Functions of Real Variables IT (62052/72052)
Home Work 7, due on Tuesday, April 7.
Instructor: Prof. Artem Zvavitch.

Problem 1. The goal of this problem is to prove that the Lebesque measure is
uniquely characterized by its translation invariance. More precesely: Let i be a
Borel measure on R™ that is translation-invariant, and is finite on compact sets,
then p is a multiple of Lebesqgue measure m. Please, prove this fact by following
those steps:
e Suppose Q, denotes a translation of the cube (0,a]?. If we let u@Q, = c,
then p(Q1/n) = en™® for each natural number n.
o As a result p is absolutely continuous with respect to m, and there is a
locally integrable function f such that

u(e) = [ so

e Now you may apply the differentiation theorem (check a theorem in previous
semester that was talking about sets U, which shrinks reqularly to x and the
limit of W fU fy)dy) to show that f(x) = ¢ a.e., and hence p = cm.

Problem 2. Let C([a,b]) be a space of continuous function on the closed, bounded
interval [a,b]. Let u be a Borel measure, such that p([a,b]) < co. Then

b
f o l(f) = / f (@) du()

is a linear functional on C([a,bl]), with £ positive in the sense that £(f) > 0 if f > 0.

Please, prove that, conversely, for any linear functional ¢ on C([a,b]) that is
positive, there is a unique Borel measure p so that ((f) = f: f(x)du(x) for all
f € C(a,bl]).

Hint: The idea is to use the theorem on increasing, continuous from the right
functions we proved in class to study Lebesgue - Stieltjes integral. Let [a,b] = [0, 1].
We take F(u) = ;i_rf(l)f(fa), where fe(z) =1, if v € [0,u], fe(x) =0, ifx € [u+e,1]
and connected by a linear segment for x € [u,u + €]. Then F is increasing and
right-continuous, moreover, £(f) can be written as ff fdu.

Problem 3. Suppose vy,vs and vs are signed measures on (X, M) and u a (posi-
tive) measure on M. Please, prove

o Ifvy L pandvy L pthen (11 +12) L p.
If i < pand vg K p, then vy + vy < L.
v L vy implies |v1] L |1l
v L |v|, for each signed measure v.
Ifv L pand v < u, then v =0.
Is it true that if

o 1] Ky and vy K v3 then v K v3?

e v L pandvs L pthenvy K vo?

o Ifv] <y then vg K1y ?



