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Radon-Nikodym Theorem

Reminders:
Two signed measures ν and µ on (X ,M) are mutually singular if there are
disjoint subsets A and B inM so that ν(E) = ν(A∩E) and µ(E) = µ(B∩E) for
all E ∈M,We will use symbol ν ⊥ µ.
Consider a signed measure ν and a measure (i.e. positive measure) µ on (X ,M).
We say ν is absolutely continuous with respect to µ if ν(E) = 0 whenever
E ∈M and µ(E) = 0. We will use symbol ν� µ.
σ-finite measure µ if there exist a partition of X = ∪Ei : µ(Ei )<∞.
We say that f : X → R is µ-integrable in extended sense if

∫
f −dµ <∞ but∫

f +dµ could take infinite values.

Suppose that µ is a σ-finite positive measure on the measure space (X ,M) and ν is a
σ-finite signed measure on (X ,M). Then there exists unique signed measures νa and
νs onM such that νa� µ, νs ⊥ µ and ν = νa +νs . In addition, the measure νa takes
the form dνa = fdµ, i.e.

νa(E) =
∫

E
f (x)dµ(x),

for some extended µ-integrable function f .

There are a number of proofs of the above theorem. We will learn the proof of
Neumann, which is based some Hilbert space ideas (and so we justify your time spend
playing with Hilbert spaces).
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Radon-Nikodym Theorem - Idea of the Proof

Suppose that µ is a σ-finite positive measure on the measure space (X ,M) and ν is a σ-finite
signed measure on (X ,M). Then there exists unique signed measures νa and νs onM such that
νa � µ, νs ⊥ µ and ν = νa +νs . In addition, the measure νa takes the form dνa = fdµ, i.e.

νa(E) =

∫
E

f (x)dµ(x),

for some extended µ-integrable function f .

Reminder: Consider a HIlbert space H = L2(X ,ρ) (where ρ is a measure on (X ,M)).

Consider a
linear functional ` :H→ R (i.e. `(aφ+ bψ) = a`(φ) + b`(ψ) for all φ,ψ ∈H and a,b ∈ R). We
say that ` is bounded if there existM> 0 such that

|`(φ)| ≤M‖φ‖H.

Riesz representation theorem

Let ` be a continuous (bounded) linear functional on a Hilbert space H. Then, there exists a
unique g ∈H such that

`(φ) = (φ,g) for all φ ∈H.

In our case of H = L2(X ,ρ) we have (φ,g) =
∫

X
φgdρ and, for example (χE ,g) =

∫
E

gdρ for all
E ∈M, which "ideologically" looks very much like what we want for νa in Radon-Nikodym
Theorem. Clearly, all of this just an idea and the proof will be quite more tricky!
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Radon-Nikodym Theorem - Proof

Let us start with the case when both µ and ν are positive, finite measures.

Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ):

`(φ) =

∫
X

φ(x)dν(x).

It is easy to see that ` is a linear functional. But we claim that ` is a bounded linear functional
on L2(X ,ρ). Indeed

|`(φ)| =

∣∣∣∣∫
X

φ(x)dν(x)

∣∣∣∣≤ ∫
X

|φ(x)|dν(x)

≤

∫
X

|φ(x)|dν(x) +

∫
X

|φ(x)|dµ(x) =

∫
X

|φ(x)|dρ(x)

≤

(∫
X

|φ(x)|2dρ(x)

)1/2(∫
X

12dρ(x)

)1/2

≤ (ρ(X))1/2
(∫

X

|φ(x)|2dρ(x)

)1/2

So using that ρ is a finite measure we get that |`(φ)| ≤M‖φ‖H for all φ ∈H.
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Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof
Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
X

φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ).

Consider E ∈M such that ρ(E) > 0, use above equality with φ(x) = χE (x):

ν(E) =

∫
E

g(x)dρ(x) and thus ρ(E)≥

∫
E

g(x)dρ(x)

or

0≤
1

ρ(E)

∫
E

g(x)dρ(x)≤ 1 for all E ∈M

thus g(x) ∈ [0,1] a.e. x (indeed, to show that g(x)≤ 1, a.e., we may assume towards a
contradiction that there is a set E with g(x) > 1 for all x ∈ E and ρ(E) > 0 we would get∫

E

g(x)dρ(x) >

∫
E

1dρ(x) = ρ(E).

which would be a contradiction. The same way we can show that g(x)≥ 0 almost everywhere)

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof
Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
X

φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ).

Consider E ∈M such that ρ(E) > 0, use above equality with φ(x) = χE (x):

ν(E) =

∫
E

g(x)dρ(x) and thus ρ(E)≥

∫
E

g(x)dρ(x)

or

0≤
1

ρ(E)

∫
E

g(x)dρ(x)≤ 1 for all E ∈M

thus g(x) ∈ [0,1] a.e. x (indeed, to show that g(x)≤ 1, a.e., we may assume towards a
contradiction that there is a set E with g(x) > 1 for all x ∈ E and ρ(E) > 0 we would get∫

E

g(x)dρ(x) >

∫
E

1dρ(x) = ρ(E).

which would be a contradiction. The same way we can show that g(x)≥ 0 almost everywhere)

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof
Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
X

φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ).

Consider E ∈M such that ρ(E) > 0, use above equality with φ(x) = χE (x):

ν(E) =

∫
E

g(x)dρ(x) and thus ρ(E)≥

∫
E

g(x)dρ(x)

or

0≤
1

ρ(E)

∫
E

g(x)dρ(x)≤ 1 for all E ∈M

thus g(x) ∈ [0,1] a.e. x (indeed, to show that g(x)≤ 1, a.e., we may assume towards a
contradiction that there is a set E with g(x) > 1 for all x ∈ E and ρ(E) > 0 we would get∫

E

g(x)dρ(x) >

∫
E

1dρ(x) = ρ(E).

which would be a contradiction. The same way we can show that g(x)≥ 0 almost everywhere)

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof
Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
X

φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ).

Consider E ∈M such that ρ(E) > 0, use above equality with φ(x) = χE (x):

ν(E) =

∫
E

g(x)dρ(x) and thus ρ(E)≥

∫
E

g(x)dρ(x)

or

0≤
1

ρ(E)

∫
E

g(x)dρ(x)≤ 1 for all E ∈M

thus g(x) ∈ [0,1] a.e. x

(indeed, to show that g(x)≤ 1, a.e., we may assume towards a
contradiction that there is a set E with g(x) > 1 for all x ∈ E and ρ(E) > 0 we would get∫

E

g(x)dρ(x) >

∫
E

1dρ(x) = ρ(E).

which would be a contradiction. The same way we can show that g(x)≥ 0 almost everywhere)

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof
Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
X

φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ).

Consider E ∈M such that ρ(E) > 0, use above equality with φ(x) = χE (x):

ν(E) =

∫
E

g(x)dρ(x) and thus ρ(E)≥

∫
E

g(x)dρ(x)

or

0≤
1

ρ(E)

∫
E

g(x)dρ(x)≤ 1 for all E ∈M

thus g(x) ∈ [0,1] a.e. x (indeed, to show that g(x)≤ 1, a.e., we may assume towards a
contradiction that there is a set E with g(x) > 1 for all x ∈ E and ρ(E) > 0 we would get∫

E

g(x)dρ(x) >

∫
E

1dρ(x) = ρ(E).

which would be a contradiction.

The same way we can show that g(x)≥ 0 almost everywhere)

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof
Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
X

φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ).

Consider E ∈M such that ρ(E) > 0, use above equality with φ(x) = χE (x):

ν(E) =

∫
E

g(x)dρ(x) and thus ρ(E)≥

∫
E

g(x)dρ(x)

or

0≤
1

ρ(E)

∫
E

g(x)dρ(x)≤ 1 for all E ∈M

thus g(x) ∈ [0,1] a.e. x (indeed, to show that g(x)≤ 1, a.e., we may assume towards a
contradiction that there is a set E with g(x) > 1 for all x ∈ E and ρ(E) > 0 we would get∫

E

g(x)dρ(x) >

∫
E

1dρ(x) = ρ(E).

which would be a contradiction. The same way we can show that g(x)≥ 0 almost everywhere)
Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Radon-Nikodym Theorem - Proof

Let us start with the case when both µ and ν are positive, finite measures. Consider ρ = µ+ν.
Clearly, ρ is a measure (Check it! it should be not hard, indeed the sum of two measures is a
measure). Define the following transformation on L2(X ,ρ).

`(φ) =

∫
X

φ(x)dν(x).

We also proved that ` is a bounded linear functional on L2(X ,ρ). Thus we can use Riesz
representation theorem to claim that there exists g ∈ L2(X ,ρ) such that∫

X

φ(x)dν(x) =

∫
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φ(x)g(x)dρ(x) for all φ ∈ L2(X ,ρ),

with g(x) ∈ [0,1] for ρ almost all x ∈ X .

Using that ρ = ν+µ we rewrite above as∫
X

φ(x)dν =

∫
X

φ(x)g(x)dν+

∫
X

φ(x)g(x)dµ. for all φ ∈ L2(X ,ρ),∫
X

φ(x)(1− g)dν =

∫
X

φ(x)g(x)dµ. for all φ ∈ L2(X ,ρ).
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Radon-Nikodym Theorem - Proof
So we proved that there exist integrable g with g(x) ∈ [0,1] (for a.e. x):∫

X

φ(x)(1− g)dν =

∫
X

φ(x)g(x)dµ for all φ ∈ L2(X ,ν+µ).

Consider two disjoint sets
A = {x ∈ X : g(x) ∈ [0,1)}. and B = {x ∈ X : g(x) = 1}

define two measures onM:
νa(E) = ν(A∩E) and νs (E) = ν(B∩E).

Clearly ν = νa +νs and we left to show that the above decomposition satisfy properties we were
looking for. Note that

µ(B) =

∫
X

χBdµ =

∫
X

χB1dµ =

∫
X

χBgdµ =

∫
X

χB(1− g)dν(x) = 0,

thus µ⊥ νs . Now we will plug φ = χE (1+ g + g2 + ..+ gn) into the identity on the top and use
the formula

(1− g)(1+ g + g2 + ..+ gn) = 1− gn+1

to get ∫
E

1− gn+1dν =

∫
E

g(1+ g + g2 + ..+ gn)dµ.

Let’s look at the left hand side of above equality! 1− gn+1(x) is identically zero for x ∈ B. Also
1− gn+1(x)→ 1 for x ∈ A (indeed 0≤ g(x) < 1) thus by dominated convergence theorem∫

E

1− gn+1dν→

∫
E∩A

dν = νa(E).
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What about right hand side?

We know that g(x) < 1, µ-almost everywhere (indeed we proved
that µ(B) = 0), thus

g(1+ g(x) + g2(x) + ..+ gn(x))→
g(x)

1− g(x)
for µ almost all x ∈ X .

Let f = g/(1− g) we note that f ∈ L1(X ,µ). Indeed∫
X

g(1+ g + g2 + ..+ gn)dµ =

∫
E

1− gn+1dν ≤

∫
X

dν = ν(X) <∞.

and thus (taking the limit)
∫

fdµ <∞. Now we can define

νa(E) =

∫
E

fdµ.

So the proof is finished for the case when ν and µ are finite measures.
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Radon-Nikodym Theorem - Proof

If µ and ν are σ-finite measures we may assume that there is the same partition Ej ∈M, X = ∪Ej

µ(Ej ) <∞ and ν(Ej ) <∞.

Indeed if we have partition Eµj for µ and Eνi for ν we may consider a "joint" partition by
Ei,j = Eµj ∩Eνi .
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Radon-Nikodym Theorem - Proof

If µ and ν are σ-finite measures we may assume that there is the same partition Ej ∈M, X = ∪Ej

µ(Ej ) <∞ and ν(Ej ) <∞.

Moreover, making further sub-partition we may assume that Ej are disjoint. So now we may
define a finite measures onM by

µj (E) = µ(E ∩Ej ) and νj (E) = ν(E ∩Ej ).

Note that µ =
∑

µj and ν =
∑

νj . We can apply our results for finite measures to above
measures and get νj = νj,a +νj,s where νj,s ⊥ µj and νj,a = fj dµj . Then it is sufficient to set

f =
∑

fj , νs =
∑

νj,s and νa =
∑

νj,a,

to finish the proof for the case of two σ-finite measures.
If ν is a signed measure, decompose it to positive and negative variation (i.e. ν = ν+−ν−) and
apply the above argument to ν+ and ν−.
Finally, we need to prove the uniqueness part. Assume

ν = νa +νs = ν
′
a +ν′s

where νa � µ and ν′a � µ; νs ⊥ µ and ν′s ⊥ µ. Then

νa−ν′a = ν
′
s −νs ,

but (νa−ν′a)� µ and (ν′s −νs )⊥ µ, THUS BOTH (νa−ν′a) and (ν′s −νs ) are zero!!!

�
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