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Lets "compare" some measures

Let us start with our old friend Lebesgue measure on R and consider (R,M,m).

Clearly there are
many other measures you may define on (R,M). For example

Gaussian measure γ(E) = 1√
2π

∫
E

e−x2/2dx .

A measure m1 = m(E ∩ [−1,1]) (i.e. Lebesgue measure of a set E intersected with [−1,1]).
A measure m2 = m(E ∩ [10,15]) (i.e. Lebesgue measure of a set E intersected with [10,15]).
A measure δ0(E) such that δ0(E) = 1 if 0 ∈ E and δ0(E) = 0 if 0 6∈ E .

It is easy to see that all of the above measures are "different", i.e. may assign different values to
the same set E ∈M. But, is there any connections between some of those measures? For
example, for measures γ, m1 and m2 we can find an integrable non-negative function such that the
measure is represented as an integral over Lebesgue measure:

γ(E) =

∫
E

1
√
2π

e−x2/2dm(x), m1(E) =

∫
E

χ[−1,1](x)dm(x), m2(E) =

∫
E

χ[10,15](x)dm(x).

Is it possible to have a similar representation for δ0? I do not think so, if δ0 =
∫

E
f (x)dm(x)

then from δ0(E) = 0 if 0 6∈ E it is easy to show that f (x) = 0 for all x 6= 0, but then the integral
would be zero for all measurable E which contradicts the definition of δ0.
It is also easy to see that we can represent m via γ (i.e. m(E) =

∫
E

√
2πex2/2dγ(x)). Is it

possible to have a similar representation of m via m1 or m2? Can we represent m1 via m2? Again,
I do not think so, note that E ∈M such that m(E) > 0 but m1(E) = 0.
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Some definitions

Consider a measure space (X ,M,µ). We say that a measure µ is supported on a set A ∈M if
µ(E) = µ(E ∩A) for all E ∈M. For example the measure m1 = m(E ∩ [−1,1]) is supported on
the interval [−1,1].

Two signed measures ν and µ on (X ,M) are mutually singular if there are disjoint subsets A and
B inM so that

ν(E) = ν(A∩E) and µ(E) = µ(B∩E) for all E ∈M,

i.e. ν and µ defined on the same set X and the same σ-algebraM, but supported on disjoint
subsets A,B ∈M. An example would be measures m1 = m(E ∩ [−1,1]) and
m2 = m(E ∩ [10,15]). We will write µ⊥ ν for measures that are mutually singular.

Consider a signed measure ν and a measure (i.e. positive measure) µ on (X ,M). We say ν is
absolutely continuous with respect to µ if

ν(E) = 0 whenever E ∈M and µ(E) = 0.

We will use symbol ν� µ.

Notice that m1� m but m 6� m1; γ� m and m� γ. Finally δ0 6� m and m 6� δ0.
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A proposition on absolute continuity

In the case of Lebesgue measure m and integrals defined with respect of f ∈ L1(X ,m),
i.e. ν(E) =

∫
E fdm we had a bit stronger assertion of continuity:

For each ε > 0, there is a δ > 0 such that if m(E)< δ then |ν(E)|< ε.

In the next proposition we would like to link the above observation with the case of
general measures.

Proposition

Consider a signed measure ν and a measure µ on (X ,M).
Assume that for each ε > 0, there is a δ > 0 such that if µ(E)< δ then
|ν(E)|< ε. Then ν� µ.
Conversely, if ν� µ and |ν| is a finite measure, then for each ε > 0, there is a
δ > 0 such that if µ(E)< δ then |ν(E)|< ε.
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A proposition on absolute continuity

Consider a signed measure ν and a measure µ on (X ,M).
1 If that for each ε > 0, there is a δ > 0 such that if µ(E) < δ then |ν(E)|< ε. Then ν� µ.
2 Conversely, if ν� µ and |ν| is a finite measure, then for each ε > 0, there is a δ > 0 such

that if µ(E) < δ then |ν(E)|< ε.

Proof: The first statement is trivial. Indeed, take E such that µ(E) = 0, we need to show that
ν(E) = 0, but this follows immediately, because if µ(E) = 0, then µ(E) < δ for any choice of
δ > 0 and thus |ν(E)|< ε for all ε > 0.
To prove the converse (i.e. the second statement) it is enough to consider the case when ν is a
positive measure. Indeed we can replace ν by |ν|. To justify this we need to prove the following

Assume ν� µ then |ν| � µ.

Note that it is not true that if ν(E) = 0 then |ν|(E) = 0. We need to work just a bit more.
Indeed, let us refresh the definition of total variation of a signed measure ν

|ν|(E) = sup
∑
|ν(Ej )|,

where the supremum is taken over all countable partitions of E (i.e. E = ∪Ej ) into disjoint sets
Ej ∈M. Now take E ∈M such that µ(E) = 0, then for any partitions of E by disjoint sets
Ej ∈M we also get µ(Ej ) = 0 and thus from ν� µ we get ν(Ej ) = 0 and |ν(Ej )| = 0, which
immediately (from above definition) gives |ν|(E) = 0 and we proved that if ν� µ then |ν| � µ.
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Now assume, towards a contradiction, that the
statement is not true, i.e. that ν� µ, ν finite, but there exists ε > 0 and each n ∈ N there exist
En: µ(En) < 2−n but ν(En) > ε. Let

E∗ = limsup
n→∞

En =
∞⋂
n=1

⋃
k≥n

Ek .

Then µ(
⋃

k≥n

Ek )≤
∑
k≥n

2−k = 2−n+1. Moreover, all sets
⋃

k≥n

Ek are contained in
⋃
k≥1

Ek , which is

of finite measure µ. Thus µ(E∗) = 0. But ν(
⋃

k≥n

Ek )≥ ν(En)≥ ε. We also assumed that ν is

finite. So
ν(E∗) = lim

n→∞
ν(

⋃
k≥n

Ek )≥ ε

which is contradiction!
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positive measure. Indeed we can replace ν by |ν|. Now assume, towards a contradiction, that the
statement is not true, i.e. that ν� µ, ν finite, but there exists ε > 0 and each n ∈ N there exist
En: µ(En) < 2−n but ν(En) > ε. Let

E∗ = limsup
n→∞

En =
∞⋂
n=1

⋃
k≥n

Ek .

Then µ(
⋃

k≥n

Ek )≤
∑
k≥n

2−k = 2−n+1. Moreover, all sets
⋃

k≥n

Ek are contained in
⋃
k≥1

Ek , which is

of finite measure µ. Thus µ(E∗) = 0. But ν(
⋃

k≥n

Ek )≥ ν(En)≥ ε. We also assumed that ν is

finite. So
ν(E∗) = lim

n→∞
ν(

⋃
k≥n

Ek )≥ ε

which is contradiction!
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