A remark on p-summing norms of operators
Artem Zvavitch

ABSTRACT. In this paper we improve a result of W. B. Johnson and G. Schecht-
man by proving that the p-summing norm of any operator with n-dimensional
domain can be well-approximated using C(p)n logn(loglogn)? vectors if 1 <
p < 2, and using C(p)nP/2logn if 2 < p < oco.

1. p-summing norms

Throughout this paper we will follow notations of N. Tomczak-Jaegermann
[To].

DEFINITION 1.1. Let X and Y be Banach spaces. An operator u : X — Y
is called p-summing if there exists a constant ¢ such that for all finite sequences
{z;} in X one has

1/p 1/p

S ugylP | <e sup > (g, )P
j zrex* and ||z*]|<1 \ 5

The infimum of constants c satisfying this inequality is denoted by my(u) and is
called the p-summing norm of u.

Here we would like to discuss the following natural question: Given an operator
u with n-dimensional domain, how many vectors do we need to approximate the
p-summing norm of u?

To present a more precise version of this question we will first give the following
definition:

DEFINITION 1.2. For positive integer n, let 7r1(,n) (u) is the smallest constant c

such that for arbitrary vectors x1,...,x, € X one has
1/p 1/p

n
S lugylP | <e sup D g, )P
j=1 zrex* and ||z||<1 \ j=1

One can see that

lJul] = 7§D (u) < w§P(u) < - < wf (u) < mp(u),
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and
lim 771(7”) (u) = mp(u).

Now we are ready to state a precise version of the question above: Given a operator
u with n-dimensional domain what is the smallest number N such that m,(u) <
i (w).

The first case to study is p = 2. In this case a useful result of N. Tomczak-
Jaegermann (see [To|, page 143) states that if u is 2-summing of rank n than
m(u) < V2" (u).

For p = 1, S. Szarek [Sz] proved that mi(u) < Cﬂcnlog") (u). Finally W.

3
B. Johnson and G. Schechtman proved in [J-S], that m,(u) < CW,E,C" log” n) (u) for
p/
1<p<2and my(u) < Cri" Flog® ™) (w), for 2 < p < 0.

Here we would like to improve a result of W. B. Johnson and G. Schechtman
by reducing the power of logn. We will follow an approach of [J-S] but we will use
different methods for approximation of the expectation (or tails) of a given random
process. Our goal is to prove the following theorem:

THEOREM 1.1. Suppose that dim(X)=n, u : X — Y is a linear operator and
€ >0. Then

mp(u) < (1+e)m™,
as long as
(i): 1<p<2and N > C(p)e*n(logn)(loglog(e2n) + loge™1)?,
(ii): 2 <p < oo and N > C(p)e=>n% log(¢~°n).

Given a linear operator u : X — Y of finite rank, 1 < ¢ < oo and positive

integers n, k define

k k
u(g"’k) (u) = inf {Z utg”)(ui) Tu= Zuz} .
i=1 i=1
(n)

where v4 "’ (u) is the infimum of
AN el 1181
where © = BwA and

A: X - 02

os WL, — L7 diagonal, B:/l; —Y.

The next theorem (theorem 24.2 [To]) shows a connection between ) (u) and
n,k
vy (w):
THEOREM 1.2. Let & + 1 =1 and
ﬁé") (u) = klirxgo V(g"’k)(u),

(n)

then the ideal norms m, ' and ﬁén)

are in trace duality.

The next theorem is a key step in the proof of theorem 1.1. After proving it,
we will finish our proof of theorem 1.1 using an iterational procedure, and theorem
1.2.

THEOREM 1.3. Let n < M be positive integers; u : X — Y a linear operator
with X finite dimensional and dim(Y) < n. Then, (for % + % =1),
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(i): For1 <p<2,

T M ’ %
WMy < (146, <J\Zlogn [logn +10g10gM} ) v ().

(ii): For 2 < p < oo,
1/5
M2 np/Q
Z/(ES )(u) < <1+c(p) (WlogM> ) Véle)(u).

2. Probabilistic lemma

Before proving theorem 1.3 we need to prove the following probabilistic lemma,
which will improve the result of proposition 2.1, [J-S].

The assumptions of this lemma is the “Lewis lemma” (see [L], or [S-Z]): in
[S-Z] it was shown that for any n-dimensional subspace X of L,(£2, 1), 0 < p < o0,
one can find a probability measure 7 on Q and a subspace X of L,(2, ) isometric
to X which admits a basis hq, ..., h, orthonormal in Ls(2, 7), such that

5w
=1

In addition we note that if X is a subspace of EI])” and 7 is the probability measure
on {1,..., M} given by the theorem above then, as observed in [J-S], we can split
each atom of 7 of mass large than 4/M into pieces each of size between 2/M and
4/M. This will enlarge the number of atoms by at most M /2. The new measure A
is such that

n.

Mi} < 4/M for all i,
and it is supported on K = {1,...,K}, where K < 3M/2. Finally, X is still
isometric (we denote this isometry by J) to a subspace JX of L,(K,\), and J X
admits an orthonormal basis Ay, ..., h, whose sum of squares is a constant (clearly,
X is also isometric to JX).

LEMMA 2.1. Let X be an n dimensional subspace of L,(K,\) with 2 < p < oo,
and assume that X has characteristics from the Lewis lemma (plus the remark after
it, concerning the splitting of big atoms). Let B, be the unit ball of X and {sj}jK:l
be independent random variables taking the values +1 or —1 with equal probability,

then
1/5

X » np/? 1
P > Mieslz()P| > " logK <o
s | oMkl > e (M oer) <3
Proof: To prove this lemma we will use a method of proof due to J. Bourgain, J.
Lindenstrauss and V. Milman [B-L-M].

. 1/5
Fix 0 <t < 1/2 to be chosen later (¢ = ¢(p) (”K/2 logK) ).

Let F be a jt-net (with respect of the metric d(z,y) = > M} [|2i|P — | [?])
on the boundary of B, then,

da,y) = S MGH Il = [P < p 30 MGy max{fel, [P~ i — il <
) (p—1)/p ) 1/p
p (3o Mgymax{leil luil}) T (3o A - wl”) < elle = ylly,
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so by a standard volume argument, we get that log |F| < ¢,nlogt™!.
It is easy to see that:

sup ‘Z)\{j}sﬂx NP> ft <P Sup’Z)\{]}fﬂx NP>

z€B)y j=1

Using the Lewis lemma ( see [J-S], Proposition 2.1) we get that ||z||o < n'/?|z||,,
for x € X, so that the l-diameter of B, is less or equal to 2nt/2,
For k=1,2,...,01 = [log(i4y n'/2] + 1 let Ay, C B, be such that

k
B, C U (g+ @BO@).

gEAL
X has characteristics from the Lewis lemma, so applying Proposition 2.1 from [J-S]
[log N(By, Boo,t) < c(p)nlog Kt2 | we get:
log |Ax| < e(p)nlog Kt 2(1 + t)*zlc

For every € F and 1 < k < [ let f** € Ay, satisfy ||z — %[ < t(1 +1)k/3.
Put
Cra ={i: If77] = (14013,

l
Dk:x:Ck,w\ Uch,z7 DO,z:{la---;K}\UCk,wa
h>k k=1

and
l

&=alp,,+Y (1+t)*Ip, .
k=1
Note that if ¢ € C 4, £ > 1, then

il = (L8P =L+ )" /3> (1+)
while if i & Cy ,
i) < L+ O 1+ )8 /3 < (1+ )M
Hence for every i € Dy o, k > 1,
(L4872 <ol < A+ )2,
while for i € Dy ., |z;| < (1+¢)%. Tt follows that

|4

A+0)7 < 7o < @0,
then R

1—dpt < :z:z <1+ 4pt.
Then

Z/\{J}%Iw ZA{J}%ISE )< Z/\{J} 2P =[2G < ept

So we may consider % instead of x.
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To prove our lemma we first estimate the probability of the following event:

K
> Mitel2G)PIp, | < to, x € F,

j=1

K
> MiYe; L+ )P Ip, | <tp, 1<k <laz€F,
Jj=1

where

Ztkgt.

Let By, 1 < k <1 be the collection of all sets of form Dy, ;. It follows from the
definition that
l

log | Bg| < Z log [An| < cpnlog Kt73(1 +t) 72k,
h=k
Now we can apply Bernstein’s inequality (see, for example, [B], page 39), which

n
states that for given {a;}7; € R", with 3" a? = 1 we get

i=1
2
]P’(’Zaiai > u) < 2exp (T) .
So that if o
0 — _ AMIHEG)P " to
Ty MG > ARG
jEDO,w jeDD,m
then
£ —f%
P Miteilz()PIp, | > to | <2exp ——
_ - 2 A2 HE(5)|%P
= je%:o.,, {7Hz()|
Applying 35 M7HE() <2, MG < #(1+1)%, we get
J1€D0,x

K
P> Miteila()PIn, ., | > to | < 2exp(—cptdK(1+1)77P).

j=1

In the same manner we get:

K
P DMt 2()IPIp, | > th | < 2exp(—cpti K (1+1) 7).
j=1

So, in order to prove our lemma is enough to estimate
l
2/ F|exp(—cptgK) + 2y | Be| exp(—cpti K (1 +1)77%) =
k=1

2 exp(dnlogt™ — c t2K)
!

+ ¢ Z exp(cpnlog Kt73(1+1)72% — ¢ 2 K(14+t)77PF) =
k=1
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Let t, = c1(p)t, t; = ca(p)t, tr = ca(p)(1 + )P =F)/2¢ then

= 2 exp(dnlogt™! — c,t*K)
1
Cp Z exp(epnlog Kt (14 1) 728 — ¢, K(1 + )@~ P U=k —pky2y —
k=1

= 2 exp(dnlogt™! — c,t?K)
!
¢ Zexp(cpt_?’(l + 1) (nlog K — ¢, K(1 +t)*7P't5)) =
k=1

1
=2exp(dnlogt™" — ¢, t*K) + ¢, Z exp(cp(1 + )" n(log K — ¢, Kn~P/%t%)).
k=1

1/5
To conclude the prove of our lemma we take t = ¢, ("2/2 log K) (i.e. such that
log K — ¢, Kn™P/%t> < —cp)-

O

The next lemma shows that in some applications of lemma 2.1, we may “omit”
requirements for “Lewis lemma” characteristics.

LEMMA 2.2. Let X be an n-dimensional subspace of L,(M,p) consider JX C
L,(K, '), where J is the isometry defined by the splitting of big atoms. Then there
is a partition K1 U Ky of K into two sets of cardinality at most %M such that for
eachx € JX and j =1,2:

(1):

1 n M 2
||1Kjx||ip([(,m) < §+Cp (Mlogn [Iog?—l—loglogM] ) ||z ||L ()’

when 1 < p < 2;

(ii):
1 np/Q 1/5
sl ey < (500 (S 10830) )bl e

for2 < p<oo.

Proof: To prove (i) we use a result of M. Talagrand from his paper on embedding
n-dimensional subspaces of L, into LZI)V with N not too large (see proof of Propo-
sition 2.3 from [T]) and get that if Z € L,(M,7) is a isometric copy of X after a
Lewis change of density, and if JZ C L,(K,\) then

2€BL(JZ)

K 2\ 2
(1) sup ‘z:/\{z}eZ |p‘ < Cp < logn{log——l—loglogK} )

for most choices of signs ¢; = £1.
One can see that for a fixed J the left hand side is invariant under a change
of density f, i.e. we can replace the subspace Y of L, (K, \) with its image under
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the natural isometry from L, (K, \) to L,(K, 1) defined by Tz = x/f% And using
that M < K < %M we get

K 2\ 2
n M
sup ‘ u'{i}5i|z(i)|p’ <Cp | —logn {log — +loglog M]
@€B,(JX) ; P\ M n
for most choices of signs €; = £1. Since also for most choices of signs the difference
between the number of plus signs and minus signs is less than K/8, (i) follow. (ii)
follow similarly, using lemma 2.1.

O

3. Proof of the main result

Proof of Theorem 1.3: For some probability measure p on M = {1... M}, we
consider A : Y* — L,(M,p), and B : L1(M,p) — X* so that [|A]| || B|| = Z/SM)(U)
and u* = Bi, 1A, where i, is the formal identity mapping from L, (M, p) onto
Ll (Ma M) _

Next, using lemma 2.2, we get a partition K; U K = K into two sets of
cardinality at most gM such that

1/5
Lo JAyll? . <[+ " g M AylPP
H K; y“Lp(K,,u/)f 2+c(p) M 0og H yHLp(M,,u)

for each y € Y*, j=1,2 and p > 2. ‘

Denote for j = 1,2 the injection from L,(Kj, uin) to I_/l(Kj, /LTK],) by i;’l and
let P be the conditional expectation projection from L;(K,p’) onto J[Li(M, u)]
following by J~!. Thus

uw* =B Piy, 1, JA+B P i 1g,JA
so, using definition of I/(Sn’k) (u),
(§M.2)

2
7 .
v M) < STuEM(( P i 1, JAT) <
j=1

2
< ik, JA| i) [|1BP|| <
j=1

) e 1/5\ 7 2 )

_—

e (Mt ) ) Al 181 Y )
=1

np/2 1/5\ 7
< 4131 {1+ <o) (S tog )

P2 1/5
<l 181 {1+ et ("5 osr) ).

This completes the proof when p > 2; the other case is similar.
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Finally, we are ready to prove theorem 1.1. Without loss of generality we may
assume that dim(Y") < n. Using theorem 1.2 it is enough to prove that

oM (v) < (1+ )} (v),
for all v : Y — X and all positive integers M > n. Iterating Theorem 1.3, we get

that

(121FM,2%) : n?/? i) ) o0
500 < T (1+o) (oo oallghan) ) (),
i=1 8

for all k£ such that (%)kM > n, and for all p > 2. The product on the right hand
side of the above inequality is smaller than 1 + ¢ as long as
1/5

2
o) (g a0 ) < e
Set N = [Z]*M, then if
N > C(p)e°nP/?log(e"n),
then

R k
VéN)(u) < V(gN’z )(u) < Z/SN) (u).

This completes the proof when p > 2, the case 1 < p < 2 is similar.
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