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Signed measure

In our definition of "standard" measure we always required it to be non negative.

Clearly, this is a very natural requirement and much needed to have (needed and
useful) applications. For example, the fact that if E ⊂ F are µ measurable then
µ(E)≤ µ(F ) requires µ to be non negative.
But for a number of applications it is essential to consider a more general object:

A signed measure ν on a σ- algebraM is a mapping that satisfies:
ν :M→ (−∞,∞].
If {Ej}∞j=1 are disjoint and Ej ∈M for all j ∈ N, then

ν(
⋃

Ej ) =
∑

ν(Ej ).

Please, note that
∑

ν(Ej ) becomes not as straight forward as before! Convergence
of series with possibly negative terms is a bit more tricky, in particular, the above
equality requires

∑
ν(Ej ) to converge independently of rearrangements of ν(Ej )

(indeed ν(
⋃

Ej ) is independent of rearrangements, simply because A∪B = B∪A).
Thus for above to be true

∑
ν(Ej ) must converge absolutely, i.e.

∑
|ν(Ej )| is

convergent.
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If {Ej}∞j=1 are disjoint and Ej ∈M for all j ∈ N, then

ν(
⋃

Ej ) =
∑

ν(Ej ).

Let us consider a natural example of signed measure. We can start with a trivial one:
any measure is a signed measure.

But we can be just a bit more creative: let
X = {a,b},M= 2X and ν(a) =−1,ν(b) = 5,ν(∅) = 0,ν(X) = 4.
Much more general case is to consider a measure space (X ,M,µ), a measurable
(NOT NECESSARY POSITIVE) function f : X → R and to define

ν(E) =
∫

E
f dµ.

We should note that for above example to work f must have a property that
∫

f −dµ
is finite (

∫
f +dµ may be infinite).
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For example, consider ([−1,1],M,m).

Consider a function f (x) = x it gives us a
signed measure

ν(E) =
∫

E
xdx ,

for E Lebesgue measurable in [−1,1].
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Let’s dominate a signed measure

It turns out that for any signed measure ν on (X ,M) we can always find a measure γ
on (X ,M), which would dominate ν, i.e. a measure γ such that

ν(E)≤ γ(E), for all E ∈M.

The idea of construction of "smallest" γ with above property follow from the ideas we
learned about functions of bounded variation:

We define a function |ν| onM by

|ν|(E) = sup
∑
|ν(Ej )|,

where the supremum is taken over all countable partitions of E (i.e. E = ∪Ej ) into
disjoint sets Ej ∈M. We cal |ν| the total variation of ν.

It is trivial that ν ≤ |ν|, it is a less obvious to show that |ν| is a measure:

Theorem

The total variation |ν| of a signed measure ν is itself a measure that satisfies ν ≤ |ν|.
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The total variation |ν| of a signed measure ν is itself a measure that satisfies ν ≤ |ν|.

Proof: Clearly |ν| :M→ [0,∞] and |ν|(∅) = 0. We need to check the additivity
property. Consider a countable collection of disjoint sent {Ej}∞j=1 inM such that
E = ∪Ej . To prove that |ν|(E) =

∑
|ν|(Ej ) we will show that∑

|ν|(Ej )≤ |ν|(E) and |ν|(E)≤
∑
|ν|(Ej ).

To check the first inequality from above we will need to play a bit with the supremum
in the definition of |ν|. Indeed, for each j ∈ N consider real numbers αj such that αj
is strictly less than |ν|(Ej ). Then from the definition of |ν| and properties of sup we
can find a partition of Ej into disjoint sets Fi,j ∈M (i.e. Ej =

⋃
i

Fi,j ) such that

αj ≤
∑

i

|ν(Fi,j )|.

But E =
⋃
j

Ej =
⋃
j

⋃
i

Fi,j and all Fi,j are disjoint! So
∑

j

∑
i
|ν(Fi,j )| ≤ |ν|(E):

∑
j

αj ≤
∑

j

∑
i

|ν(Fi,j )| ≤ |ν|(E).

Taking the supremum over all αj < |ν|(Ej ) we get
∑
|ν|(Ej )≤ |ν|(E).
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We need to check the additivity property. Consider a countable collection of disjoint
sent {Ej}∞j=1 inM such that E = ∪Ej . We need to prove |ν|(E) =

∑
|ν|(Ej ). We

have showen that
∑
|ν|(Ej )≤ |ν|(E).

Now let us show

|ν|(E)≤
∑
|ν|(Ej ).

Let {Qk} be any other partition of E by disjoint sets fromM. Then{Qk ∩Ej}j is a
partition of Qk by disjoint sets fromM. Using that ν is a signed measure we get∑

k

|ν(Qk)|=
∑

k

∣∣∣∣∣∑
j

ν(Qk ∩Ej )

∣∣∣∣∣ .
Now we can apply triangle inequality and get∑

k

|ν(Qk)| ≤
∑

k

∑
j

|ν(Qk ∩Ej )|=
∑

j

∑
k

|ν(Qk ∩Ej )| ≤
∑

j

|ν|(Ej ),

where the last inequality fallows from the definition of |ν|(Ej ). But {Qk} is an
arbitrary partition of E thus

|ν|(E) = sup
∑

k

|ν(Qk)| ≤
∑
|ν|(Ej ).
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Decomposition of signed measure
We can write a signed measure ν on (X ,M) as difference of two measures on (X ,M).

Indeed, let us define positive and negative variations of ν by

ν+ =
1
2

(|ν|+ν). and ν− =
1
2

(|ν|−ν).

We note that both ν+ and ν− are measures. Indeed from ν ≤ |ν| we get that both
ν+ and ν− may take a non-negative values. Moreover ν+(∅) = ν−(∅) = 0. Finally,
the additivity property follows from additivity property of ν and |ν| and the fact that
both ν+ and ν− defined as a linear combination of ν and |ν|.
Also

ν+−ν− =
1
2

(|ν|+ν)−
1
2

(|ν|−ν) = ν,

and
ν+ +ν− =

1
2

(|ν|+ν)−
1
2

(|ν|−ν) = |ν|.

Let us also agree that if ν(E) =∞. (thus |ν|(E) =∞) and we define ν−(E) = 0.
We also agree that the sign measure ν is σ-finite if the measure |ν| is σ-finite.
Let ν be a signed measure on (X ,M). We can now consider a new signed measure
−ν (simply taking values −ν(E)) it is easy to check that −ν satisfies the definition of
signed measure. Moreover, |−ν|= |ν| and thus −ν ≤ |−ν|= |ν| and

−|ν| ≤ ν ≤ |ν|.

An immediate application of above inequality is the fact that if ν is σ-finite, then so
are ν+ and ν−.
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