rd , i.e. K must be

Convex: for any x ,y ∈ K we have that [x ,y ] ∈ K , where
[x ,y ] = {tx + (1− t)y : t ∈ [0,1]} is a segment connecting x and y .
Symmetric: if x ∈ K then −x ∈ K .
Body: K is compact with non-empty interior.

We can define norm (Minkowski functional): ‖x‖K = min{λ≥ 0 : x ∈ λK}. Note that
K = {x ∈ Rd : ‖x‖K ≤ 1} and (the main point) ‖ · ‖K is a norm i.e.

1 ‖cv‖K = |c|‖v‖K , for any scalar c and v ∈ Rd .

2 ‖v + w‖K ≤ ‖v‖K +‖w‖K for all v ,w ∈ Rd .
3 ‖v‖K = 0 iff v = 0.

It is also not hard to show that (Rd ,‖ · ‖K ) is complete and thus is a Banach space!
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Banach Space: Examples

Let (X ,M,µ) be a σ-finite measure space.
The vector space of functions Lp(X ,M,µ), p ∈ [1,∞) consists of all complex (real)
measurable functions such that ∫

X
|f (x)|pdµ(x)<∞.

With norm

‖f ‖p = ‖f ‖Lp = ‖f ‖Lp(X ,M,µ) =
(∫

X
|f (x)|pdµ(x)

) 1
p

.

Do not forget about L∞(X ,M,µ): i.e. the vector space of (essentially) bounded,
measurable functions, i.e. for each f there exists a constant M: |f (x)|<M for µ a.e.
x ∈ X . Define

‖f ‖∞ = ‖f ‖L∞(X ,M,µ)

to be an infimum over all constants M from above and call it the essential-supremum
of f .
Do not forget that ‖ · ‖p is a norm and Lp is complete with respect to is, thus Lp ,
p ∈ [1,∞] is a Banach Space.
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Banach Space: Examples

Another example is C([0,1]) a vector space of continuous functions on [0,1] equipped
with ‖f ‖= max

x∈[0,1]
|f (x)|.

We can also replace [0,1] by another compact set X . It is

not hard at all to show that ‖f ‖ is a norm and to show that C([0,1]) is complete we
use the fact that the max-norm give us uniform convergence on [0,1] and thus the
limit must be a continuous function.
We can also consider the space Λ(R) of bounded, Lipschitz functions, i.e. functions
such that they are bounded and there exists a constant L:

|f (x)− f (y)| ≤ L|x − y |, for all x ,y ∈ R.

We can define a norm

‖f ‖Λ(R) = sup
x∈R
|f (x)|+ inf

x,y∈R,x 6=y

|f (x)− f (y)|
|x − y |

.

Please, have fun and prove that this is indeed a Banach space!
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Linear Functionals on Banach Space

We have already discussed Linear functionals on a Hilbert space. The same ideology can be used
to imagine linear functionals on a Banach space. So we will repeat a bit of what we already know
and make a big step forward.

Consider (real) Banach space B equipped with a norm ‖ · ‖.

A linear functional is a linear mapping ` : B → R, i.e. a mapping such that

`(au + bv) = a`(u) + b`(v), for all a,b ∈ R and u,v ∈ B.

A linear functional ` is continuous if for any ε > 0 there exists δ > 0 such that for all u,v ∈ B
with ‖u− v‖ ≤ δ we have |`(u)− `(v)| ≤ ε.
A linear functional is bounded if there exists M > 0 such that |`(u)| ≤M‖u‖ for all u ∈ B.

A major fact (that you could guess from the Hilbert space example) is that

A linear functional on a Banach space continuous if and only if it is bounded.
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Linear Functionals on Banach Space

A major fact (that you could guess from the Hilber space example) is that

A linear functional on a Banach space continuous if and only if it is bounded.

Proof: Note that from linearity we get

|`(u)− `(v)| = |`(u− v)| = |`(u− v)− `(0)|

thus ` is continuous if and only iff it is continuous at the origin!
Now if ` is continuous take ε = 1 and v = 0, then exists δ > 0 such that

|`(u)| ≤ 1 for all u ∈ B with ‖u‖ ≤ δ.

But then consider any w ∈ B if w = 0 then |`(w)| = 0 and there is nothing to prove. If w 6= 0,
then ‖w‖> 0 and we may consider u = δw

‖w‖ , then ‖u‖ ≤ δ and thus |`(u)| ≤ 1. But

1≥ |`(u)| =
∣∣∣`( δw
‖w‖

)∣∣∣ =
δ|`(w)|
‖w‖

thus |`(w)| ≤ δ‖w‖.
Now assume ` is bounded, thus there exists M > 0 such that |`(w)| ≤M‖w‖. But now use it
for w = u− v :

|`(u)− `(v)| = |`(u− v)| ≤M‖u− v‖,
thus for each ε > 0 we can simply take δ = ε/M > 0 to prove the continuity.

�
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Linear Functionals on Banach Space

Consider (real) Banach space B equipped with a norm ‖ · ‖. Note that a space of continuous
functionals is a vector space. Indeed if `1 and `2 are continuous linear functionals then

(a`1 + b`2)(u) = a`1(u) + b`2(u)

is also a continuous linear functional (this follows immediately from linearity and continuity of `1
and `2).

We can also equip the space of continuous linear functionals over B with a norm.
Indeed, remember continuous = bounded. Thus exists M > 0 such that |`(u)| ≤M‖u‖ for all
u ∈ B. The norm of ` is defined as infimum of such M, more precisely

‖`‖∗ = sup
‖u‖6=0

|`(u)|
‖u‖

= sup
‖u‖=1

|`(u)| = sup
‖u‖≤1

|`(u)|.

It is not hard to check that ‖ · ‖∗ defines a norm. Indeed

‖a`‖∗ = sup
‖u‖6=0

|a`(u)|
‖u‖

= |a| sup
‖u‖6=0

|`(u)|
‖u‖

= |a|‖`‖∗

also

‖`1 + `2‖∗ = sup
‖u‖6=0

|`1(u) + `2(u)|
‖u‖

≤ sup
‖u‖6=0

|`1(u)|
‖u‖

+ sup
‖u‖6=0

|`2(u)|
‖u‖

= ‖`1‖∗+‖`2‖∗.

Finally, if ‖`‖∗ = 0 we get |`(u)| = 0 for all u ∈ B and thus ` is a zero functional.
We call the vector space of continuous linear functionals on B equipped with the norm ‖ · ‖∗ –
dual space of B and denote it as B∗. The claim is that, actually, B∗ is a Banach space.
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Linear Functionals on Banach Space
We call the vector space of continuous linear functionals on B equipped with the norm ‖ · ‖∗ –
dual space of B and denote it as B∗. The claim is that, actually, B∗ is a Banach space.

The vector space B∗ is a Banach space.

Proof: We already checked that B∗ is a linear, normed space. The goal is to prove that it is a
complete space. Let {`n}∞n=1 be a Cauchy sequence in B∗, i.e. for any ε > 0, there exists N ∈ N
such that for all n,m ≥ N : ‖`n− `m‖∗ ≤ ε. Note that by the definition of ‖ · ‖∗ we get

sup
‖u‖6=0

|`n(u)− `m(u)|
‖u‖

< ε,

so for any fixed u ∈ B we have |`n(u)− `m(u)| ≤ ε‖u‖ and thus {`n(u)}∞n=1 is a Cauchy
sequence of real numbers, which has a limit, call it to be `(u). We have created a mapping
` : B→ R, our dream to show that it is a linear continuous functional and that {`n}∞n=1 converges
to ` in the ‖ · ‖∗ norm. Linearity follows immediately from the definition of limit, there is just a
bit more work towards continuity (as we know pointwise convergence is not so good to preserve
continuity, but we can go back to our Cauchy property). But this is also not so hard, indeed
{`n}∞n=1 is uniformly bounded: take ε = 1 in Cauchy sequence definition then there exists N ∈ N
such that for all n ≥ N : ‖`n− `N‖∗ ≤ 1 and thus

‖`n‖∗ ≤ 1+‖`N‖∗, for all n ≥ N,

from here we get
‖`n‖∗ ≤ 1+ max

1≤i≤N
‖`i‖∗ = M, for all n ≥ 1.

But then
|`(u)| ≤ |`(u)− `n(u)|+ |`n(u)| ≤ |`(u)− `n(u)|+ M‖u‖

and taking n→∞ we get |`(u)| ≤M‖u‖ and thus ` is bounded. We left to show that {`n}∞n=1
converges to ` in the ‖ · ‖∗ norm.
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converges to ` in the ‖ · ‖∗ norm.
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of real numbers, which has a limit, call it to be `(u). We proved ` ∈ B∗.

Now we let us show
that {`n}∞n=1 converges to ` in the ‖ · ‖∗ norm. For any ε > 0 choose N such that for all
n,m ≥ N : ‖`n− `m‖∗ ≤ ε, then

|(`− `n)(u)| ≤ |(`− `m)(u)|+ |(`m− `n)(u)| ≤ |(`− `m)(u)|+ ε‖u‖.

But we now can choose m so huge (and possibly dependent on u) that |(`− `m)(u)| ≤ ε‖u‖
(here we used the definition convergence of `m(u) to `(u) with ε‖u‖ in place of ε). Thus

|(`− `n)(u)| ≤ 2ε‖u‖,

note that in above n > N, where N is INDEPENDENT OF u! Thus we proved that for all n > N:

‖`− `n‖∗ ≤ 2ε,

or `n → ` in ‖ · ‖∗.
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Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p. We know from
Hölders inequality that if ∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp .

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded (indeed
|`(f )|/‖f ‖p ≤ ‖g‖q for all f 6= 0 and thus ‖`‖∗ ≤ ‖g‖q) and thus continuous, i.e. ` ∈ L∗p .
Moreover, we claim that ‖`‖∗ = ‖g‖q (we will prove it next time). Thus if we associate to each
g ∈ Lq a linear functional `, as above, we will get isometry from Lq to a subspace of L∗p and can
actually write Lq ⊂ L∗p , a very interesting part is a reverse inclusion (for which we DO need to
exclude the case p =∞!!). Our main goal for the next (and the last) lecture is to prove

Suppose p ∈ [1,∞) and 1/p +1/q = 1. Then

L∗p = Lq.
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