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Measure preserving transformations

We will play in o-finite measure space (X, M, ). One of our heroes will be

Measure-preserving transformation:

A mapping
7: X — X such that (7 'E) = p(E) for all E € M,

here 7~1(E) is a pre-image of E, i.e. 771(E) = {x € X : 7(x) € E}.

Also if T is measure-preserving transformation + bijection + T Llis measure-preserving
transformation, then 7 is measure-preserving isomorphism.

Very basic fact

T - measure preserving, f- measurable, then f(7(x)) is measurable and
/ F(r () dn(x) = / F()dp()-
X X

({x € X : F(7(x)) > ) = u({y € X : () > £}). J
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.

(W )

At each (discrete) time n our system at some state x € X (i.e. S(n) = x).
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.
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At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+ 1 our system is at state S(n+1) = 7(S(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.
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At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+ 1 our system is at state S(n+1) = 7(S(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

7'07-0~~0'r(><):7-k(x).
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.
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At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+ 1 our system is at state S(n+1) = 7(S(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

7'07-0~~0'r(><):7-k(x).

Fo example, if we consider a system in the above figure we would get 7(a) = b,
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.
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At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+ 1 our system is at state S(n+1) = 7(S(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

7'07-0~~0'r(><):7-k(x).

Fo example, if we consider a system in the above figure we would get 7(a) = b,
2(a)=To7(a)=T(b) =c,
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.
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At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+ 1 our system is at state S(n+1) = 7(S(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

7'07-0~~0'r(><):7-k(x).
Fo example, if we consider a system in the above figure we would get 7(a) = b,
72(a)=7o7(a)=71(b)=c, T3(a)=ToToT(a)=e,
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.
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At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+ 1 our system is at state S(n+1) = 7(S(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

7'07-0~~0'r(><):7-k(x).
Fo example, if we consider a system in the above figure we would get 7(a) = b,
72(a)=7o7(a)=7(b)=c, T2(a)=ToT0o7(a)=e 7Ti(a)=ToTOTOT(a)=d, ...
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.

At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+1 our system is at state S(n+1) = 7(5(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

TOTO"'OT(X):Tk(X).

Thus the mapping 7 describe the evolution of the system after k units of time.
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.

At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+1 our system is at state S(n+1) = 7(5(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

TOTO"'OT(X):Tk(X).

Thus the mapping 7 describe the evolution of the system after k units of time. It is interesting
to understand the limiting behavior of the system as well as the average behavior of the system
and different parameters associated to it.
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Transformations and time

We can imagine our space X to be a set of "states" of some system S.

At each (discrete) time n our system at some state x € X (i.e. S(n) = x). What we know that at
time n+1 our system is at state S(n+1) = 7(5(n)), where the mapping 7 : X — X presents a
transformation of our system after a unit of time, i.e. the next step of the system (S(n+1))
depends only on "position" of the system (S(n)) and independent of the moment of time when the
step is taken.

So if we started at point x € S then after k steps we will be at point

TOTO"'OT(X):Tk(X).

Thus the mapping 7 describe the evolution of the system after k units of time. It is interesting
to understand the limiting behavior of the system as well as the average behavior of the system
and different parameters associated to it. In particular.

AN = =S k),
k=0

as well as the limits of A,(f)(x) as n — oo
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation.
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-

We note that T is isometry, indeed

IITfH2=/fQ(T(X))du(X)=/f2(X)du(X)=llf||2-
X X
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-

We note that T is isometry, indeed

IITfH2=/fQ(T(X))du(X)=/f2(X)du(X)=llf||2-
X X

Let S C H be a subspace of invariant vectors of T:

S={feH:TF=F}

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x)).
We note that T is isometry, indeed

IITfH2=/fQ(T(X))du(X)=/f2(X)du(X)=llf||2-
X X

Let S C H be a subspace of invariant vectors of T:
S={feH:Tf=1f}

Note that S is a closed subspace.
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-

We note that T is isometry, indeed

IITfH2=/fQ(T(X))du(X)=/f2(X)du(X)=llf||2-
X X

Let S C H be a subspace of invariant vectors of T:
S={feH:Tf=1f}

Note that S is a closed subspace. Indeed, assume {f, o1 CSand limf, =f,

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-

We note that T is isometry, indeed

ITF)1% = / F2((x))du(x) = / £2(x)du(x) = || fII*.
X X
Let S C H be a subspace of invariant vectors of T:
S={feH:Tf=1f}

Note that S is a closed subspace. Indeed, assume {f, o1 CSand limf, =f, then
our goal to show that f € S. First compute

ITF—fall = I TF = Thall = | T(F = fa) | = | = full.
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-

We note that T is isometry, indeed

IITfH2=/fQ(T(X))du(X)=/f2(X)du(X)=llf||2-
X X

Let S C H be a subspace of invariant vectors of T:
S={feH:Tf=1f}

Note that S is a closed subspace. Indeed, assume {f, o1 CSand limf, =f, then
our goal to show that f € S. First compute

ITF—fall = I TF = Thall = | T(F = fa) | = | = full.
Next, taking the limit in the above equality we get that

lim|| Tf — fa]| = lim||f — f,|| =0
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Hilbert space approach

Consider a Hilbert space H = L>(X, M, ). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f((x))-

We note that T is isometry, indeed

IITfH2=/fQ(T(X))du(X)=/f2(X)du(X)=llf||2-
X X

Let S C H be a subspace of invariant vectors of T:
S={feH:Tf=1f}

Note that S is a closed subspace. Indeed, assume {f, o1 CSand limf, =f, then
our goal to show that f € S. First compute

ITF—fall = I TF = Thall = | T(F = fa) | = | = full.
Next, taking the limit in the above equality we get that
lim||Tf — fal| = lim||f — fa]| =0

and thus limf, = Tf and Tf =f and finally f € S.
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Hilbert space approach

Consider a Hilber space H = L?(X, M, pu). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(f)(x) = f(7(x))-

We note that T is isometry, indeed

HTfH2:/fz(T(X))du(X):/fz(X)du(X):Hfllz-

X X

Let S C H be a subspace of invariant vectors of T:
S={feH :TF=Ff}

Note that S is a closed subspace. Let P denote the orthogonal projection on S.
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Hilbert space approach

Consider a Hilber space H = L?(X, M, pu). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(£)(x) = f(7(x))-
We note that T is isometry, indeed

HTfH2:/fz(T(X))du(X):/fz(X)du(X):Hfllz-

X X

Let S C H be a subspace of invariant vectors of T:
S={feH :TF=Ff}

Note that S is a closed subspace. Let P denote the orthogonal projection on S.

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space H, and let P be the orthogonal
projection on the subspace of the invariant vectors of T. Let

1
A, = ;(/+ Tk 2 b osodl P10,

Then for each f € H, An(f) converges to P(f) in norm of H as n — co.
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Hilbert space approach

Consider a Hilber space H = L?(X, M, pu). Let 7: X — X be a measure preserving
transformation. Define a linear operator

T(£)(x) = f(7(x))-
We note that T is isometry, indeed

HTfH2:/fz(T(X))du(X):/fz(X)du(X):Hfllz-

X X

Let S C H be a subspace of invariant vectors of T:
S={feH :TF=Ff}

Note that S is a closed subspace. Let P denote the orthogonal projection on S.

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space H, and let P be the orthogonal
projection on the subspace of the invariant vectors of T. Let

1
A, = ;(/+ Tk 2 b osodl P10,

Then for each f € H, An(f) converges to P(f) in norm of H as n — co.

We will first need to prove a nice lemma about a structure of subspace S.

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:TFf="r}.
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:TFf="r}.
Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H).
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:TFf="r}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H).
subspace of invariant vectors of T*. Then S, is also closed:

Let S, be a
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:

S={feH:Tf="F}.
Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the

previous slides for S, with some help of properties of T™, such as | T*|| = || T||:
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the
previous slides for S, with some help of properties of T™, such as | T*|| = || T||: Indeed assume
{fa}21 C S« and limf, = f, then
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the
previous slides for S, with some help of properties of T™, such as | T*|| = || T||: Indeed assume
{fa}21 C S« and limf, = f, then

1T =Kl = IT°F =T R = 1T"(F = )l < NTTNIF =Rl = I T = fall = [If =,

taking the limit we get that lim || T*f — f,|| and thus limf, = T*f and T*f = f and finally
feS..
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the
previous slides for S, with some help of properties of T™, such as | T*|| = || T||: Indeed assume
{fa}21 C S« and limf, = f, then

1T =Kl = IT°F =T R = 1T"(F = )l < NTTNIF =Rl = I T = fall = [If =,

taking the limit we get that lim || T*f — f,|| and thus limf, = T*f and T*f = f and finally
feSs.

Remark: A good question here would be, why not to take the "shortcut", why not to say that if T
is isometry then T* is isometry and properties of S, follows from properties of S?

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.
Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the
previous slides for S, with some help of properties of T™, such as | T*|| = || T||: Indeed assume
{fa}21 C S« and limf, = f, then

(T =l = 1T = Tl = [T (F =) < AT =Gl = TN = fll = I1f = £,
taking the limit we get that lim || T*f — f,|| and thus limf, = T*f and T*f = f and finally
f €S..
Remark: A good question here would be, why not to take the "shortcut", why not to say that if T

is isometry then T* is isometry and properties of S, follows from properties of S? The problem is
that T isometry would not guarantee T* isometry.
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the
previous slides for S, with some help of properties of T™, such as | T*|| = || T||: Indeed assume
{fa}21 C S« and limf, = f, then

1T =Kl = IT°F =T R = 1T"(F = )l < NTTNIF =Rl = I T = fall = [If =,

taking the limit we get that lim || T*f — f,|| and thus limf, = T*f and T*f = f and finally

feSs.

Remark: A good question here would be, why not to take the "shortcut", why not to say that if T

is isometry then T* is isometry and properties of S, follows from properties of S? The problem is

that T isometry would not guarantee T* isometry. Indeed take T : £, — £5:
T(a)=(0,a1,a,...).

Cleary T is an isometry
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Hilbert space approach

Let T be linear isometry of a Hilbert space H. Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) forall f,g € H). Let S, bea
subspace of invariant vectors of T*. Then S, is also closed: the similar reasoning as on the
previous slides for S, with some help of properties of T™, such as | T*|| = || T||: Indeed assume
{fa}21 C S« and limf, = f, then

1T =Kl = IT°F =T R = 1T"(F = )l < NTTNIF =Rl = I T = fall = [If =,

taking the limit we get that lim || T*f — f,|| and thus limf, = T*f and T*f = f and finally
feSs.

Remark: A good question here would be, why not to take the "shortcut", why not to say that if T
is isometry then T* is isometry and properties of S, follows from properties of S? The problem is
that T isometry would not guarantee T* isometry. Indeed take T : £, — £5:

T(a)=(0,a1,a2,...).

Cleary T is an isometry and
(Ta, b) = E a;_lb; = E a,-b;H = (a, T*b),
i=2 i=1

T*(6) = (Ba, b, by, ...
is not an isometry (indeed, || T(b)||* = ||b||> — b3).

where
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:

S={feH:Tf="r}.
Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
IT(F+e)I? =1If +e&ll)
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+&)II> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.
Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
\|T(f-§—g)|\2 = |If+g|?) and thus (f, T*Tg) = (f,g) and T*T =1. Now assume f € S, thus
TfF=fand T*TF=T*f
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S..

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="r}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S;={h€H:h=g—Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open

I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*, ie. T"f=f
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="r}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S;={h€H:h=g—Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of5_1 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get

(F,f) = (f, T*f) or (TF,f) = ||f||?,
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give

us
(TEE) = IITENIA
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN

and we have an equality in Cauchy-Schwartz inequality (T, f) < || Tf||||f]|,
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lor Tf=fand f €S.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lorTf=fand fES. .
Now we will prove that S = (51)* = {f € H : (f,h) =0, for all h € 5;}.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lorTf=fand fES. . .
Now we will prove that S = (5;)~ = {f € H: (f,h) =0, for all h € S;}. Note that f € (1) iff
(f,g— Tg)=0forall g€ H,
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lorTf=fand fES. . .
Now we will prove that S = (5;)~ = {f € H: (f,h) =0, for all h € S;}. Note that f € (1) iff
(f,g— Tg) =0 for all g € H, but this is equivalent to (f,g) = (f, Tg) and (f,g) = (T"f,g)
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lorTf=fand fES. . .
Now we will prove that S = (5;)~ = {f € H: (f,h) =0, for all h € S;}. Note that f € (1) iff
(f,g— Tg) =0 for all g € H, but this is equivalent to (f,g) = (f, Tg) and (f,g) = (T*f,g) and
thus (f — T*f,g) =0 for all g € H.
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lorTf=fand fES. . .
Now we will prove that S = (5;)~ = {f € H: (f,h) =0, for all h € S;}. Note that f € (1) iff
(f,g— Tg) =0 for all g € H, but this is equivalent to (f,g) = (f, Tg) and (f,g) = (T*f,g) and
thus (f—T*f,g)=0forall g€ H. Hence f—T*f=0and f=T"fand f€S, =S5

O
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Hilbert space approach

Let T be linear isometry of a Hilbert space . Let S C H be a subspace of invariant vectors of T:
S={feH:Tf="F}.

Consider the adjoint operator T* (reminder: (Tf,g) = (f, T"g) for all f,g € H). Let S, be a
subspace of invariant vectors of T*. Then S, is also closed.

Let S ={heH:h=g— Tg,g € H}. Si is not necessary closed, denote by S; the closure of S;.

S = S.. and the orthogonal complement of 51 is S.

Proof: : First, since T is an isometry, we have that for all f,g € H: (Tf, Tg) = (f,g) (just open
I T(f+g)|I> = |If +gl?) and thus (f, T*Tg) = (f,g) and T*T = 1. Now assume f € S, thus
Tf=fand T*Tf=T*f from here we get f = T*f and S C S.. To prove a converse inclusion,
assume f € S*,ie. T*f=f or T*f —f =0 and thus (f, T*f —f) =0. From here we get
(f,f) = (f, T*f) or (Tf,f) = ||f||>, but we also know that || Tf|| = ||f||, those two identities give
us

(TEE) = ITENNN
and we have an equality in Cauchy-Schwartz inequality (Tf,f) < || Tf||||f]|, which is only
possible if Tf = cf for some constant c. Substituting Tf = cf into (Tf,f) = || Tf||||f|| we get
c=lorTf=fand fES. . .
Now we will prove that S = (5;)~ = {f € H: (f,h) =0, for all h € S;}. Note that f € (1) iff
(f,g— Tg) =0 for all g € H, but this is equivalent to (f,g) = (f, Tg) and (f,g) = (T*f,g) and
thus (f—T*f,g)=0forall g€ H. Hence f—T*f=0and f=T"fand f€S, =S5

O

Now with the above Lemma in our tool box we are ready to prove Mean ergodic theorem.
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fies.
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(F) = An(fo) + An(f) + An(f — ).
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(f) = An(fo) +An(f{) +An(fi — f1l)
To compute A,(f), we note that by definition of P we get P(f) = fo:
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(f) = An(fo) +An(f{) +An(fi — f1l)
To compute A,(fy), we note that by definition of P we get P(f) =fy:

W(fo) = = ZT (f) = Zﬂ_fo P(f),

where we used that fy € S and thus ng =f.
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(f) = An(fo) +An(f{) +An(fi — f1l)
To compute A,(fy), we note that by definition of P we get P(f) =fy:

W(fo) = = ZT (f) = Zﬂ_fo P(f),

where we used that fy € S and thus ng = fy. Thus we need to show that A,,(fl/) and A, (f — fl’)
converge to 0 as n — co.
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Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(f) = An(fo) +An(f{) +An(fi — f1l)
To compute A,(fy), we note that by definition of P we get P(f) =fy:

W(fo) = = ZT (f) = Zﬂ_fo P(f),

where we used that fy € S and thus ng =fy. Thus we need to show that A,(f) and A,(f — )
converge to 0 as n — co. To estimate A,(f) we use f; € Sy, thus f{ = g — Tg for some g € 7-{
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Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let
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A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(f) = An(fo) +An(f{) +An(fi — f1l)
To compute A,(fy), we note that by definition of P we get P(f) =fy:

W(fo) = = ZT (f) = Zﬂ_fo P(f),

where we used that fy € S and thus ng =fy. Thus we need to show that A,(f) and A,(f — )
converge to 0 as n — co. To estimate A,(f) we use f; € Sy, thus f{ = g — Tg for some g € 7-{

1O 1O 1O 1O 1
An(f{) = " E Tk(fll) = n E Tk(’— T)g = " E Tkg— " g Tkﬂg = ;(g— T"g).
k=0 k=0 k=0 k=0
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #H, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+-~+T” .

Then for each f € H, A,(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H =5 (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f/ € S;: || — /|| < e:

An(f) = An(fo) +An(f{) +An(fi — f1l)
To compute A,(fy), we note that by definition of P we get P(f) =fy:

W(fo) = = ZT (f) = Zﬂ_fo P(f),

where we used that fy € S and thus ng =fy. Thus we need to show that A,(f) and A,(f — )
converge to 0 as n — co. To estimate A,(f) we use f; € Sy, thus f{ = g — Tg for some g € 7-{

1O 1O 1O 1O 1
An(f{) = " E Tk(fll) = n E Tk(’— T)g = " E Tkg— " g Tkﬂg = ;(g— T"g).
k=0 k=0 k=0 k=0

Using that T is an isometry we get

1A = 21— T"9)ll < ~(llgll + I T"g)I) =

2|gll
n n

thus ||A,(f/)|| = 0 as n — co.
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+~~+T" .

Then for each f € H, An(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H = 51 & (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f; € S;: ||fi — /|| < e

An(F) = An(fo) + An(f]) + An(fi — £ ).

Finally, for A,(fy — f;') we again use that T* is an isometry:
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Suppose T is an isometry of the Hilbert space #, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+~~+T" .

Then for each f € H, An(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H = 51 & (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f; € S;: ||fi — /|| < e

An(F) = An(fo) + An(f]) + An(fi — £ ).

Finally, for A,(fy — f;') we again use that T* is an isometry:

n—1 n—1 n—1
1 1 1
M=) = =1 THE=RI< > ITHE=FI=- Y Ia-Fl<e.
k=0 k=0 k=0
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+~~+T" .

Then for each f € H, An(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H = 51 & (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f; € S;: ||fi — /|| < e

An(F) = An(fo) + An(f]) + An(fi — £ ).

Finally, for A,(fy — f;') we again use that T* is an isometry:

n—1 n—1 n—1
1 1 1
M=) = =1 THE=RI< > ITHE=FI=- Y Ia-Fl<e.
k=0 k=0 k=0

Putting those three computations together we get

limsup ||A,(f) — P(f)|| < e

n— oo

the above it true for all e > 0
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Proof: Consider f € H. Using that H = 51 & (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f; € S;: ||fi — /|| < e

An(F) = An(fo) + An(f]) + An(fi — £ ).

Finally, for A,(fy — f;') we again use that T* is an isometry:

n—1 n—1 n—1
1 1 1
M=) = =1 THE=RI< > ITHE=FI=- Y Ia-Fl<e.
k=0 k=0 k=0

Putting those three computations together we get
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Hilbert space approach

Mean Ergodic Theorem

Suppose T is an isometry of the Hilbert space #, and let P be the orthogonal projection on the
subspace of the invariant vectors of T. Let

1 _
A,,:;(I+T+T2+~~+T" .

Then for each f € H, An(f) converges to P(f) in norm of H as n — co.

Proof: Consider f € H. Using that H = 51 & (571)L =5, @S, write f = fy+ f; where fy € S and
fi € Si. To work with vectors in S; (instead of S;) fix € > 0 and consider f; € S;: ||fi — /|| < e

An(F) = An(fo) + An(f]) + An(fi — £ ).

Finally, for A,(fy — f;') we again use that T* is an isometry:

n—1 n—1 n—1
1 1 1
M=) = =1 THE=RI< > ITHE=FI=- Y Ia-Fl<e.
k=0 k=0 k=0

Putting those three computations together we get

limsup ||A,(f) — P(f)|| < e

n— oo

the above it true for all e > 0 and thus
lim ||An(f) — P(f)|| =0.
n— oo

O
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