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A super brief reminder:

A complete normed vector space is called a Banach space.

A linear functional is a linear mapping ` : B → R, i.e. a mapping such that

`(au + bv) = a`(u) + b`(v), for all a,b ∈ R and u,v ∈ B.

A linear functional ` is continuous if for any ε > 0 there exists δ > 0 such that for all u,v ∈ B
with ‖u− v‖ ≤ δ we have |`(u)− `(v)| ≤ ε. A linear functional is bounded if there exists M > 0
such that |`(u)| ≤M‖u‖ for all u ∈ B.

A linear functional on a Banach space continuous if and only if it is bounded.

Note that a space of continuous functionals is a vector space. We can also equip the space of
continuous linear functionals over B with a norm:

‖`‖∗ = sup
‖u‖6=0

|`(u)|
‖u‖

= sup
‖u‖=1

|`(u)| = sup
‖u‖≤1

|`(u)|.

The vector space B∗ is a Banach space.
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Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1.

We know from Hölders inequality that∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional.

But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.

Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗.

We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.

Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We know from Hölders inequality that∣∣∣∣∫

X

f (x)g(x)dµ

∣∣∣∣≤ ‖f ‖p‖g‖q.

Now, fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

It is trivial that ` is a linear functional. But Hölders inequality gives us more: ` is bounded.
Indeed

‖`‖∗ = sup
‖f‖p≤1

|`(f )| = sup
‖f‖p≤1

∣∣∣∣∫
X

f (x)g(x)dµ

∣∣∣∣≤ sup
‖f‖p≤1

‖f ‖p‖g‖q ≤ ‖g‖q,

so ‖`‖∗ ≤ ‖g‖q and ` is continuous, i.e. ` ∈ (Lp)∗. We can now prove much more:
‖`‖∗ = ‖g‖q . For this we will "expose" function f ∈ Lp (more precisely ‖f ‖p = 1) for which
"supremum achieved.
Indeed consider the case p =∞ and q = 1 take function f (x) = sign g(x), were

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0,

then ‖f ‖∞ = 1 and `(f ) =
∫

X
f (x)g(x)dµ =

∫
X

sign (g(x))g(x)dµ =
∫

X
|g(x)|dµ = ‖g‖1.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Linear Functionals and Lp.

Fix g ∈ Lq and define a linear functional ` : Lp → R as

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

also

sign (a) =

{
1 a > 0
0 a = 0
−1 a < 0.

If p ∈ (1,∞) (and thus q ∈ (1,∞)).

Take f (x) = sign (g(x))|g(x)|q−1/‖g‖q−1
q , then

‖f ‖p
p =

∫
X

|f (x)|pdµ =

∫
X

(
|g(x)|
‖g‖q

)(q−1)p
dµ =

∫
X

(
|g(x)|
‖g‖q

)q
dµ =

1
‖g‖q

q

∫
X

|g(x)|qdµ = 1.

Also

`(f ) =

∫
X

f (x)g(x)dµ =

∫
X

sign (g(x))|g(x)|q−1

‖g‖q−1
q

g(x)dµ =

∫
X

|g(x)|q

‖g‖q−1
q

dµ = ‖g‖q.
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Linear Functionals and Lp.
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f (x)g(x)dµ, for all f ∈ Lp
.

also

sign (a) =

{
1 a > 0
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Finally, if p = 1 (and thus q =∞).

Using that g ∈ L∞, for each ε > 0 let

E ′ = {x ∈ X : |g(x)| ≥ ‖g‖∞− ε},
then µ(E ′) 6= 0, otherwise we could lower the upper bound. Moreover, using that µ is σ-finite we
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Duality and Lp.

Consider Lp(X ,M,µ) with p ∈ [1,∞], as before let q be the dual exponent to p, i.e.
1/p +1/q = 1. We proved

Associating g ∈ Lq with ` =
∫

X
f (x)g(x)dµ we can create a linear isometry from Lq to a subspace

of (Lp)∗ (indeed, ‖`‖∗ = ‖g‖q). Thus can see Lq and a subspace of (Lp)∗!

BUT THERE IS MUCH MORE:

Suppose p ∈ [1,∞) and 1/p +1/q = 1. Then

Lq = (Lp)∗

in the following sense: for every bounded linear functional ` on Lp there is a unique g ∈ Lq so that

`(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp
.

Moreover, ‖`‖∗ = ‖g‖q.

We already proved Lq ⊂ (Lp)∗ for all p ∈ [1,∞]. We need to prove the reverse inclusion (i.e.
(Lp)∗ ⊂ Lq) for p ∈ [1,∞). We note that the reverse inclusion is NOT TRUE for p =∞!!!
The goal is to show that for each continuous linear functional on Lp we can find g ∈ Lq so that
`(f ) =

∫
X

f (x)g(x)dµ, this can be done with the help of notion of absolutely continuous measure
ν with respect to µ and Radon-Nikodym theorem (representation of ν as an integral over some µ
integrable function).
But first we will prove a lemma showing that it is enough to compute the norm of the linear
functional taking the supremum over simple functions only.
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Linear Functionals and Lp.

Let p ∈ [1,∞] and 1/p +1/q = 1. Suppose g is integrable on all sets of finite measures and

sup

∣∣∣∣∫
X

fgdµ

∣∣∣∣ = M <∞,

where the supremum is taken over all simple functions with ‖f ‖p ≤ 1. Then g ∈ Lq and
‖g‖q = M.

Proof: We first note that the main goal is to prove that g ∈ Lq and ‖g‖q ≤M, indeed, in this
case the Hölder inequality gives us M = sup

∣∣∫
X

fgdµ
∣∣≤ ‖g‖q .

There exist a sequence of simple functions {gn}∞n=1 so that |gn(x)| ≤ |g(x)| but gn(x)→ g(x) for
almost all x ∈ X (this was proved during our definition/construction of the Lebesgue integral).
If p > 1 and q <∞ take fn(x) = sign g(x)|gn(x)|q−1/‖gn‖q−1

q , then ‖fn‖p ≤ 1 and

M ≥

∫
X

fngdµ =

∫
X

sign g(x)|gn(x)|q−1

‖gn‖q−1
q

g(x)dµ =

∫
X

|gn(x)|q−1

‖gn‖q−1
q

|g(x)|dµ≥ ‖gn‖q.

Thus ‖gn‖q ≤M. Now we can apply Fatou lemma to claim that

‖g‖q
q =

∫
X

|g|qdµ≤ lim inf
n→∞

∫
|gn(x)|q−1|g(x)|dµ = liminf

n→∞
‖gn‖q−1

q

∫
X

fn(x)g(x)dµ≤Mq
.

�
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but then there exist n such that |gn(x)|> M on a set of positive measure and we got a
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Linear Functionals and Lp.

Now we are ready to prove our main theorem:

Proof: Our goal to show that of ` is linear continuous functional on Lp , 1≤ p <∞, then there
exist g ∈ Lq such that `(f ) =

∫
X

f (x)g(x)dµ, for all f ∈ Lp .

Consider first the case when µ(X) <∞. Define a set function (we will show that it is a sign
measure) ν onM by ν(E) = `(χE ). We note that `(χE ) is well defined, indeed, here we use that
X is of finite measure and thus

∫
X
|χE |pdµ = µ(E) <∞, thus χE ∈ Lp .

Moreover
|ν(E)| = |`(χE )| ≤ ‖`‖∗‖χE‖p ≤ cµ(E)1/p

,

where c = ‖`‖∗ is a constant (remember ` is continuous and thus bounded functional!).
Using the linearity of ` we immediately get that ν is finitely additive, indeed if E1 ∩E2 = ∅, then
χE1∪E2 = χE1 +χE2 and

ν(E1 ∪E2) = `(χE1∪E2 ) = `(χE1 +χE2 ) = `(χE1 ) + `(χE2 ) = ν(E1) +ν(E2).

Now consider a countable collection of disjoint sets ∪∞i=1Ei . Let E∗N = ∪∞i=N+1Ei , note that

|ν(E∗N )| ≤ cµ(E∗N )1/p → 0, as N→∞,

here we again used that µ is a finite measure (thus
∑

µ(En) <∞ and the tail µ(E∗N )→ 0) with
p <∞. Thus

ν(∪∞i=1En) = ν(∪N
i=1En) +ν(E∗N ) =

N∑
i=1

ν(Ei ) +ν(E∗N )→
∞∑
i=1

ν(Ei ).

Thus ν is countably additive, and applying |ν(E)| ≤ cµ(E)1/p , for all measurable E we get that
ν is absolutely continuous with respect to µ!
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∑
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i=1En) +ν(E∗N ) =
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ν(Ei ).

Thus ν is countably additive, and applying |ν(E)| ≤ cµ(E)1/p , for all measurable E we get that
ν is absolutely continuous with respect to µ!
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sign measure which is ν is absolutely continuous with respect to µ!

Now, applying
Radon-Nikodym theorem we get that there exists a µ-measurable function g such that

ν(E) =

∫
E

g(x)dµ =

∫
X

χE g(x)dµ, for all measurableE ,

which is equivalent to say that for all measurable E : `(χE ) =
∫

X
χE g(x)dµ. Using linearity of `

we get the same representation for simple functions, i.e. `(f ) =
∫

X
f (x)g(x)dµ, for any simple

functions f . Now we are ready to use the lemma to claim that g ∈ Lq and

‖g‖q = sup
‖f‖p≤1,f is simple

∣∣∣∣∫
X

fgdµ

∣∣∣∣≤ sup
‖f‖p≤1,f is simple

|`(f )| ≤ sup
‖f‖p≤1

|`(f )| ≤ ‖`‖∗.

Finally, we apply continuity of ` and the fact that simple functions are dense on Lp . Indeed, for
any f ∈ Lp there exist a sequence for simple functions {fn}∞n=1, such that ‖f − fn‖p → 0, and thus
|`(f )− `(fn)| = |`(f − fn)| → 0. But we also note that∣∣∣∣∫

X

fgdµ− `(fn)

∣∣∣∣ =

∣∣∣∣∫
X

fgdµ−

∫
X

fngdµ

∣∣∣∣≤ ∫
X

|f − fn||g|dµ≤ ‖f − fn‖p‖g‖q → 0.

The uniqueness of the limit gives us `(f ) =
∫

X
fgdµ and we have finished the proof of the case

µ(X) <∞.
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Linear Functionals and Lp.
Assume µ(X) =∞,

using that µ is a σ-finite measure, we can write X = ∪∞i=1En, {En}∞n=1 is an
increasing sequence of measurable subsets of X with µ(En) <∞. We have already proved the
theorem for the case of finite measure. Now "concentrate" on En, i.e. En will be our set, we
consider a sub-σ-algebraMn of element ofM intersected with En and the measure µ restricted
to En. Moreover, also restrict ` to functions from Lp(En,Mn,µ), clearly, such a restriction must
be also bounded and thus continuous. Applying the finite measure case of the theorem we get
that for each n ∈ N there exist a measurable function gn : En → R such that

`(f ) =

∫
En

fgndµ =

∫
X

fgndµ

for all f ∈ Lp such that f is supported on En. Moreover,
‖gn‖q = sup

‖f‖p≤1,f is supported on En

|`(f )| ≤ sup
‖f‖p≤1

|`(f )| = ‖`‖∗.

Using the fact that En ⊂ Em for n≤m we get that gn(x) = gm(x) for (almost all) x ∈ En. Indeed,
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