Functions of Real Variables IT (62052/72052)
Home Work 6, due on Friday, March 10.
Instructor: Prof. Artem Zvavitch.

In this HW, we will talk about Lebesgue measure
Problem 1. Suppose L is a linear transformation of R™. Show that if E is

(Lebesgue) measurable subset of R™, then L(E) is also measurable. You may follow
the following steps:

e Note that if E is compact, so is L(E). Hence if E is F, set (countable
union of closed sets), so is L(E).
e Show that L will satisfy

|L(z) = L(z")| < M|z — 2|
for some M >0 and all x,x' € R". Thus L maps any cube of side length |
into a cube of side length 2/nMl. Now if m(E) = 0, there is a collection
of cubes {Q;} such that E C UQ;, and Y m(Q;) < €. Thus m,(L(E)) <
c'e and hence m(L(E)) = 0. Combine this with the property that E is
measurable if differs from a F, set by a measure zero.

Problem 2. Suppose L is a linear transformation of R™. Show that if E is
(Lebesque) measurable subset of R™, then m(L(E)) = | det Lim(E)

For the next few problems, let ® = (®1(z), P2(z),..., P,(x)) be a bijection of
open set O C R™ onto another open set O’ C R™, such that ® is of the class C!
(i.e. each %, k,i€1,2,...,n exist and continuous on O).

Problem 3. Follow ideas proposes for a solution of Problem 1 to show that for
every measurable E C O we get ®(0) is measurable.

Problem 4. Prove that if Q C O is a cube with diameter € (i.e. the length of the
diagonal of the cube is less then €) and z is a center of Q) then

D(z) = P(2) + P'(2)(x — 2) + o(e)
for all x € Q. Note that, using this property we get
2(Q) = 2(2) + '(2)(Q — 2) + o(e).

Problem 5. Prove that m(®(E)) = [, |det ®'(x)|dx, where @ is the Jacobian of
®. Here you may assume that E is a bounded open set, and write E = UQy, where
Q. are cubes whose interiors are disjoint, and whose diameter is less than €. Let zy,
be the center of each Q. Then use the previous problem to show that there exists
function n such that n(e) — 0 as € — 0 such that

(1—n(varepsilon))®’ (21)(Qr—2r) C ®(Qk)—P(2x) C (1+n(varepsilon))® (2)(Qr—zk).
This would give you

m(®(0)) = Zm(fb(Qk)) = Z | det(®'(zx))|m(Qx) + o(1), ase — 0,
where you, need to use Problem 2 for the second equality.

Problem 6. Prove that
| 1wy = [ r@@)]det s @)idz,
o’ o

for every integrable function f on O'.



