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ABSTRACT. The Fourier analytic approach to sections of convex
bodies has recently been developed and has led to several re-
sults, including a complete analytic solution to the Busemann-
Petty problem, characterizations of intersection bodies, extremal
sections of [,-balls. In this article, we extend this approach to pro-
jections of convex bodies and show that the projection counterparts
of the results mentioned above can be proved using similar meth-
ods. In particular, we present a Fourier analytic proof of the recent
result of Barthe and Naor on extremal projections of [,-balls, and
give a Fourier analytic solution to Shephard’s problem, originally
solved by Petty and Schneider and asking whether symmetric con-
vex bodies with smaller hyperplane projections necessarily have
smaller volume. The proofs are based on a formula expressing the
volume of hyperplane projections in terms of the Fourier transform
of the curvature function.

1. INTRODUCTION

The study of geometric properties of bodies based on information
about sections and projections of these bodies has important applica-
tions to many areas of mathematics and science. A new approach to
sections of convex bodies, based on methods of Fourier analysis, has
recently been developed and has led to several results including an an-
alytic solution to the Busemann-Petty problem (see the survey [K4] for
a brief description of this approach). The goal of this article is to ex-
tend this method to projections of convex bodies and show that several
important results on projections can be proved in the same spirit as
their section counterparts.

The Fourier transform approach to sections of convex bodies is based
on certain formulas connecting the volume of sections with the Fourier
transform of powers of the Minkowski functional. For instance, it was
proved in [K5] that, for any symmetric convex body K in R™ and every
e s,

1
m(n—1)

1

Vol,_ (K N &) = (- 1), (1)
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where ||z]|x = min{a > 0: = € aK'} is the Minkowski functional of K,
¢+ is the central hyperplane orthogonal to £, and the Fourier transform
is considered in the sense of distributions.

In Section 2 we prove the projection analog of this formula (see Theo-
rem 2 below): if the surface area measure of K is absolutely continuous,
then

Vol (K|+) = —%7;(9) Vo e S, @)

where K ‘QL is the orthogonal projection of K onto the hyperplane 6+,

fK is the curvature function of the body K extended to a homogeneous
of degree —n — 1 function on R”, and the Fourier transform is in the
sense of distributions.

In Section 3 we apply formula (2) to give a Fourier analytic proof
of the recent result of Barthe and Naor [BN] that, for p > 2, the
minimal and maximal hyperplane projections of the unit balls B} of
the spaces [} are the ones corresponding to the vectors 6, = (1,0,...,0)
and 6,, = (1/y/n, ..., 1/y/n), respectively. The proof in [BN] is based on
a certain formula for the volume of projections (see formula (8)) that
is obtained using probabilistic arguments. We show that this formula
is a particular case of the formula (2) and can be derived by a direct
computation of the Fourier transform of the curvature function of /,-
balls. This makes the proof of the result of Barthe and Naor similar
to the proof of the corresponding result for hyperplane sections of the
balls By with 0 < p <2 in [K5].

Another application is to the Shephard problem. The problem (see
[Sh]) reads as follows. Let K, L be convex symmetric bodies in R™ and
suppose that, for every § € S" 1,

Vol, (K‘@L) < Vol,_; (L’@l) . (3)
Does it follow that
Vol,,(K) < Vol,(L)? (4)

The problem was solved independently by Petty [P] and Schneider
[Sc1], who showed that the answer is affirmative if n < 2 and negative
if n > 3. Further results were obtained by Ball [B], who proved that it
is necessary to multiply Vol, (L) by y/n to make the answer affirmative
in all dimensions, and by Goodey and Zhang [GZ], who solved the
generalized Shephard’s problem with lower dimensional projections.
The section counterpart of Shephard’s problem is the Busemann-Petty
problem asking whether symmetric convex bodies with larger central
hyperplane sections necessarily have greater volume. The solution to
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the Busemann-Petty problem has recently been completed (see [GKS]
and [Zh] for historical details) and the answer is affirmative if n < 4
and negative if n > 5.

In Section 5, we present a new solution of the Shephard problem,
which is completely Fourier analytic, and, along with formula (2), is
based on a certain spherical version of Parseval’s formula. This solution
is in the spirit of the solution to the Busemann-Petty problem from
[K3].

In Section 4, we give a Fourier analytic characterization of projection
bodies, which, in particular, leads to the following connection between
projections and sections: if n is an even integer and L is a symmetric
convex body in R™ with infinitely smooth (on S™~') support function,
then L is a projection body if and only if, for every £ € S"!, we have
(—1)"/ 2A(Ln*)f(O) > 0, where Ay ¢ is the parallel section function of the
polar body L* in the direction of £. If n is odd the condition is slightly
more complicated, but is also expressed in terms of sections. These
characterization of projection bodies are similar to that of intersection
bodies in [K6]. In particular, Theorem 1 from [K6], in conjunction
with the formula (15), implies that an infinitely smooth symmetric
convex body L in R"™ (with even n) is an intersection body if and
only if, for every £ € S"71, (—1)("_2)/214(;52) (0) > 0. These conditions
explain why the transition in Shephard’s problem occurs between the
dimensions 2 and 3, while in the Busemann-Petty problem it happens
between 4 and 5: convexity allows to control the derivatives only up to
the second order.

2. VOLUME OF PROJECTIONS VIA FOURIER TRANSFORM.

Our main tool is the Fourier transform of distributions. We denote
by S the space of rapidly decreasing infinitely differentiable functions
(test functions) on R™ with values in C. By S&" we denote the space
of distributions over §. Every locally integrable real valued function
f on R™ with power growth at infinity represents a distribution acting
by integration: for every ¢ € S, (f,¢) = [z f(2)é(x)dz. The Fourier

transform of a distribution f is defined by ( 1, (5) = (2m)"(f, ¢), for
every test function ¢.

Let i be a finite Borel measure on the unit sphere S"~!. We extend
1 to a homogeneous distribution of degree —n — 1. A distribution .
is called the extended measure of p if, for every even test function
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¢ € S(R"),
et =5 [ 67 00€)du(o) )
Sn—l
In most cases we are only interested in test functions supported outside
of the origin, for which (r=2,¢(r§)) = [ 7% ¢(r§) dr-

If p is absolutely continuous with the density g € L;(S™!), we
define the extension g(z), x € R™\ {0} as a homogeneous function of
degree —n — 1: g(x) = |z|7" " g(x/|x]) and identify fi, with g.

Throughout the paper, we write that two homogeneous distributions
are equal on the sphere meaning that their homogeneous extensions are
equal as distributions on R”. For instance, the distributions in both
sides of (1) are homogeneous of degree -1, while in (2) the degree of
homogeneity is 1. Recall that the Fourier transform of an even homo-
geneous distribution of degree p is an even homogeneous distribution
of degree —n — p.

The following fact is well-known, see for example [Se|, formula 4.7.
We include here a proof similar to that from [K2], Lemma 2.

Theorem 1. For every 6 € S 1,

m6)= =5 [ 16.w)lauty)
Sn—1

Proof : Let ¢ € S(R™) be an even test function so that 0 ¢ supp(a).
Then, by the definition of .,

o0

d) = pesd) = 5 [ o) [ r600)dr

Sn—1 —00

By Lemma 2.1 from [K2]
/ (60, 2)] () = (zmnlrf_i% / 20 (r6)dr

for any even ¢ € S(R™) with 0 & supp(¢).
This gives (with ¢ = ¢)

@d) == [ dut®) [ 10.0l0(6)de -
i/

Sn—l

-5 [ @i [ 10.01aue) = -5 [ 10.0laute). )

RTL



VOLUME OF PROJECTIONS 5

~

Since ¢ is an arbitrary even test function with 0 & supp(¢), the dis-
tributions /. and —7/2 [, [(0,€)|du(f) can differ by a polynomial
only. But both distributions are even and homogeneous of degree one,
so the polynomial must be equal to zero, and i, coincides with the
continuous function —m/2 [, [(6,€)|du(6).
O
To apply Theorem 1 to the study of volumes of projections of convex
bodies, we use the well-known Cauchy formula ([G], page 361):

1
Vol,,_1 (L‘&L):5 / 0-v|dS,_1(L,v), €S (6)
Sn—l

Here S, _1(L,-) is the surface area measure of L ([G], page 351).
A convex body L is said to have a curvature function
fL<) : Sn_l i R,

if its surface area measure S,_1(L, -) is absolutely continuous with re-
spect to Lebesgue measure o,,_; on S™ !, and

Borlled ) e s,

The next statement follows from the Cauchy formula (6) and Theo-
rem 1. We denote by S.(L) the extended measure of the surface area
measure S,_1(L, ).

Theorem 2. Let L be a convex origin symmetric body in R™. Then

S.(L)(6) = —mVol,_, <L 9L> . Voe s

In particular, if the body L has a curvature function then

72(6) = —mVol,_, (L(ei) e sn

3. PROJECTIONS OF THE UNIT BALL OF 62

In order to show similarities between the section and projection cases,
we first recall how was formula (1) applied in [K5] to the problem of
finding the extremal sections of the unit balls B} of the spaces [}, 0 <
p < 2. The result of [K5| is as follows: if 0 < p < 2 then, for every
6c St

Vol,—1 (Br N6;) < Vol,_1 (B N6+) < Vol,_; (BrNéy),
where 6; = (1,0,...,0) and 6,, = (1//n,...,1/y/n).

In the case of [,-balls the Fourier transform in the right-hand side of
(1) can be expressed in terms of the function 7, which is the Fourier
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transform of the function z — exp(—|z|?), z € R. The formula (1)
turns into

1y _ p T
Va1 = e J, D

which is true for every p > 0 and ¢ € S"!. Note that the latter
formula was first proved by Meyer and Pajor [MP] for 1 < p < 2 using
probabilistic methods, and that it was used in [MP] to find the extremal
sections of BY.

The second step in [K5] is to prove that, for 0 < p < 2, the function
Yp(v/) is log-convex on [0,00). The proof is based on the fact that
the function exp(—| - |*) is completely monotonic on [0, 00) for every
a € (0,1].

The log-convexity implies that for any choice of numbers 0 < & <
m < < & with &+ ¢ =n +n2=1and any t > 0, one has

Yot (€2) = p(tm )1, (tm2)-

It is now clear that the integrand in the right-hand side of (7) is minimal
if all the coordinates of ¢ are equal, and maximal when £ has only one
non-zero coordinate, which finishes the proof.

The result of Barthe and Naor [BN] on the extremal hyperplane
projections of the balls B with p > 2 is as follows:

Theorem 3. [BN] Let p > 2 and 6 € S™, then

Vol, 1 By o).
where 0; = (1,0,...,0) and 6,, = (1/y/n,...,1/\/n).

The proof in [BN] is based on a formula similar to (7): for every

e st

o) < Vol (B;

0+) < Vol (B;

n

0] — P
2" (1/p) ! kl:[1 2I'(1/p) By (k)
&) = 0 = =5 / - dt,
p P (8)
where 1/p+1/p* = 1 and [, (u) is the Fourier transform of the function

Vol (B}

|z[P"~2e~1”" on R. The proof of this formula in [BN] uses probabilistic
arguments. The rest of the proof of Theorem 3 is similar to that for
sections. For p > 2, the function [,-(y/*) is log-convex on [0, 00),
which is proved in a way similar to the case of the function 7, in [K5].
Theorem 3 immediately follows from this and (8).

In this section we show that formula (8) is a particular case of the
formula (2) and holds for every p > 1. In particular, this allows us
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to unify methods in the section and projection cases. We do that by
computing the Fourier transform of the curvature function of [,-balls
using techniques from differential geometry (see [Th]) and a trick for
calculating the Fourier transform from [K5].

Lemma 1. Let By = {r € R": ;|xi|p <1}, 1<p<oo. Then

v

Proof: To find fpy(0) we first compute the Gaussian curvature Kj(z)
of B). Let F(xy,...,2,) = Z |;|P, then the boundary 0B) = {z €
R™: F(xy,...,x )—1} Let

0 e St

fBp(0) = (p" —1)" (

Z(x) = ——VF(I) = — (|1 [P~ sign @1,..., |2z, [P~ sign z,) .
p

We use the following formula for the Gaussian curvature (see, for ex-
ample, [Th], Theorem 5, page 89):

VUIZ U1
K(x) = (—1)" 'det /|Z idet ||
an 4 Un—1 (9)
Z(x) Z(x)
Here vectors wvq,...,v,_1 can be chosen as any basis in the tangent

space at the corresponding point, and

Vo Z = (Vo Z1,. . Vo Zn) = (- V21, ... 0 V).

We choose vy, ..., v,_1 in the following way: for every k, 1 < k <n—1,
vk = (|eper [P sign @peq, 0,...,0 , —|zq [P~} sign z41,0,...,0,).
k= (|Zrs1] g Tg41 |1 gn r )
k—1 times
Then
Vo Z(x) = (p— |21 21 P2 (=2441,0, .. ., 0, ry ,0,...,0,).

(k+1)s place

Substituting this in (9) (computation of the determinants is standard),
we get

Kp(@) = (p—1)" 1 Z(2)[ " 1H|:Ez|p ’ (10)

for almost all z € (9Bg.
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Let 0 = Z(z)/|Z(x)|. Recall that fx(-) is the reciprocal Gauss cur-
vature, viewed as a function of the unit normal vector (see [Sc2], page
419), so fpy(0) = 1/K,(Z(x)/|Z(x)]).

Since § = Z(z)/|Z(x)|, we see that 6 and Z(x) are collinear vectors
in R", i.e. § = AZ(x) for some A > 0. Next

T; = )\1/(19—1)|9Z,|1/(p—1) sign 6;

and using ||z||, = 1 we get
1

A= N -1)/p"
(Z ,9i|p/<p1>)
=1

Finally

n 1/p
i = — (16" sign 6;) / (Z |9i|p/(p_1)) ,

i=1
To finish the proof, we substitute the last expression into (10) and use
p—1l=(p"—-1)~"

O
Theorem 4. The formula (8) holds for every p > 1.
Proof : According to Theorem 2, we have to compute the Fourier
transform of fpn(x) = |z|™"" fn(z/]2]), = € R™\ {0}. From the

definition of the Gamma function

[e.e]
*

—q_ _P 41—y (lea?" ot ) g
y?i e Y 11
T0/) / .

for any ¢ > 0 and x € R™ \ {0}.

Let ¢ € S(R™) be even and such that 0 ¢ supp(qg). Using (11), we
get

(Fip:9) = (fmy,0) =
(p*_l)n 'p* q—1 p*—2 fyp zkp T =
™ Tl -

p—lnl* q—1 xp—2—yp\xk|p ' -
T / dy / ( 1z )(§)¢(£)d£

T */ i ] [T (2e) e
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This gives

T _ (p* B 1)n71p* ! q—1+(1—p*)nd - . g_k d
(Fog ) = s O/y yﬂ!gﬁp &) o(6)dg

Now replacing g by np* — (n — 1), and using the fact that 0 ¢ supp(ngS)
implies [ ¢(£)d§ = 0, we obtain
R

o) = e o (Hm%)— ;a<0>> H(e)de =

(p*—l)nflp* ° f_k s
T(n— (n - >/p>/ o(E)de / [1 6 C5) — 8- (0)do,

where
T 2 T 2
- / " 2y = o* /U_l/p*e_”dv =—T(1—-1/p").
E p / p

Making a substitution & /y = t, we finally get

Hﬁp ték ﬁ()

<fB\g,¢>=F(flp " /¢ dg/ it —

n

T
pI'(n— (n—1)/p*) '

Since ¢ is an arbitrary even test function with 0 ¢ supp(¢), the distri-
butions in the left and right-hand sides of the latter equality are equal
(they are both even homogeneous of degree 1). Now the result follows
from Theorem 2.

O

4. PROJECTION BODIES

Let K be an origin symmetric convex body in R™. The projection
body 11K of K is defined as an origin symmetric convex body in R"
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whose support function in every direction is equal to the volume of the
hyperplane projection of K in this direction: for every § € S™1,

1
hnk(0) = Voln_l(K‘HL) =35 / |0 - v|dS,—1(K,v). (12)
Sn—l
We extend hpg to a homogeneous function of degree 1 on R”. It im-
mediately follows from Theorem 1 that the Fourier transform of hyg

is equal (up to a constant) to the extended surface area measure of K :

hir = —(27)" S (K). (13)
On the other hand, if L is an origin symmetric convex body so that
hy = —(2m)" 1y, is an extended measure of some even finite Borel

measure g on S"! then, again by Theorem 1, one has
1
hu(®) =5 [ 16-vldu(v)
Sn—1

Since L is an n-dimensional body, the measure p cannot be supported
in any great subsphere of S"~!, and, by Minkowski’s existence theorem
(|G], page 356), the measure p is the surface area measure of some
origin symmetric convex body K. By Cauchy’s formula, we have L =
ITK. We have proved the following Fourier analytic characterization
of projection bodies (this fact can also be shown as a combination of
several well-known facts about zonoids and subspaces of L, ):

Proposition 1. An origin symmetric convex body L in R™ is the pro-
jection body of some origin symmetric convexr body if and only if there
exists a measure ji on S"! so that

hy = —(2m)" pe. (14)

The measure p serves as the surface area measure of an origin sym-
metric convex body K so that L = I1K.

The condition that L is a projection body is equivalent to L being a
centered zonoid (see [G], p. 134), which, in turn, is equivalent to the
polar body L* being the unit ball of a subspace of L. It is well-known
that every origin symmetric convex body in R? is a projection body (or
it is the unit ball of a subspace of Ly, see [He], [Fe|, [Li]). As proved
in [K1], for L = B}, 0 < p < 2, n > 3 the function hgy = | - [|»
has a sign-changing Fourier transform, which implies that the spaces
I, ¢ > 2, n >3 do not embed isometrically in L; (this fact was first
proved by other methods by Dor [D]).

To get a characterization of projection bodies in terms of sections of
the polar body, we use a formula from [GKS]. Let D be an infinitely
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smooth origin symmetric convex body in R", k € NU{0}, k # n—1, €
Sn=1 'We denote by
Apg(t) = Vol,_((DN{-+t€}), teR

the parallel section function of D in the direction of £&. Then:
(i) If &k is even

(- 5 HNE) = (=1)2a(n — k — 1) AR (0); (15)
(ii) If k is odd
(- 5N E) = (16)
© Ape(z) — Ape(0) — ... — A(k’_l)(()) z]fl!
- /0 — e G,

where ¢, = (—=1)* +D/22(n —k —1)k!, Agc,)f stands for the derivative of
the order k of the function Ap ¢, and, as before, the equality of distribu-
tions on the sphere is understood as the equality of their homogeneous
extensions.

Suppose now that an origin symmetric convex body L in R™ has the
property that hy is an infinitely differentiable function on the sphere
S™~1. This means that the polar body L* is infinitely smooth (recall

that hy = || - ||p+). Putting &k = n, D = L* in the formulas above, we
get that if n is even then, for every & € S"~ 1,
hil(€) = (=D)AL (0) (17)
and if n is odd then, for every £ € S"71,
hi(§) = (18)
0 Apee(2) = Apeg(0) — .. — APV (0) 2=
(—1)("_1)/2271!/ (%) 1-£(0) - L* ¢ ( )(n_l)! ds
0 Z"

We can now characterize projection bodies in terms of sections of the
polar body.

Proposition 2. Let L be an origin symmetric convex body in R™ so
that hy, is infinitely differentiable on S"'. The body L is a projection
body of some convex body K if and only if for every € € S"1,
(i) if n is even

(=1)"2A7(0) 2 0;
(i) if n is odd

dz > 0.

00 _ _ A1) 2n—1
(_1)(71-1—1)/2/ AL*VE(Z) AL*,{(O) AL*,§ (0)—(n—1)!
0

Zn+1
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Using formulas (17), (18), one can express the volume of a convex
body in terms of the (n — 1)-dimensional volumes of its hyperplane
projections. If L* is an infinitely smooth body and n is even then

/ AP (0)Vol, (Llet)de.  (19)

Sn—1

p_m
Vol, (L) = (=1)"*——
oln(L) = (=1) Grn
This formula is an analog of the formula expressing the volume of a
body in terms of volumes of central hyperplane sections (see the remark
before Theorem 4.5 in [K4]).

To prove (19) we recall that (see [G], page 354, [Sc2], page 275)

Vol () = / hu(0) £, (0)de. (20)

Snfl
Using Parseval’s formula on the sphere (see Appendix 1, Lemma 4, at

the end of the paper) we have

Vol,,(L) =

(2m)™n
Sn—1

which, together with Theorem 2 and (17), gives (19).

5. A FOURIER ANALYTIC SOLUTION TO THE SHEPHARD PROBLEM

Let hp(x) = max{z-y: y € L} be the support function of a convex
body L. By an approximation argument (see [Sc2|, pages 158-160), we
may assume in the formulation of Shephard’s problem that the bod-
ies K and L are such that hg, hy are infinitely smooth functions on
R™\ {0}. Using, for example, formulas (15), (16), we get in this case
that the Fourier transforms f?;\(, l/zz are the extensions of infinitely dif-
ferentiable functions on the sphere to homogeneous distributions on R”
of degree —n — 1. Moreover, by the same approximation argument, we
may assume that our bodies have absolutely continuous surface area
measures. Therefore, in the rest of this paper, K an L are convex sym-
metric bodies with infinitely smooth support functions and absolutely
continuous surface area measures.

Theorem 5. e

(1) If a body L is such that hy < 0 for all € S*! then the Shephard
problem has an affirmative answer fo/r\thz's L and any K.

(ii) If fre > 0 for every 6 € S™~! and hy is positive on an open subset of
S™=1 then there exists a body L giving together with K a counterexample
in Shephard’s problem.
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Proof : This theorem will follow from the next two lemmas and the
fact that the condition

Vol, 1 (K |0+ < Vol 1 (L[o*)
is equivalent (see Theorem 2) to
fx(8) 2 fu(0),  fes
Lemma 2. If h(6) <0, and fr(0) > f.(0), V0 € "1, then
Vol, (K) < Vol,(L).
Proof : From E(G) > ﬁ(@) and ﬁ;(@) < 0 we get

[ s < [ BieFiens = ).
Snfl Snfl
Using Parseval’s formula on the sphere (see Appendix 1 at the end of
the paper) and (20),

(%) = (2m)" / hi(0)fr(0)d0 = n(27)"Vol,(L).
S’n—l
On the other hand,

| R F0)ds = 2ny" [ ha(6)fic0)d0 = nize)Vi(K. L),
Sn-1 Sn-1
where Vi(K, L) is the mixed volume (see [G], page 354, [Sc2], page
275). Thus,
Vi(K, L) < Vol,(L).
Now we apply the Minkowski inequality ([Sc2], page 317):

1

Vi(K, L) > Vol,(L)»Vol,(K)"“+
to get
Vol,,(L) > Vol, (L) Vol (K)"+,
or
Vol, (L) = Vol, (K).
O
Lemma 3. Let K be such that fx(0) >0V0 e S L. If hy is positive

on an open subset of S"1, then there exists a convexr symmetric body
L in R", such that

fx > Ir,
but
Vol,,(K) > Vol,(L).
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Proof : Let Q = {6 € S" ! : hp(0) > 0} and let v € C®(S" 1)
be a non-positive even function supported on 2, v is not identically
zero. We extend v to a homogeneous function rv(f) of degree 1 on
R™. Then the Fourier transform of rv(6) is a homogeneous function

of degree —n — 1: rv() = r~""1g(#), where g is an infinitely smooth
function on S™! (see Lemma 5 from [K3]).

Since ¢ is bounded on S™ !, one can choose a small € > 0 so that,
for every # € S™1 and r > 0,

fu(r0) = fr(rf) +er " ""g(6) > 0.

By Minkowski’s existence theorem (see [G], page 356, [Sc2], page 389),
fr(0) defines a convex symmetric body L € R™. By the definition of
the function v,

Fr(r0) = Fr(r) + erv(0) < fr(rd).

Next, since v is supported and is non-positive in the set where E[\( > 0,

/ e (0) T2 (6)d0 = / o (0) T (6)d6 + / e (0)=v(0)d0 <

Sn—1 Sn—1 Sn—1

< [ Fa)F@)ds = 20)" [ hicl6) fic(6)d8 = n(2m)Vol, (K).
Sn—1 Sn—1
But again by Parseval’s formula,

[ Fx@)Fi0)a8 = @y [ hic6)2(6)d0 = (2 Vi(LK),
Sn—1 Sn—1

SO

Vi(L, K) < Vol,(K).
As in the previous lemma, this implies

Vol,,(K) > Vol,(L).

O

Theorem 6. The Shephard problem has an affirmative answer in R?
and negative answer in R", n > 3.
Proof: Letn = 2. In view of Theorem 5 , it is enough to show that for
any convex symmetric body L in R? such that h;, is infinitely smooth,
we have hy, < 0. This follows from the fact that every two-dimensional

normed space embeds in L;, as mentioned in the previous section. We,
however, prefer to give a direct Fourier analytic argument, similar to
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that in the solution of the Busemann-Petty problem: by formula (17)
with n = k = 2, for every £ € 871,

hi(€) = AL (0) < 0,

where the last inequality holds because the central section has max-
imal volume among all hyperplane sections perpendicular to a fixed
direction, so the function Az« has maximum at zero.

Let n > 3. To apply Theorem 5, we need to give an example of a
symmetric convex body K so that hg is infinitely differentiable, posi-
tive on an open subset of S"~! and fx > 0 on S" L. Let K’ be the unit
ball of £j;. Then the function hgs(z) = [|z[[¢ is infinitely smooth and

R is positive on some open subset of S™L (see [K1], §4; for the sake
of completeness, we include a sketch of the proof in Appendix 2).

Define the body K : hx = hg' +¢ehpp, where € > 0 is such that E;\(
is still positive on an open subset of S"~!. Then fx () > 0, V0 € S*1,
and the result follows from Theorem 5.

O

Remarks. (i) The result of Theorem 5 can be translated into the
language of geometry using the Fourier transform characterization of
projection bodies, see Proposition 1. What we get are the results of
Petty and Schneider connecting Shephard’s problem with projection
bodies.

(ii) To explain why the transition in Shephard’s problem occurs be-
tween the dimensions 2 and 3, let us look again at formulas (17) and

(18). The sign of hr basically depends on the sign of the derivative

A(Lﬁ)’g(O). If n = 2 we can control this sign, thanks to the convexity of
L*. However, when n > 3 convexity does not control the derivative of
order n, which allows to construct counterexamples. Another way to
do that is to follow (with very minor changes; just replace the exponent
1/4 in the definition of the function f. by 1/2) the counterexample to
the Busemann-Petty problem from [GKS], Theorem 4.

APPENDIX 1: A VERSION OF PARSEVAL’S FORMULA ON THE
SPHERE

Lemma 4.
| F@)Foas = ear [ 1) s,
Snfl Snfl
Proof : We follow [K3], Lemmas 2, 3.
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Proposition 3. Let E(t) = t'e ", un(€) = (E(h)(€). Then for
almost all (with respect to Lebesque measure) 6 € S™1,

[e.9]

/t”|,uL(t9)|dt < 0.
0
Proof : Since py is a bounded function (hy, is homogeneous of degree
1,80 E(hy) € Li(R™)),
1
/t”|,uL(t0)|dt <oo VHe S

0

It remains to show that for almost all 8
o0

/t"\uL(té)\dt < 00. (21)

But for an even n one may see that

n+2

A" [h}fe’h%] e Li(RY). (22)

In fact, after differentiation, the function in front of the exponent is the
sum of homogeneous functions of degrees greater than —n, and each of

them is continuous on the unit sphere.
Now, (22) implies that & — |£]"™2uz (), € € R™ is a bounded func-
tion, since it is the Fourier transform of an L;—function, hence

/ Elluz(©)lde < oo.
[§1>1

Passing to the polar coordinates we get (21).
Finally, one can put ”T“ in place of ”T” to prove result for odd n.

O
Proposition 4. Let uy, be as above and ¢ € S with 0 & supp(¢). Then

[ i@tz 7 ot = E [ oyan 7 5(r0) .

R Sn—l

(23)
Proof : Observe that E/(\hL)(rx)(f) = r"ur(&/r) for every r > 0.
We have

o0 o0

/uﬂx)dm/r%(m)dr = /TQdT /gb(rx)uL(x)dx:

R 0 0 R"
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[t [ ot@mnteiniac - / 2 / Sy)E(r ha(y))dy
/¢ dy]or E(rhi(y))dr.

0
By making a substitution r hy(y) =t in the last integral and using the
fact that

(e 9]

[ - T8
0
we get the desired result
[ I'(3/4) -
pr(z)de [ r72¢(ra)dr = —— [ he(y)o(y)dy =
Jreone] o)
=T, 5 = T g
T(3/4) [~ — i
-8 [Reseic~ [ mow [rowor
R™ sn—1 0
O
Proposition 5. Let jy, be as above. Then
/ " (r0)dr = %hﬁ(@), Vo e 5" (24)

0

Proof : Let ¢ € S be such that 0 ¢ supp(¢). Passing to the polar
coordinates, using Proposition 3 and (23), we get

//LL(l')dl'7¢(7’iL’)% = / (jt”;m (t0)d ) (/(b (rf) dr) df =

R Snfl

_ F(i/‘l) / T (6) (/ gb(r@)cjz) do.

Sn—1

Now we put ¢(rf)) = u(r)v(f), where v is any infinitely smooth function
on S™ ! and w is a non-negative test function on R, such that 0 ¢
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supp u. This gives:

/ <7t”m(t€)dt>v(9)d9:% / T (6)0(6)d6.
sn=1 0 Ea

for every v € C>(S"1).

Proposition 6. Under the same notation,
1 —
[ @B @ = 5 [ Tl de
R™ Rn

Proof : First, note that both integrals in the latter formula converge
absolutely, because hy, is a homogeneous function of degree 1 and by
Proposition 3. Since E(hz)(0) = 0, we have
[ E(hy)(r0) — E(hy)(0
/fK(:c)E(hL)(x)dx = / fx(0) de/ (o) )1"2 (1)) 4.
Rn Sn—1 0

Let v. be the standard Gaussian density with variance €. Then the
convolution E(hy) * . is an even test function. Hence, the integral

7<E<hL> ¥ 7.)(r0) — (E(hy) *7.)(0)

r2

dr

0

is well defined for any € > 0, and is equal to 1/2 (r=2, (E(hy) *7.)(r0))
(see [GS], page 52, formula (7)). Splitting it into two integrals over
[0,1] and [1,00) and using the fact that the derivatives up to order 4
of the function F(r) = (E(hL) *7.)(rf) are uniformly (with respect to
¢) bounded, we get

This, together with the definition of extended measure (5) and the
dominated convergence theorem gives:

/fK(x)E(hL)(a:) do = lim% / (r2,(E(hy) *7.)(r0)) fx(0)dd =

e—0
Snfl

(Fre, (B(hp) % 7)) =

lli% (fic, E(h) *7e) = lli% (2m)n
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lim 7 /fK 7€) d = /fK E)usle

O

Proposition 7. Under the same notation,

(3/4 1 r
B/4) / fr(@)h(0)do = /7’ pr(r)drds.
(27T Sn— 1
Sn—l 0
Proof : Note that
I(3/4 r

(1/ )hL(Q) :/’I“_QE(hL)(’r‘Q)dT. (25)

0

Passing to polar coordinates and using (25), Proposition 6, and the
fact that fx is a homogeneous function of degree —n — 1 on R", we get

Lo [ 1l@)bu(®)d0 = [ i) Bb) w)de =

1 e o o
o | Te©mu(eya - @10 [ s r0)ar
R» Snfl 0
O
We finish the proof of Lemma 4 by comparing Propositions 5 and 7.
O

APPENDIX 2: THE FOURIER TRANSFORM OF || - |4

First, using the same trick with the Gamma function, as in Theorem
4, we get that the Fourier transform of the distribution || - ||4 in R™ is
equal to

10 = 57y [ Tl @ (20

for every ¢ € R", & # 0, where 7, is the Fourier transform of the
function z — exp(—2z*), z € R. Note that v,(t) decreases at infinity
exponentially (as exp(—|t|*/?)), which explains why is the function in
the right-hand side of the latter formula infinitely differentiable on S™~*
(this is no longer true for the Fourier transform of || - ||, where ¢ is not
an even integer; in this case || ||, is not infinitely smooth on the sphere,
and 7,(t) decreases at infinity as [t|7179).
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Secondly, the moments of the function 7, converge absolutely and
can be computed using Parseval’s formula: for every —1 < a < oo,

sie) = [ ey e = 2Tl 1)2)

It is easily seen that the moments s4(«) are positive for o € (—1,0) U
(0, 2] and negative for « € (2,4).
For oy, ..., a1 € (—1,00), consider the integral

I(ay, ..., 1) = /n1 €]t [* 7 (U la) (s oes €y 1) d6a e

By (26), the latter integral is equal to

4

I(Oél, ey Oén,1> = m54(@1)...54(@n,1)84(—@1 — . — Q1 + 1)
Choose ay, ..., a1 € (—1,0) so that —ag3 —... — a,,_1 € (1,2), which is
possible because n—1 > 2. Then the signs of the moments are such that

I(aq, ..., 1) is positive, which means that the function || - ||; cannot
be negative everywhere. Since this function is even homogeneous on
R™ and continuous on the sphere, it is positive on some open subset of
Snt,
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