MATH- 62052/72052

Functions of Real Variables 2.
Lecture 30.

Artem Zvavitch

Department of Mathematical Sciences, Kent State University

Spring, 2020



A super brief reminder:

A complete normed vector space is called a Banach space. )

Artem Zvavitch MATH-6/72052 Fun s of Real Variables 2



A super brief reminder:

A complete normed vector space is called a Banach space. )

A linear functional is a linear mapping ¢ : B — R, i.e. a mapping such that

L(au+ bv) = al(u)+ bl(v), for all a,b € R and u,v € B.
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A super brief reminder:

A complete normed vector space is called a Banach space. )

A linear functional is a linear mapping ¢ : B — R, i.e. a mapping such that
L(au+ bv) = al(u)+ bl(v), for all a,b € R and u,v € B.

A linear functional £ is continuous if for any € > 0 there exists 6 > 0 such that for all u,v € B
with ||u—v|| < § we have [£(u) —£(v)| < e.
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A super brief reminder:

A complete normed vector space is called a Banach space. )

A linear functional is a linear mapping ¢ : B — R, i.e. a mapping such that
L(au+ bv) = al(u)+ bl(v), for all a,b € R and u,v € B.

A linear functional £ is continuous if for any € > 0 there exists 6 > 0 such that for all u,v € B
with ||u—v|| < § we have [£(u) — £(v)| < e. A linear functional is bounded if there exists M > 0
such that |[£(u)| < M||u| for all u € B.

A linear functional on a Banach space continuous if and only if it is bounded. J

Note that a space of continuous functionals is a vector space. We can also equip the space of
continuous linear functionals over B with a norm:

o [£(u)]
el = sup = sup [0(w)| = sup [€(u)]-
fulizo 1l = flull <1
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A super brief reminder:

A complete normed vector space is called a Banach space. )

A linear functional is a linear mapping ¢ : B — R, i.e. a mapping such that
L(au+ bv) = al(u)+ bl(v), for all a,b € R and u,v € B.

A linear functional £ is continuous if for any € > 0 there exists 6 > 0 such that for all u,v € B
with ||u—v|| < § we have [£(u) — £(v)| < e. A linear functional is bounded if there exists M > 0
such that |[£(u)| < M||u| for all u € B.

A linear functional on a Banach space continuous if and only if it is bounded. J

Note that a space of continuous functionals is a vector space. We can also equip the space of
continuous linear functionals over B with a norm:

x [e(w)|
lell” = sup = sup [6(u)| = sup |€(u)l.
fulizo 1l = flull <1
The vector space B* is a Banach space. J
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Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1.
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Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

< Ifllpllglle-
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Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

Now, fix g € L9 and define a linear functional £: L — R as

< Ifllpllglle-

£(f) :/f(x)g(x)du, for all f € L.
X

It is trivial that £ is a linear functional.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

Now, fix g € L9 and define a linear functional £: L — R as

< Ifllpllglle-

£(f) :/f(x)g(x)du, for all f € L.
X

It is trivial that £ is a linear functional. But Hélders inequality gives us more: £ is bounded.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

Now, fix g € L9 and define a linear functional £: L — R as

< Ifllpllglle-

£(f) :/f(x)g(x)du, for all f € L.
X

It is trivial that £ is a linear functional. But Hélders inequality gives us more: £ is bounded.

Indeed
/f(X)g(X)du

so ||4]|* < ||gllq and £ is continuous, i.e. £ € (LP)*.

[€]" = sup [e(F)] = sup
IFlp<t IFlp<t

< sup [Ifllsllglle < llglla,
Ifllp<1
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Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

Now, fix g € L9 and define a linear functional £: L — R as

< Ifllpllglle-

£(f) :/f(x)g(x)du, for all f € L.
X

It is trivial that £ is a linear functional. But Hélders inequality gives us more: £ is bounded.

Indeed
/f(X)g(X)du

so ||4]|* < |gllq and £ is continuous, i.e. £ € (LP)*. We can now prove much more:
[1€]1* = |lgllq. For this we will "expose" function f € LP (more precisely ||f||, = 1) for which
"supremum achieved.

[€]" = sup [€(f)] = sup

< sup |Ifllpliglla < ligllas
lFllp<t lfllp<t

Ifllp<1
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Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

Now, fix g € L9 and define a linear functional £: L — R as

< Ifllpllglle-

£(f) :/f(x)g(x)du, for all f € L.
X

It is trivial that £ is a linear functional. But Hélders inequality gives us more: £ is bounded.

Indeed
/f(X)g(X)du

so ||4]|* < |gllq and £ is continuous, i.e. £ € (LP)*. We can now prove much more:

[1€]1* = |lgllq. For this we will "expose" function f € LP (more precisely ||f||, = 1) for which
"supremum achieved.

Indeed consider the case p = co and g = 1 take function f(x) = sign g(x), were

[€]" = sup [e(F)] = sup
IFlp<t IFlp<t

< sup [Ifllsllglle < llglla,
Ifllp<1

1 a>0
sign (a) =< 0 a=0
-1 a<0o,
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Linear Functionals and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We know from Hélders inequality that

/f(X)g(X)du
X

Now, fix g € L9 and define a linear functional £: L — R as

< Ifllpllglle-

£(f) :/f(x)g(x)du, for all f € L.
X

It is trivial that £ is a linear functional. But Hélders inequality gives us more: £ is bounded.

Indeed
/f(X)g(X)du

so ||4]|* < |gllq and £ is continuous, i.e. £ € (LP)*. We can now prove much more:

[1€]1* = |lgllq. For this we will "expose" function f € LP (more precisely ||f||, = 1) for which
"supremum achieved.

Indeed consider the case p = co and g = 1 take function f(x) = sign g(x), were

[€]" = sup [e(F)] = sup
IFlp<t IFlp<t

< sup [Ifllsllglle < llglla,
Ifllp<1

1 a>0
sign (a) =< 0 a=0
-1 a<0o,

then ||lloo = 1 and £(f) = [ f(x)g()dn= [, sign (e(x))g(x)dn = [ lg(x)ldu = lgll-
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)d,u,, for all f € LP.
X

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

If p € (1,00) (and thus g € (1, 0)).
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)d,u,, for all f € LP.
X

also

1 a>0
sign (a) =< 0 a=0
-1 a<Oo.

If p € (1,00) (and thus g € (1,00)). Take f(x) = sign (g(x))\g(x)|q71/”g|\gfl, then

HfHZ:/\f(x)\pdu:/(‘g(x)‘)(qil)pdu:/(lg(x)l)qdu: 1q/|g(X)|qd,u:1.
g el | Ulalla EENA
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)d,u,, for all f € LP.
X

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

If p € (1,00) (and thus g € (1,00)). Take f(x) = sign (g(x))\g(x)|q71/”g|\gfl, then

HfHZ:/\f(x)\pdu:/(‘g(x)‘)(qil)pdu:/(lg(x)l)qdu: 1q/|g(X)|qd,u:1.
g el | Ulalla EENA

Also

sign (g(x x)|97t x)|9
() = / () = / S0 ECMELIT_ g (1) = / €I o = gl
; T Nl el
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = c0).
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = o). Using that g € L°°, for each £ > 0 let
"={xeX:lg(x) > lgll —¢},
then u(E’) # 0, otherwise we could lower the upper bound.
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = o). Using that g € L°°, for each £ > 0 let
"={xeX:lgx)] 2 gl —e},

then p(E’) # 0, otherwise we could lower the upper bound. Moreover, using that p is o-finite we
get that E/ = UE; where p(E;) < co and at least one of E; has measure greater than zero.
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = o). Using that g € L°°, for each £ > 0 let
"={xeX:lgx)] 2 gl —e},

then p(E’) # 0, otherwise we could lower the upper bound. Moreover, using that p is o-finite we
get that E/ = UE; where p(E;) < co and at least one of E; has measure greater than zero.
Denote such a set by E and let

xe(x) sign (g(x))
w(E)

)

f(x) =

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = o). Using that g € L°°, for each £ > 0 let

"={xeX:|g(x)| > llglle — e},

then p(E’) # 0, otherwise we could lower the upper bound. Moreover, using that p is o-finite we
get that E/ = UE; where p(E;) < co and at least one of E; has measure greater than zero.
Denote such a set by E and let

xe(x) sign (g(x))
w(E)

_ xe(x) 1 B
Hf|\1—/x|f(x)|d#§/x (E) du—/{fﬁdu—l.

f(x) =

)

then

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = o). Using that g € L°°, for each £ > 0 let

"={xeX:|g(x)| > llglle — e},

then p(E’) # 0, otherwise we could lower the upper bound. Moreover, using that p is o-finite we
get that E/ = UE; where p(E;) < co and at least one of E; has measure greater than zero.
Denote such a set by E and let

_ xe(x) sign (g(x))
=Te

_ xe(x) 1 B
Hf|\1—/x|f(x)|d#§/x (E) du—/E#(E)du—l.

then

and

_ Oeld— | XeEK)sien (g(x)) . 1 N B
f(f)—/xf( )g(x)du /xi"(E) g(x)du u(E)/Elg( MNdu > llglleo — ¢,
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Linear Functionals and LP.

Fix g € L9 and define a linear functional £: L — R as

£(f) :/f(x)g(x)du, for all f € LP.

also
1 a>0
sign (a) =< 0 a=0
-1 a<0o.

Finally, if p =1 (and thus g = o). Using that g € L°°, for each £ > 0 let

"={xeX:|g(x)| > llglle — e},

then p(E’) # 0, otherwise we could lower the upper bound. Moreover, using that p is o-finite we
get that E/ = UE; where p(E;) < co and at least one of E; has measure greater than zero.
Denote such a set by E and let

_ xe(x) sign (g(x))
=Te

_ xe(x) 1 B
Hf|\1—/x|f(x)|d#§/x (E) du—/E#(E)du—l.

then

and

_ Oeld— | XeEK)sien (g(x)) . 1 N B
f(f)—/xf( )g(x)du /xi"(E) g(x)du u(E)/Elg( MNdu > llglleo — ¢,

thus |[£||* = sup |£(f)] > ||g|lcc — & and computation was done for all € > 0 we proved
IIfll <1

el = lglloo-
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Duality and LP.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We proved

Associating g € L7 with £ = fX f(x)g(x)dp we can create a linear isometry from L9 to a subspace
of (LP)* (indeed, ||€||* =||gl|¢). Thus can see L9 and a subspace of (LP)*!
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Duality and L”.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We proved

Associating g € L7 with £ = fX f(x)g(x)dp we can create a linear isometry from L9 to a subspace
of (LP)* (indeed, ||€||* =||gl|¢). Thus can see L9 and a subspace of (LP)*!

BUT THERE IS MUCH MORE:

Suppose p € [1,00) and 1/p+1/g=1. Then
LY = (LP)*
in the following sense: for every bounded linear functional £ on LP there is a unique g € L9 so that

£(f) :/f(x)g(x)du, for all f € L”.
X

Moreover, ||2]|* = ||g]lq-
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Duality and L”.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We proved

Associating g € L7 with £ = fX f(x)g(x)dp we can create a linear isometry from L9 to a subspace
of (LP)* (indeed, ||€||* =||gl|¢). Thus can see L9 and a subspace of (LP)*!

BUT THERE IS MUCH MORE:

Suppose p € [1,00) and 1/p+1/g=1. Then
L9 = (L°)"

in the following sense: for every bounded linear functional £ on LP there is a unique g € L9 so that

£(f) :/f(x)g(x)du, for all f € L”.
X

Moreover, ||2]|* = ||g]lq-

We already proved L9 C (LP)* for all p € [1,00]. We need to prove the reverse inclusion (i.e.
(LP)* C L9) for p € [1,00).
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We already proved L9 C (LP)* for all p € [1,00]. We need to prove the reverse inclusion (i.e.
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Duality and L”.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We proved

Associating g € L7 with £ = fX f(x)g(x)dp we can create a linear isometry from L9 to a subspace
of (LP)* (indeed, ||€||* =||gl|¢). Thus can see L9 and a subspace of (LP)*!

BUT THERE IS MUCH MORE:

Suppose p € [1,00) and 1/p+1/g=1. Then
L9 = (L°)"

in the following sense: for every bounded linear functional £ on LP there is a unique g € L9 so that

£(f) :/f(x)g(x)du, for all f € L”.
X

Moreover, ||2]|* = ||g]lq-

We already proved L9 C (LP)* for all p € [1,00]. We need to prove the reverse inclusion (i.e.
(LP)* C L%) for p € [1,00). We note that the reverse inclusion is NOT TRUE for p = ocoll!
The goal is to show that for each continuous linear functional on L” we can find g € L9 so that

) = [ F(x)e()dn,
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Duality and L”.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We proved

Associating g € L7 with £ = fX f(x)g(x)dp we can create a linear isometry from L9 to a subspace
of (LP)* (indeed, ||€||* =||gl|¢). Thus can see L9 and a subspace of (LP)*!

BUT THERE IS MUCH MORE:

Suppose p € [1,00) and 1/p+1/g=1. Then
L9 = (L°)"

in the following sense: for every bounded linear functional £ on LP there is a unique g € L9 so that

£(f) :/f(x)g(x)du, for all f € L”.
X

Moreover, ||2]|* = ||g]lq-

We already proved L9 C (LP)* for all p € [1,00]. We need to prove the reverse inclusion (i.e.
(LP)* C L%) for p € [1,00). We note that the reverse inclusion is NOT TRUE for p = ocoll!
The goal is to show that for each continuous linear functional on L” we can find g € L9 so that

Lf) = fx f(x)g(x)dp, this can be done with the help of notion of absolutely continuous measure

v with respect to i and Radon-Nikodym theorem (representation of v as an integral over some p
integrable function).
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Duality and L”.

Consider LP(X, M, u) with p € [1,00], as before let g be the dual exponent to p, i.e.
1/p+1/q=1. We proved

Associating g € L7 with £ = fX f(x)g(x)dp we can create a linear isometry from L9 to a subspace
of (LP)* (indeed, ||€||* =||gl|¢). Thus can see L9 and a subspace of (LP)*!

BUT THERE IS MUCH MORE:

Suppose p € [1,00) and 1/p+1/g=1. Then
L9 = (L°)"

in the following sense: for every bounded linear functional £ on LP there is a unique g € L9 so that

£(f) :/f(x)g(x)du, for all f € L”.
X

Moreover, ||2]|* = ||g]lq-

We already proved L9 C (LP)* for all p € [1,00]. We need to prove the reverse inclusion (i.e.
(LP)* C L%) for p € [1,00). We note that the reverse inclusion is NOT TRUE for p = ocoll!

The goal is to show that for each continuous linear functional on L” we can find g € L9 so that
Lf) = fx f(x)g(x)dp, this can be done with the help of notion of absolutely continuous measure

v with respect to i and Radon-Nikodym theorem (representation of v as an integral over some p
integrable function).

But first we will prove a lemma showing that it is enough to compute the norm of the linear
functional taking the supremum over simple functions only.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

/ fgdp
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

sup =M < oo,
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

/ fgdp
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

sup =M < oo,

Proof: We first note that the main goal is to prove that g € L7 and ||g||q < M, indeed, in this
case the Holder inequality gives us M = sup }fx fgd,u} <lgllq-
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M < oo,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L7 and ||g||q < M, indeed, in this
case the Holder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,} 52, so that |g,(x)| < |g(x)| but gn(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M < oo,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L7 and ||g||q < M, indeed, in this
case the Holder inequality gives us M = sup }fx fgdu} <lgllq-

There exist a sequence of simple functions {g,} 52, so that |g,(x)| < |g(x)| but gn(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).
If p>1 and g < oo take f(x) = sign g(x)|g,,(x)|q’1/|\g,,|\g’1, then ||f][, <1
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

/ fgdp
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

sup =M < oo,

Proof: We first note that the main goal is to prove that g € L7 and ||g||q < M, indeed, in this
case the Holder inequality gives us M = sup }fx fgdu} <lgllq-

There exist a sequence of simple functions {g,} 52, so that |g,(x)| < |g(x)| but gn(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).
If p>1 and g < oo take f(x) = sign g(x)|g,,(x)|q’1/|\g,,|\g’1, then ||f;]|, <1 and

sign g(x)|gn(x)7"" lgn (3|7~
M > ngdu —— e —g(x)du = "7Ig(><)ld# > llgnllq-
IPXE PE
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

/ fgdp
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

sup =M < oo,

Proof: We first note that the main goal is to prove that g € L7 and ||g||q < M, indeed, in this
case the Holder inequality gives us M = sup }fx fgdu} <lgllq-

There exist a sequence of simple functions {g,} 52, so that |g,(x)| < |g(x)| but gn(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p>1 and g < oo take f(x) = sign g(x)|g,,(x)|q’1/|\g,,|\g’1, then ||f;]|, <1 and

sign g(x)|gn(x)7"" lgn (3|7~
M > ngdu —— e —g(x)du = "7Ig(><)ld# > llgnllq-
IPXE PE

Thus ||gn|\q <M.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

/ fgdp
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € LY and
lgllq = M.

sup =M < oo,

Proof: We first note that the main goal is to prove that g € L7 and ||g||q < M, indeed, in this
case the Holder inequality gives us M = sup }fx fgdu} <lgllq-

There exist a sequence of simple functions {g,} 52, so that |g,(x)| < |g(x)| but gn(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p>1 and g < oo take f(x) = sign g(x)|g,,(x)|q’1/|\g,,|\g’1, then ||f;]|, <1 and

sign g(x)|gn(x)7"" lgn (3|7~
M > ngdu —— e —g(x)du = "7Ig(><)ld# > llgnllq-
IPXE PE

Thus ||g,,|\q < M. Now we can apply Fatou lemma to claim that

HgHZ:/Ig\qduS|iminf/Ign(X)\q’llg(X)\du:liminfl\gnl\Z’l/fn(X)g(X)duSMq-
n— oo n— oo
X X
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).
If p=1and g =oc.
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure.
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,
moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function).
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,
moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function). Define

fa(x) = sign g(x)xe,/n(En) . then |[fofly <1
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,

moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function). Define
(x) = sign g(x)xE,/m(En) , then ||fp]]1 <1 and

sign g(x)xg,8(x) , 1 1 _
M>/ fagdp = / (E)) dufu(En) /Enlg(X)IduZM(En)/Enlgn(X)dMIgnloo.
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,

moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function). Define
(x) = sign g(x)xE,/m(En) , then ||fp]]1 <1 and

sign g(x)xg,8(x) , 1 1 _
M>/ fagdp = / (E)) dufu(En) /Enlg(X)IduZM(En)/Enlgn(X)dMIgnloo.

Thus M > ||gnl|oc, for all n.
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,

moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function). Define
(x) = sign g(x)xE,/m(En) , then ||fp]]1 <1 and

sign g(x)xg,8(x) , 1 1 _
M>/ fagdp = / (E)) dufu(En) /Enlg(X)IduZM(En)/Enlgn(X)dMIgnloo.

Thus M > ||gn|loo, for all n. Now if ||g||cc > M (including the case when |g(x)| is infinite on a
set of positive measure)
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Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,

moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function). Define
(x) = sign g(x)xE,/m(En) , then ||fp]]1 <1 and

sign g(x)xg,8(x) , 1 1 _
M>/ fagdp = / (E)) dufu(En) /Enlg(X)IduZM(En)/Enlgn(X)dMIgnloo.

Thus M > ||gn||loo, for all n. Now if ||g||cc > M (including the case when |g(x)| is infinite on a
set of positive measure) there is a set of positive measure E such that |g(x)| > M for all x € E,

Artem Zvavitch MATH-6/72052 Fun s of Real Variables 2



Linear Functionals and LP.

Let p € [1,00] and 1/p+1/qg = 1. Suppose g is integrable on all sets of finite measures and

sup /fgd,u =M< o0,
X

where the supremum is taken over all simple functions with ||f||, < 1. Then g € L9 and
lgllq = M.

Proof: We first note that the main goal is to prove that g € L9 and ||g||q < M, indeed, in this
case the Hoélder inequality gives us M = sup }fx fgd,u} <lgllq-

There exist a sequence of simple functions {g,}2; so that |gn(x)| < |g(x)| but g,(x) — g(x) for
almost all x € X (this was proved during our definition/construction of the Lebesgue integral).

If p=1and g=oco. The case g(x) =0, a.e. on X is trivial, so we may assume g(x) # 0 on a set
of positive measure. Using that g, is a simple function we get that ||gn||cc = max|gn(x)|,

moreover, using that p is o-finite we have that E, = {x € X : |gn(x)| = ||gn|loc } has a finite
positive measure (actually, it is included in the definition of simple function). Define
(x) = sign g(x)xE,/m(En) , then ||fp]]1 <1 and

sign g(x)xg,8(x) , 1 1 _
M>/ fagdp = / (E)) dufu(En) /Enlg(X)IduZM(En)/Enlgn(X)dMIgnloo.

Thus M > ||gn||loo, for all n. Now if ||g||cc > M (including the case when |g(x)| is infinite on a
set of positive measure) there is a set of positive measure E such that |g(x)| > M for all x € E,
but then there exist n such that |g,(x)| > M on a set of positive measure and we got a
contradiction with M > || gyl o, for all n, thus
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Now we are ready to prove our main theorem:
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.
Consider first the case when p(X) < oco.
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.
Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xE).
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.

Moreover L
[v(E)l = 1eCxe)l < el Ixellp < cu(E)?,

where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.

Moreover L
[v(E)l = 1eCxe)l < el Ixellp < cu(E)?,

where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
Using the linearity of ¢ we immediately get that v is finitely additive,
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.
Moreover
V(E)] = e(xe)] < 114l lIxellp < en(E)'/?,
where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
Using the linearity of £ we immediately get that v is finitely additive, indeed if E; N E, = (), then

XE UE, = XE + XE, and
v(E1U B) = £(xE uE,) = UxE +XE) = Uxg ) +UXE) = v(E1) +v(E).
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.
Moreover
V(E)] = e(xe)] < 114l lIxellp < en(E)'/?,
where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
Using the linearity of £ we immediately get that v is finitely additive, indeed if E; N E, = (), then

XE UE, = XE + XE, and
v(E1U B) = £(xE uE,) = UxE +XE) = Uxg ) +UXE) = v(E1) +v(E).

Now consider a countable collection of disjoint sets U, E;.
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.
Moreover
V(E)] = e(xe)] < 114l lIxellp < en(E)'/?,
where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
Using the linearity of £ we immediately get that v is finitely additive, indeed if E; N E, = (), then

XE UE, = XE + XE, and
v(E1U B) = £(xE uE,) = UxE +XE) = Uxg ) +UXE) = v(E1) +v(E).
Now consider a countable collection of disjoint sets U, E;. Let Ey = UZny1 Eiv note that
W(Ex)| < cu(Ef)/P =0, as N — oo,

here we again used that p is a finite measure (thus Z/L(E,,) < oo and the tail p(Ey) — 0) with
p < oo.
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.
Moreover
V(E)] = e(xe)] < 114l lIxellp < en(E)'/?,
where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
Using the linearity of £ we immediately get that v is finitely additive, indeed if E; N E, = (), then

XE UE, = XE + XE, and
v(E1U B) = £(xE uE,) = UxE +XE) = Uxg ) +UXE) = v(E1) +v(E).
Now consider a countable collection of disjoint sets U, E;. Let Ey = UZny1 Eiv note that
W(Ex)| < cu(Ef)/P =0, as N — oo,

here we again used that p is a finite measure (thus Z/L(E,,) < oo and the tail p(Ey) — 0) with
p < oo. Thus

N co
V(U E) = (UL B+ v(ER) = Y HE)+v(ER) = > v(E).
i=1 i=1
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Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that £(f) = fx f(x)g(x)du, for all f € LP.

Consider first the case when ;1(X) < co. Define a set function (we will show that it is a sign
measure) v on M by v(E) = £(xg). We note that ¢(xg) is well defined, indeed, here we use that

X is of finite measure and thus fx |xe|Pdp = p(E) < oo, thus xg € LP.
Moreover
V(E)] = e(xe)] < 114l lIxellp < en(E)'/?,
where ¢ = ||£||* is a constant (remember £ is continuous and thus bounded functional!).
Using the linearity of £ we immediately get that v is finitely additive, indeed if E; N E, = (), then

XE UE, = XE + XE, and
v(E1U B) = £(xE uE,) = UxE +XE) = Uxg ) +UXE) = v(E1) +v(E).
Now consider a countable collection of disjoint sets U, E;. Let Ey = UZny1 Eiv note that
W(Ex)| < cu(Ef)/P =0, as N — oo,

here we again used that p is a finite measure (thus Z/L(E,,) < oo and the tail p(Ey) — 0) with
p < oo. Thus

N co
V(U E) = (UL B+ v(ER) = Y HE)+v(ER) = > v(E).
i=1 i=1

Thus v is countably additive, and applying |v(E)| < cu(E)Y/P, for all measurable E we get that
v is absolutely continuous with respect to p!
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Linear Functionals and LP.

Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that 4(f) = fX f(x)g(x)du, for all f € LP.
Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to !
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Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that 4(f) = fX f(x)g(x)du, for all f € LP.

Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X
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Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that 4(f) = fX f(x)g(x)du, for all f € LP.

Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du.
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sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple

functions f.
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Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple
functions f. Now we are ready to use the lemma to claim that g € L9 and

llgllq = sup fgdp| < sup [e(F)] < sup  [£(F)] < le)|”.
[Ifllp<1,f is simple | J IIfllp<1,f is simple IIfllp<1
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Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple
functions f. Now we are ready to use the lemma to claim that g € L9 and

llgllq = sup fgdp| < sup [e(F)] < sup  [£(F)] < le)|”.
[Ifllp<1,f is simple | J IIfllp<1,f is simple IIfllp<1

Finally, we apply continuity of £ and the fact that simple functions are dense on LP.
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Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
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which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple
functions f. Now we are ready to use the lemma to claim that g € L9 and

llgllq = sup fgdp| < sup [e(F)] < sup  [£(F)] < le)|”.
[Ifllp<1,f is simple | J IIfllp<1,f is simple IIfllp<1

Finally, we apply continuity of £ and the fact that simple functions are dense on LP. Indeed, for
any f € LP there exist a sequence for simple functions {f,}:°,, such that ||f — f,||, — 0,
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Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that 4(f) = fX f(x)g(x)du, for all f € LP.

Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple
functions f. Now we are ready to use the lemma to claim that g € L9 and

llgllq = sup fgdp| < sup [e(F)] < sup  [£(F)] < le)|”.
[Ifllp<1,f is simple | J IIfllp<1,f is simple IIfllp<1

Finally, we apply continuity of £ and the fact that simple functions are dense on LP. Indeed, for
any f € LP there exist a sequence for simple functions {f,}:°,, such that ||f — f,||, — 0, and thus
|£(F) — £(F:)| = |£(F — )] = 0.
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Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that 4(f) = fX f(x)g(x)du, for all f € LP.

Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple
functions f. Now we are ready to use the lemma to claim that g € L9 and

llgllq = sup fgdp| < sup [e(F)] < sup  [£(F)] < le)|”.
[Ifllp<1,f is simple | J IIfllp<1,f is simple IIfllp<1

Finally, we apply continuity of £ and the fact that simple functions are dense on LP. Indeed, for
any f € LP there exist a sequence for simple functions {f,}:°,, such that ||f — f,||, — 0, and thus
|€(f) — €(fa)| = |€(f — fo)| — 0. But we also note that

/f.'gdu—f(fn) = /fgdu—/fngdu S/\f—fnl\g\duﬁHf—fnl\p\lg\lqﬁo-
X X X X
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Now we are ready to prove our main theorem:
Proof: Our goal to show that of £ is linear continuous functional on LP, 1 < p < oo, then there

exist g € L9 such that 4(f) = fX f(x)g(x)du, for all f € LP.

Consider first the case when (X)) < co. Define v on M as v(E) = £(xg). We proved that v is a
sign measure which is v is absolutely continuous with respect to ;!  Now, applying
Radon-Nikodym theorem we get that there exists a pi-measurable function g such that

v(E) = /g(x)d/t: /XEg(x)dp,for all measurableE,
E X

which is equivalent to say that for all measurable E: £(xg) = fx xeg(x)du. Using linearity of £

we get the same representation for simple functions, i.e. £(f) = fx f(x)g(x)dp, for any simple
functions f. Now we are ready to use the lemma to claim that g € L9 and

llgllq = sup fgdp| < sup [e(F)] < sup  [£(F)] < le)|”.
[Ifllp<1,f is simple | J IIfllp<1,f is simple IIfllp<1

Finally, we apply continuity of £ and the fact that simple functions are dense on LP. Indeed, for
any f € LP there exist a sequence for simple functions {f,}:°,, such that ||f — f,||, — 0, and thus
|€(f) — €(fa)| = |€(f — fo)| — 0. But we also note that

/f.'gdu—f(fn) = /fgdu—/fngdu S/\f—fnl\g\duﬁHf—fnl\p\lg\lqﬁo-
X X X X

The uniqueness of the limit gives us ¢(f) = fx fgdp and we have finished the proof of the case
(X) < oo.
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Assume p(X) = oo,
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Linear Functionals and LP.

Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < oco.
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Linear Functionals and LP.

Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < co. We have already proved the
theorem for the case of finite measure. Now "concentrate" on E,, i.e. E, will be our set, we
consider a sub-c-algebra M, of element of M intersected with E, and the measure y restricted
to E,.
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Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < co. We have already proved the
theorem for the case of finite measure. Now "concentrate" on E,, i.e. E, will be our set, we
consider a sub-c-algebra M, of element of M intersected with E, and the measure y restricted
to E,. Moreover, also restrict £ to functions from LP(E,, M,, n), clearly, such a restriction must
be also bounded and thus continuous.
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Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < co. We have already proved the
theorem for the case of finite measure. Now "concentrate" on E,, i.e. E, will be our set, we
consider a sub-c-algebra M, of element of M intersected with E, and the measure y restricted
to E,. Moreover, also restrict £ to functions from LP(E,, M,, n), clearly, such a restriction must
be also bounded and thus continuous. Applying the finite measure case of the theorem we get
that for each n € N there exist a measurable function g, : E, — R such that

e(f):/ fg,,du:/fgndu
En X

for all f € LP such that f is supported on E,.
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for all f € LP such that f is supported on E,. Moreover,
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IIfllp<1,f is supported on E, IIfllp<1
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Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < co. We have already proved the
theorem for the case of finite measure. Now "concentrate" on E,, i.e. E, will be our set, we
consider a sub-c-algebra M, of element of M intersected with E, and the measure y restricted
to E,. Moreover, also restrict £ to functions from LP(E,, M,, n), clearly, such a restriction must
be also bounded and thus continuous. Applying the finite measure case of the theorem we get
that for each n € N there exist a measurable function g, : E, — R such that

e(f):/ fg,,du:/fgndu
En X

for all f € LP such that f is supported on E,. Moreover,

llgnllq = sup [€(f)] < sup [e(f)] =]
IIfllp<1,f is supported on E, IIfllp<1

Using the fact that E, C Ep, for n < m we get that g,(x) = gm(x) for (almost all) x € E,.
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that for each n € N there exist a measurable function g, : E, — R such that

e(f):/ fg,,du:/fgndu
En X

for all f € LP such that f is supported on E,. Moreover,
llgnllq = sup [€(f)] < sup [e(f)] =]
IIfllp<1,f is supported on E, IIfllp<1

Using the fact that E, C Ep, for n < m we get that g,(x) = gm(x) for (almost all) x € E,. Indeed,
any measurable function f supported on E, is also a measurable function supported on E,,, thus

/fg,,du ={(f) = / fgmdp, for all measurable functions f supporte on E,,
X X
and g, = gm on E,
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that for each n € N there exist a measurable function g, : E, — R such that
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for all f € LP such that f is supported on E,. Moreover,
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Using the fact that E, C Ep, for n < m we get that g,(x) = gm(x) for (almost all) x € E,. Indeed,
any measurable function f supported on E, is also a measurable function supported on E,,, thus

/fg,,du ={(f) = / fgmdp, for all measurable functions f supporte on E,,
X X

and g, = gm on E, and limg,(x) = g(x) for some measurable function g, a.e. on X.
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Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < co. We have already proved the
theorem for the case of finite measure. Now "concentrate" on E,, i.e. E, will be our set, we
consider a sub-c-algebra M, of element of M intersected with E, and the measure y restricted
to E,. Moreover, also restrict £ to functions from LP(E,, M,, n), clearly, such a restriction must
be also bounded and thus continuous. Applying the finite measure case of the theorem we get
that for each n € N there exist a measurable function g, : E, — R such that

e(f):/ fg,,du:/fgndu
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for all f € LP such that f is supported on E,. Moreover,
llgnllq = sup [€(f)] < sup [e(f)] =]
IIfllp<1,f is supported on E, IIfllp<1

Using the fact that E, C Ep, for n < m we get that g,(x) = gm(x) for (almost all) x € E,. Indeed,
any measurable function f supported on E, is also a measurable function supported on E,,, thus

/fg,,du ={(f) = / fgmdp, for all measurable functions f supporte on E,,
X X

and g, = gm on E, and limg,(x) = g(x) for some measurable function g, a.e. on X. Moreover,
using Fatou's theorem we get

HgHZ:/\g\qduﬁliminf/Ignlqdu:\IgnHZS(HfII*)q,
X X
thus g € L9.
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Assume p(X) = oo, using that p is a o-finite measure, we can write X = U2, E,, {Ep};2, is an
increasing sequence of measurable subsets of X with p(E,) < co. We have already proved the
theorem for the case of finite measure. Now "concentrate" on E,, i.e. E, will be our set, we
consider a sub-c-algebra M, of element of M intersected with E, and the measure y restricted
to E,. Moreover, also restrict £ to functions from LP(E,, M,, n), clearly, such a restriction must
be also bounded and thus continuous. Applying the finite measure case of the theorem we get
that for each n € N there exist a measurable function g, : E, — R such that

e(f):/ fg,,du:/fgndu
En X

for all f € LP such that f is supported on E,. Moreover,
llgnllq = sup [€(f)] < sup [e(f)] =]
IIfllp<1,f is supported on E, IIfllp<1

Using the fact that E, C Ep, for n < m we get that g,(x) = gm(x) for (almost all) x € E,. Indeed,
any measurable function f supported on E, is also a measurable function supported on E,,, thus

/fg,,du ={(f) = / fgmdp, for all measurable functions f supporte on E,,
X X

and g, = gm on E, and limg,(x) = g(x) for some measurable function g, a.e. on X. Moreover,
using Fatou's theorem we get

Hg\IZ:/\g\qduﬁliminf/Ignlqu:HgnHZS(HfII*)q7
X X

thus g € L9.  And we can finish the proof by a limiting argument (as before) using the fact that
the representation is true for all f supported on E, and g € L9.
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