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Ergodic Tranformation
We will play in σ-finite measure space (X ,M,µ). One of our heroes will be

Measure-preserving transformation:

A mapping
τ : X → X such that µ(τ−1E) = µ(E) for all E ∈M,

here τ−1(E) is a pre-image of E , i.e. τ−1(E) = {x ∈ X : τ(x) ∈ E}.

Ergodic transformation:

A mapping τ : X → X such that is measure preserving and if µ(E4(τ−1(E))) = 0, for some
E ∈M then µ(E) or µ(E c ) must be zero!

i.e. τ should "move" some positive measure!

Ergodic Not Ergodic Not Ergodic

Can ergodic transformation have fixed points? Sets? YES! (for example rotation in Rd or
reflection about a plane in Rd ) but the the measure of a "fixed set" must be zero OR it should be

"about all " X !
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A mapping τ : X → X such that is measure preserving and if µ(E4(τ−1(E))) = 0, for some
E ∈M then µ(E) or µ(E c ) must be zero!

i.e. τ should "move" some positive measure!

We say that a measurable function f is τ invariant,
if f (x) = f (τ(x)) for almost all x ∈ X . So the equivalent way to say that the measure preserving
transformation τ is ergodic is to say that the only invariant functions are constants.
Indeed, consider an ergodic map τ and function f which is invariant under action of τ then from
invariance of we have that Et = {x ∈ X : f (x) > t} up to a measure zero coincide with
{x ∈ X : f (τ(x)) > t}, but

{x ∈ X : f (τ(x)) > t} = {τ−1(y) ∈ X : f (y) > t} = τ
−1(Et ).

Thus, µ(Et4(τ−1(Et ))) = 0 and from the ergodicity of τ we have measure of Et or E c
t must be

zero for every t. Now, let tmax to be infimum of t for which Et has measure zero and tmin
supremum of t for which E c

t , we and get that tmin = tmax and the function f is a constant almost
everywhere!
Finally, assume all invariant functions are constants, take E such that µ(E4(τ−1(E))) = 0 and
consider χE (x), it is an invariant function. Thus it is a constant. But if it is a constant (up to a
measure zero), then µ(E) or µ(E c ) is zero!
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Pointwise convergence + Ergodicity.

Consider probability space (X ,M,µ) (i.e. µ(X) = 1).

Pointwise Ergodic Theorem

Consider f ∈ L1(X ,µ). Then for almost evert x ∈ X we have that Am(f )(x) = 1
m

∑m−1
k=0

f (τ k (x))
converge to a limit as m→∞

Remark: If f ∈ L2(X ,µ) then the limit must be P(f ), where P is the orthogonal projection on
the subspace of the invariant vectors of operator Tf = f (τ(x)). Now assume τ is Ergodic. Then
the only invariant vectors of T are constants!! So we can simply compute the orthogonal
projection (the basis vector of the subspace of invariant vectors is simply f (x) = 1):

P(f ) = (1, f )× 1 =

∫
X

fdµ(x).

Indeed, if we denote by S the subspace of invariant vectors of T , then S consists of constants
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Pointwise convergence + Ergodicity.
Consider probability space (X ,M,µ) (i.e. µ(X) = 1).

Pointwise Ergodic Theorem

Consider f ∈ L1(X ,µ). Then for almost evert x ∈ X we have that Am(f )(x) = 1
m

∑m−1
k=0

f (τ k (x))
converge to a limit as m→∞

Suppose that τ is an ergodic measure-preserving transformation. For any f ∈ L1(X ,µ) we have

1
m

m−1∑
k=0

f (τ k (x))→

∫
X

fdµ for almost all x ∈ X , as m→∞,

i.e. average in time (in k) converges to average in space (i.e. X and probability measure µ)!

Proof: The L2 case is done.

Let P̃(f ) = limAm(f )(x). Now, using that L2(X ,µ) is dense in
L1(X ,µ) (µ is probability measure!) for any ε > 0 we can write any f ∈ L1(X ,µ) as f = fε+ h
where fε ∈ L2(X ,µ) and ‖h‖L1(X,µ) < ε. So P̃(f ) = P̃(fε) + P̃(h) = P(fε) + P̃(h). Also (as we
proved, before, but here a friendly reminder):

‖P̃(h)‖L1 =

∫
X

∣∣∣∣∣ lim
m→∞

1
m

m−1∑
k=0

h(τ k (x))

∣∣∣∣∣dµ≤ lim
m→∞

1
m

m−1∑
k=0

∫
X

|h(τ k (x))|dµ = ‖h‖L1 < ε.

Thus

|P̃(f )−

∫
X

fdµ| = |P(fε)−

∫
X

fdµ+ P̃(h)| = |

∫
X

(fe − f )dµ+ P̃(h)| ≤ |

∫
X

hdµ|+ |P̃(h)|< 2ε.

�
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Examples: Rotations of the circle.

T = R/Z, i.e. we identify all real numbers mod 1 and create a unit circle. µ is a a measure
induced from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]. Fix α ∈ R
and let τ(x) = x +α mod 1 (i.e. it just a rotation of our circle by 2πα).

But is it ergodic?

The mapping τ is ergodic iff α is irrational.

First we note that by "equidistribution theorem" for all irrational α:

lim
m→∞

1
m

m−1∑
k=0

f (x + kα) =

∫ 1

0

f (x)dx for all x and continuous and [0,1] periodic f .

Sketch of the proof: First lets check the theorem for f (x) = e2πinx , n ∈ Z. The case n = 0 is
trivial, indeed, both sides of proposed equality are equal to 1. Let n 6= 0, then

∫ 1

0
e2πinx dx = 0

1
m

m−1∑
k=0

e2πin(x+kα) = e2πinx 1
m

m−1∑
k=0

e2πinkα = e2πinx 1
m

1− e2πinmα

1− e2πinα → 0,

here we use that α is irrational and thus e2πinα 6= 1. Thus the theorem is true for any
trigonometric polynomial (indeed the statement of theorem is "linear" in f ). Now we can apply the
Theorem that any continuous and periodic function can be uniformly approximated by
trigonometric polynomials.
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here we use that α is irrational and thus e2πinα 6= 1. Thus the theorem is true for any
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T = R/Z, i.e. we identify all real numbers mod 1 and create a unit circle. µ is a a measure
induced from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]. Fix α ∈ R
and let τ(x) = x +α mod 1 (i.e. it just a rotation of our circle by 2πα). But is it ergodic?

The mapping τ is ergodic iff α is irrational.

Assume α is irrational, then we note that by "equidistribution theorem":

lim
m→∞

1
m

m−1∑
k=0

f (x + kα) =

∫ 1

0

f (x)dx for all x and continuous and [0,1] periodic f .

Assume P is a projection on τ invariant L2 functions. τ is a measure preserving transformation,
so by mean ergodic theorem

Am(f )(x) =
1
m

m−1∑
k=0

f (τ k (x)) =
1
m

m−1∑
k=0

f (x + kα)

converges in L2 norm to P(f ). If we restrict functions to continuous, periodic case, we also get
from "equidistribution theorem" converges to a constant function (i.e. to

∫ 1

0
fdx). Thus P(f )

must be a constant function! But the subspace of continuous functions is dense in L2 thus P(f )
must be a constant for any L2[0,1] function! So the subspace of invariant functions consists of
constants only and thus τ is ergodic.
Now assume τ is ergodic. Suppose α = p/q is rational. Take E0 ∈ (0,1/q) such that
0< m(E0) < 1/q (for example E0 = (0,1/(2q))). Let E be a disjoint union of ∪q−1

r=0 (E0 + r/q).
Then τ(E) = E but m(E) = rm(E0) and thus m(E) > 0 and m(E c ) = 1−m(E) > 0 and τ is not
ergodic.
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Assume α is irrational, then we note that by "equidistribution theorem":

lim
m→∞

1
m

m−1∑
k=0

f (x + kα) =

∫ 1

0

f (x)dx for all x and continuous and [0,1] periodic f .

We note that the "equidistribution theorem" is a very strong property. It gives us the existence of
the limit for all points x .

It turns out to be stronger than ergodicity. It tell us that the measure m
(Lebesgue measure on [0,1]) is uniquely ergodic for the mapping τ , i.e. m is the only measure on
Borel sets of [0,1] for which τ is ergodic. Indeed, consider any other probability measure µ on
Borel sets of X (in this case X = [0,1]) for which τ is ergodic. Then we can repeat the
constructions we just made and get that for continuous functions in L2(X ,µ) (and thus for all
functions in L2(X ,µ) ) satisfy ( from thr consequence of pointwise ergodic theorem):

1
m

m−1∑
k=0

f (τ k (x))→

∫
X

fdµ for almost all x ∈ X , as m→∞,

but then from "equidistribution theorem" we get
∫ 1

0
fdµ =

∫ 1

0
fdm(x) for continuous, periodic

functions, applying the limiting argument we get m and µ agree on open intervals and thus on
Borel σ-algebra.
We note that NOT every ergodic map is uniquely ergodic. We will contract an example on the
next slides.
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functions in L2(X ,µ) ) satisfy ( from thr consequence of pointwise ergodic theorem):

1
m

m−1∑
k=0

f (τ k (x))→

∫
X

fdµ for almost all x ∈ X , as m→∞,

but then from "equidistribution theorem" we get
∫ 1

0
fdµ =

∫ 1

0
fdm(x) for continuous, periodic

functions, applying the limiting argument we get m and µ agree on open intervals and thus on
Borel σ-algebra.
We note that NOT every ergodic map is uniquely ergodic. We will contract an example on the
next slides.
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Examples: The doubling mapping on the circle.

T = R/Z, i.e. we identify all real numbers mod 1 and create a circle. µ is a a measure induced
from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]; τ(x) = 2x mod 1.

We will show that τ not only ergodic, but satisfies a stronger property:

τ is mixing, if τ is measure preserving on (X ,µ) and

µ(τ−n(E)∩F )→ µ(E)µ(F ), as n→∞, for all measurable E ,F .

Note that in probability theory two evens A, B are independent if µ(A∩B) = µ(A)µ(B). Thus
measure preserving transformation τ is mixing if τ−n(E) and F are eventually independent for any
measurable E ,F .
Let us note that there is an equivalent condition to define mixing. As before, let Tf (x) = f (τ(x)),
then τ is mixing iff

(T nf ,g)→ (f ,1)(1,g) as n→∞, for all f ,g ∈ L2(X ,µ).

Note that if τ satisfies the above condition, then we can take f = χE and g = χF for any two
measurable sets E ,F to get

(T nf ,g) = (χE (τn(x)),χF (x)) =

∫
X

χτ−n(E)(x)×χF (x) = µ(τ−n(E)∩F )

and

(f ,1) =

∫
X

χE × 1dµ = µ(E).

We also note that the reverse implication (that mixing implied the condition on operator T ) can
be proved via approximation by simple functions (have fun with Problem 3 in the Homework).
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then τ is mixing iff

(T nf ,g)→ (f ,1)(1,g) as n→∞, for all f ,g ∈ L2(X ,µ).

Now we are ready to prove that mixing implies ergodicity:

a basic fact in analysis tell us that if
an → a then 1

n

∑n−1
k=0

ak → a, thus if τ is mixing we get

(An(f ),g) =
1
n

n−1∑
k=0

(T k f ,g)→ (f ,1)(1,g).

Thus (P(f ),g) = (f ,1)(1,g). Now let’s take any g such that g is orthogonal to subspace of
constants. Then (1,g) = 0 and thus (P(f ),g) = 0, i.e. P(f ) is orthogonal to ALL g which are
orthogonal to constants — so it must be a constant! Thus P is orthogonal projection to constants
and τ is ergodic.
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µ(τ−n(E)∩F )→ µ(E)µ(F ), as n→∞, for all measurable E ,F .

Note that in probability theory two evens A, B are independent if µ(A∩B) = µ(A)µ(B). Thus
measure preserving transformation τ is mixing if τ−n(E) and F are eventually independent for any
measurable E ,F .
Let us note that there is an equivalent condition to define mixing. As before, let Tf (x) = f (τ(x)),
then τ is mixing iff

(T nf ,g)→ (f ,1)(1,g) as n→∞, for all f ,g ∈ L2(X ,µ).

Now we are ready to prove that mixing implies ergodicity: a basic fact in analysis tell us that if
an → a then 1

n

∑n−1
k=0

ak → a, thus if τ is mixing we get

(An(f ),g) =
1
n

n−1∑
k=0

(T k f ,g)→ (f ,1)(1,g).

Thus (P(f ),g) = (f ,1)(1,g). Now let’s take any g such that g is orthogonal to subspace of
constants. Then (1,g) = 0

and thus (P(f ),g) = 0, i.e. P(f ) is orthogonal to ALL g which are
orthogonal to constants — so it must be a constant! Thus P is orthogonal projection to constants
and τ is ergodic.
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measurable E ,F .
Let us note that there is an equivalent condition to define mixing. As before, let Tf (x) = f (τ(x)),
then τ is mixing iff

(T nf ,g)→ (f ,1)(1,g) as n→∞, for all f ,g ∈ L2(X ,µ).

Next, let us use the above definition to show that the doubling map is a mixing.

Consider
f (x) = e2πimx and g(x) = e2πikx , then (f ,1)(1,g) = 1 if m = k = 0 and (f ,1)(1,g) = 0 otherwise.
But

(T nf ,g) =

∫ 1

0

e2πim2nx e−2πikx dx =

∫ 1

0

e2πi(m2n−k)x dx

this integral is 1 if m = k = 0, otherwise, it is 0 if n is large enough. Thus we have shown the
condition for exponential functions and by linearity for all trigonometric polynomials. Thus the
condition follows by approximation for all f ,g ∈ L2.
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Tf (x) = f (τ(x)), then τ is mixing iff

(T nf ,g)→ (f ,1)(1,g) as n→∞, for all f ,g ∈ L2(X ,µ).

Not every ergodic mapping must be a mixing!

For example the rotation τ(x) = x +α (α is
irrational) is not mixing. Take f (x) = g(x) = e2πix . Then (1, f ) = (g,1) = 0, but

(T nf ,g) =

∫ 1

0

e2πi(x+nα)e−2πix dx = e2πinα

∫ 1

0

e2πix e−2πix dx = e2πinα 6→ 0.
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Examples: The doubling mapping on the circle.

T = R/Z, i.e. we identify all real numbers mod 1 and create a circle. µ is a a measure induced
from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]; τ(x) = 2x mod 1.

Finally, we can make a remark about uniquely ergodic transformations,

indeed consider the
measure ν with ν(1) = 1 but ν(E) = 0 for every Borel set E , such that 1 6∈ E . Then ν is
perfectly preserved by τ (indeed τ(1) = 1), but ν is not the Lebesgue measure....

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Examples: The doubling mapping on the circle.

T = R/Z, i.e. we identify all real numbers mod 1 and create a circle. µ is a a measure induced
from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]; τ(x) = 2x mod 1.

Finally, we can make a remark about uniquely ergodic transformations, indeed consider the
measure ν with ν(1) = 1 but ν(E) = 0 for every Borel set E , such that 1 6∈ E .

Then ν is
perfectly preserved by τ (indeed τ(1) = 1), but ν is not the Lebesgue measure....

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Examples: The doubling mapping on the circle.

T = R/Z, i.e. we identify all real numbers mod 1 and create a circle. µ is a a measure induced
from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]; τ(x) = 2x mod 1.

Finally, we can make a remark about uniquely ergodic transformations, indeed consider the
measure ν with ν(1) = 1 but ν(E) = 0 for every Borel set E , such that 1 6∈ E . Then ν is
perfectly preserved by τ (indeed τ(1) = 1),

but ν is not the Lebesgue measure....

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2



Examples: The doubling mapping on the circle.

T = R/Z, i.e. we identify all real numbers mod 1 and create a circle. µ is a a measure induced
from the Lebesgue measure on R, i.e. T = (0,1] and µ is m restricted to (0,1]; τ(x) = 2x mod 1.

Finally, we can make a remark about uniquely ergodic transformations, indeed consider the
measure ν with ν(1) = 1 but ν(E) = 0 for every Borel set E , such that 1 6∈ E . Then ν is
perfectly preserved by τ (indeed τ(1) = 1), but ν is not the Lebesgue measure....

Artem Zvavitch MATH-6/72052 Functions of Real Variables 2


